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The following summary view of the first principles of ol- 
gebra is intended \% be acc<HBmodated to the metnod of in- 
struction generally adopted in the American colleges. 

The books which have been published in Great Britain on 
mathematical subjects, are principally of two cla8se8.«-One 
consists of extended treatises, which enter into a thorough in- 
vestigation of the particular departments which are the ob- 
jects of their inquiry. Many of these are excellent in their 
^ kind ; but they are too voluminous for the use of the body 

>- of students in a college. 

The other class are expressly intended for beginners ; but 
many of them are written in so concise a manner, that im- 
^ portant proofs and illustrations are excluded. They are 

^ mere feart-boofef, containing only the wAlmtB of subjects 

^ which are to be explained and enlarged upon, by the pro- 

<^ fessor in his lecture room, or by the private tutor in his 

-y, chamber, 

^ In the colleges in this country, there is generally put into 

^ the hands of a class, a book from which they ave expected oi 

themselves to acquire the principles of the science to which 
they are attending : receiving, however, from their instructor, 
any additional assostance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con* 
tain the explanations which are requisite, to bring the sidi^ 
)ect8 treated of within the comprehension of the body of 
the class. 

If the design of studying the mathematics were merely to 
obtain such a knowledge of the oroc^icoZ parts, as is required 
for transacting business ; it might be sufficient to commit to 
memory some of the principal rules, and to make, the opera^ 
tions fieumiliar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with very little knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher object is pri^posed, in the case of those who 
are acquiriug a liberal education* The main design should 
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be to call into exercise, to discipline, and to invigorate the 
powers of the mind. It is the hgic of the mathematica which 
constitutes their principal value, as a part of a course of col- 
legiate instruction. The tune and attention devoted to them, 
is for the purpose of forming sound reasonersy rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
as to show the dependence of one upon a^iother. The whole 
should be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been produced, than the 
Elements of Greometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with cAsolide certainty ; while 
the common business of life must be conducted upon probable 
evidence, and not upon principles which admit of complete 
demonstmtion. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are connected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur^in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important Uiat the books by which the. student is 
first introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or by presenting images to 
Uie imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one atibject to another 
60 abrupt, as to keep their connections and dependencies out 
of view ? 

It may not be necessary to state every proposition and its 

Eroof, with all the formality which is so strictly adhered to 
y Euclid ; as it is not essential to a logical argument, that 
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it be expressed in regular and entire syllogisms. A st^ of 
a demonstration may be safely omitted, when it is so simple 
and obvious, that no one possessing a moderate acquaintance 
with the subject, could fail to supply it for himself. But this 
liberty of omission ought not to be extended to cases in 
which it will occasion obscurity and embarrassment. If it 
be desirable to give opportunity for the muid to display and 
enlarge its powers, by surmounting obstacles; fuU scope 
may be found for this kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties which 
wm unavoidably occur, without creating new ones for tlM 
sake of perplexing. 

Algeliura requires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a iieio language to learn, at the same time he is settling 
the prindplea upon which his future inquiries are to be con- 
ducted. These principles ought to be established, in the 
most clear and satisfactory manner which the nature of the 
case will admit of. Algebra arid geometry may be consider- 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geometrical part a degree of clearness and 
precision which would be very desirable, but is hardly to be 
expected, in algebra. 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. But the woik is necessarily limited in extent of 
subject. It is far from being a complete treatise of algebra. 
It is merely an introduction. It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is generally but a small })ortion of a class, 
who have either leisure or inclination, to pursue mathemati- 
cal inquiries much farther than is necessary to maintain an 
honorable standing ia the institution of which they are 
members. Those iew who have an unusual taste for this 
scieiice, and aim to become adepts in it, ought to be refer, 
red to separate and complete treatises, on the different 
brandies. No one who wishes to be thoroughly versed in 
mathematics, should look to compendiums and elementary 

books for any thing more than the first principles. As soon 

1 



Vi PREFACE. 

as these are acquired, he should be gfuided iu his mquiries by 
the genius and spirit of original authors. 

In the selection of materialsy those articles have been 
taken which have a practical application, and which are pre- 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. The object has not been to introduce oru 
giiial mailer. In the mathematics, wliich have been cultiva- 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
ou^i first to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The proper field for tlie display of 
mathematical getduSf is in the region of invention. But 
what is requisite for an elementary work, is to collect, ar- 
range and iUustrate, materials already provided. However 
humble this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of beginners^ though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which is to follow. 
The addition^ multiplication, and division of powers^ for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
plications to particular cases may not, always, be readily un- 
derstood. On the other hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explaitied and applied, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examples are not often taken fiom 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
ing of negative quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine, 
of negatives is made to depend on the single principle, that 
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they axe quantities to be siibtracied. But the student, at 
this early period, is not accustomed to abstraction. He re- 
quires particular examples, to catch his attention, and aid his 
conceptions. 

The section on proportion^ will, perhaps, be thought use- 
less to those who read the fifth Book of Euclid. That is suf- 
ficient for the purposes of pure geometrical demonstration. But 
it is important that the propositions should also be presented 
under the algebraic forms. In addition to this, great assis- 
tance may be derived from the algebraic notation^ in demon- 
strating, and reducing to system, the laws of proportion. The 
subject instead of being broken up into a multitude of dis- 
tinct propositions^ may be comprenended in a few general 
principles. 
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MATHEMATICS IN GENERAL- 



Art. 1. Mathematics/ M the science of quantity* 
.( Any thing which can be muIHptiedy divided^ or mectsured^ is 
called qftarUUy. Tlius,^ a line is a quantity, because it can 
be doubled, trebled. Or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an ell. 
Weight is a quantity, which can be measured, in pounds, 
ounces, and grains. Time is a species of quantity, whose 
measure can be expressed, in houi's, minutes, and seconds. 
But color is not a quantity. It cannot be said, vnih propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the mind^ such as thought^ 
choice, desire, hatred, &c. are not quantities. They are in* 
Capable of mensumtion?^ 

2. Thase parts of the, Mathematics, on which all the 
others are founded, areASrithmetiCf Algebra^ and Geomeity. \ * 

3. ARiTHMETic^is tlie science of numbers. /; Its aid is 
required to complete and apply the calculations, in almost 
every other department of the mathematics. 

4. Aix^EBRA is^ method of computing by letters and other 
8ymbols.|! Fluxions, or the Diflereritial and Integral Cal 
cuius, may be ^considered as belonging to the higher branches 
of algebra, f • . 

5. Geobi ETRTiis that part of the mathematics, which treats 
of magnittutej' By magnitude, in the appropriate sense of 
the term, is meant/lhat species of quantity, which is extend- 
ed i tiiat is^ which has one or more of the three dimensions, 
length, breadthj and thickness. Thua^ a tine is a magnitude, 
because it is extended, in len^h. / A surface is a magnitude, 
having length and breadth. ' A solid is a magnitude, having 
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8 MATHEMATICS. 

length, breadth, and thickness. ^ But motion^ though a quan- 
tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometry and -Conic Sections are/branches of 
the mathematics, in which the principles of geometry are 
applied to trianglesy and the sections of a cone, \ 

7. Mathematics are eithei^ pure or mixed.y In pure mathe- 
matics quantities are considered, independently of any giib- 
stances actually existing.^ But, in mixed mathematics,/the 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business.) Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties oi light ; and in Astrcxno- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguishe^^^for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted with them.\ 
This is to be ascribed/ partly to the nature of the subjects,' 
and partly to the exactness of the definitions, the axioms, 
and tue demonstratfonsi^^ 

9. The foundation oi all mathematical knowledge must 
be laid^ definitions/' A defin^ioniiB an explanation of what 
is mesuit, by any w^rd or phrase.^. Tims, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition jf that it perfectly dis- 
tinguish the thing defined, fi*om every tning else/) On many 
subjects it is difficult to give such precision to language, that 
it shall convey,* to every hearer or reader, exactly the same 
ideas. But, ia the mathematics, the principal teiins may be 
80 defined, as not to leave room for the least difllerence of 
apprehension, reelecting their meaning. Ail must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have <»ice learned the definitions of these figures. 

Under the head of definitions, may be included explana- 
tions of the characters which are used to denote the relations 
of quantities. Thus the character \/ is explained or defined, 
by sayipg that it signifies the same as the words square root. 

10. The next step, after becoiping acquainted with tlie 
meaning of mathematical teims, ia^rto bring them together, in 
»■ I , ■ -,,.-.. ■ ■ ii ». ■■ 1. 1 ■,-■■ I.I ■ » 

* Some writan^ howefw, um magnitode as synonyaiottB wUh quantitv 
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ihe form of propositioim//: Some ai the relations of quantities 
require no process of reasoning, to render them evident.y To 
be understood, they need only to be proposed. That a 
square is a different figure from a circle; that the whole of a 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose a space, are propositions so manifestly 
true, that no reasoning upcm them could make them more 
certain. They are, therefore, called/self-evident truths, or 

11. There are, howeverifcomparatively few"^ mathematical 
truths which are self-evident. / Most require to be proved by 
a chain of reasoning^ Propositions of this nature are denom- 
inated^ ihec/r$m$^ ana the process, by which they are shown 
to be true, is called| demonstration.) This is a mode of argu- 
ing, in which, every inference is mimediately derived, either 
from definitions, or from principles which have been previ- 
ously demonstrated. In this way, complete certainty is made 
to accompany every step, in along course of reasoning. 

12. Demonstration is either f direct or indirect.'^ The for- 
mer is the common^ obvious mode of conducting a demon- 
strative argument. But in some instances, it is necessiuy to 
resort to indiiect demonstration ; which is a method of es- 
tablishing a proposition, by proving that to suppose it not 
true, would lead to an absurdity. This is firequently calleii^ 
reducHo ctd absurdum. Thus, in certain cases in geometry^ 
two lilies may be proved to be equal, by showing that to sup- 
pose them unequal, would involve an absurdity. 

13. Besides the principal theorems in the mathematics^ 
there are alsGlLemmas and Corollaries,] A Lemma ia^a. pro- 
position which is demonstrated, for the purpose of using it, in 
the demonstration of some other proposition. ] This prepsura- 
tory step is taken to prevent the proof of the principal theo- 
rem from becoming complicated and tedious. 

14. A CoroUaryhiQ an inference from a preceding proposi- 
tion^ A Scholium is^a remark of any kmd, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately depending on it. ^ 

15. The immediate object of inquiry, in the mathematics^ 
IS, frequently^ not the demonstration of a general truth, but 
a method of performing some operation,^ such as reducing a 
vidgar fraction to a decimal, extracting the cube root, or 
inscribing a circle in a square. This is called^'solving a prob- 
lem. ^ A theorem is /Isomething to be proved.] A problem 10 

^aomething to be done, j 
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16 When that which is required to be done, is so easy, as 
to be obvious to every one, without an explanation, it is cM" 
ei^VLpostulcUe.) Of this nature i^the drawing of a straight 
line, from one point to another.! 

17. A quantity is said to be given, when it is either sup- 
posed to be ah'eady knotony or is made a condition^ in the 
statement of any theorem or problem. In the rule of pro- 
portion in arithmetic, for instance, three terms must be given 
to enable us to find a fourth. These three terms are the 
data^ upon which the calculation is foimded. If we are re- 
quired to find the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
the circumference are the data. They are said to be given 
by supposiiiofij that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily inferred from something else which is given. Thus, if 
two numbers are given, their sum is given; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given/either-in posiHoUf 

or magniludey or both. 1 A line is given in position^when its 

ntuation and direction are known.) It is given in magnitude, 

f when iiJB length is known).) A circle is given in positian{when 

^€he piace of its centre i^ known.'j It is given in tnagnihidef 

-^when the length of its diameter is known.") 

18. One proposition is contrary, or contradictoiy to another, 
fwhen, what is afRrmed, in the one, is denied, in the other.) 
' A proposition and its coiitraryj^can never both be true. I It 

cannot be true, that two given hues are equal, and that fliey 
are not equal, at the same time. ^ 

19. One proposition is the converse of anotheij when the 
order is inverted^ so that, what is given or supposed in the 
first, becomes the. conclusion in the last ; and what is given 
in the last, is the conclusion, in the first. Thus, it can be 
proved, first, that if the sides of a triangle are equal, the an^ 
gles are equal; and secondly, that if the angles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given ; and the equality of the angles in* 
f erred: in the second, the equality of the angles is given, and 
the equality of the sides inferred. In many instances, a pro- 
position and its converse are both true ; as in the preceding 
example. But this is not always the case, A circle is u 
figure bounded by a curve ; but a figure bounded by a curve 
.6 not of course a circle. 
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20. The practical applications of the mathematics, in the 
common eoncorns of business, in the useful arts, and in the 
various branches of physical science are almost innumerable. 
Mathematical principles are necessary(in •Mercantile transact 
tionsy for keeping, aiTanging, and settling accounts, adjusting 
the prices of commodities, and calculating the profits of trade : 
ill JsTavigation, for directing the course of a slup on the ocean, 
adapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bear- 
ings and distances of objects on shore : in fSurveyin^^ for 
measuring, dividing, and laying out grounds, taking the eleva- 
tion of hUls, and fixing the boundaries of fields, estates, and 
Eublic territories : in fCivU Engineering, for constructing 
ridges, aqueducts, loc^s, &c. : in Mechanibsj for understand- 
ing the lavirs of motion, the ctwuposition of forces, the equili- 
brium of the mechanical powers, and the structure of ma- 
chines : in lArcMtecturej tor calculating the comparative 
Strength of timbers, the pressure which each will be required 
to sustain, the forms of arches, the proportions of columns, &c. : 
in Iphrtificationy for adjusting the position, lines, and an- 
gles, of the several parts of the works : inlChmnery, for regu- 
lating the elevation of the cannon, the force of the powder, 
and the velocity and range of the shot : m^'OpiicSy for tracing 
the direction of the rays of light, understanding the forma- 
tion of images, the laws of vision, the separation of colors, the 
natme of the rainbow, and the construction of microscopes 
and telescopes : in(A8him(myj for computing the distances, 
magnitudes^ and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising the tides, dis- 
turbiug the motions of the moon, causing. the return of the V 
comets, and retaining the planets m their orbits :. In Geogra^ 
p/ty, for determining the figure and dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of plq^s, the courses of rivers, the 
height of mountains, and the4mmdaries of kingdoms : in Jits- 
tory, for fixing the 45hren<dogy of remarkable events, and 
estimating the strength of armies, the wealth of nations, the " 
value of tneir revenues, and the amount of their population : * 

and, in the concerns ofiGwemmeni^ for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics have also important applications 
to Chemistry, Mineralogy, Music, Painting, Sculpture, and 
indeed to a g^eat proportion of the whole ehcle of ai'tjs and 
sciences. ^ 
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21. It is true, that, in many of the branches which have 
been mentioned, the ordinary business is frequenliy trans- 
acted, and tlie mechanical operations performed, by persons 
who have not been regularly instructed in a course of mathe- 
matics. Machines are framed, lands are surs^eyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their respective 
arts. The reason of this is, that the methods of proceeding, 
m their several occupations, have been pointed out to them, 
by the genius and labor of others. The mechanic often 
Works by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
©f no ordinary attainments. la this manner, even the ab- 
vtnise parts of the mathematics are made to contribute their 
%id to the common arts of life. 

22. But an additional and more important advantage, to 
persons of liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind, 
like the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discipline of the mind. 
They are calculated to form it to habits of fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admis- 
»on of proof ; of dextenty,in the arrangement of arguments; 
and of skill, in making all tha parts of a long continued pro- 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accurate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. " The youth,'* fiays Plato, " who are furnished with 
mathematical knowledge, ar^rompt and quick, at all other 
Miences." ^^ 

It is not pretended, that an attention to other objects of 
kiquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their office, to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images ; or to enable us to speak and write with 
rhetorical vigor and elegance. The beneficial effects which 
they produce on the mind, are to be seen, principally, in the 
regulation and increased energy of the reasoning powers 
These Uiey are calculated to call into frequent and vigorous 
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exercise. At the same time, mathematical studies may be 
8o conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more simple subjects^ and as- 
cending gradually to those which ai*e more, complicated, the 
mind ax^uires strength as it advances; and by a succession 
of steps, nsing regularly one above another, is enabled to 
surmount *he obstacles which lie in its way. In a course of 
mathematioa^ the part9 succeed each other in such a con- 
nected series, (hat the preceding propositions are preparatory 
to those which follow. The student who has made himself 
master of the foraier, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to hig 
ftiture progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is left unconquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he understandis 
the nature of one proposition or method of operation, before 
proceeding to another. He ought also to make himself /o- 
miliar with every step, by careful attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely reading the main principles, rules, and obser- 
vations. It is practice only, which can put these completely 
m his possession. The method of studying here recom- 
mendea, is not only that which prcanises success, but that 
which will be found, in the end, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of giatification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which their 
attention is called. 



Note. — ^The principal definitions, theoremsi rules, && which it is necessary 
to eommU to memonff are disting:ui5Ued by being put in Italics or Capitala. 
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SECTION I. 

NOTATION, NEGATIVE QXTANTITIES, AXIOMS, Bus. 

Art. 23. ALGEBRA may be defined^A general method 
OF investigating the relations of quantities, by let- 
ters, AND OTHER SYMBOLS.^ This, it must be acknowledged, 
is an imperfect account of the subject; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebra/ are of a more general nature 
than those in common Arithmetic, j The latter relate to par- 
ticular numbers ; the fonner to wnole classes of quantities. 1 
On this account. Algebra has been tennecKa kind of tmiverstd 
•drithnietic. ■ The generality of its solutions is principally 
owing,' to the use of lettersy instead of numeral figures,^to 
express the several quantities which are subjected to calcula- 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the difference between the customary use of figuies, |ind the 
manner in which letters are employed in Algebra. ' One of 
the nine digits,' invariably expi-esses the same number: but a 
letter may be put for any number whatever.^ The figure 8 
aJways signifies eight ; the figure 5, five, &c. And, though 
one of the digits, in connection with others, may have a loca$ 
value, different from its simple value when alone ; yet the 
same combination always expresses the same number. Thus 
263 has one uniform signification. And this is the case with 
every other combination of figures, f But in Algebra, a letter 
may stand for any quantity which we wish it to represent.! 
Thus b may be put for 2, or 10, or 60, or 1000. "jit must no< 
be understood from this, however, that the letter has no d& 
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terminate value. Its value is fixed for the occasion. Foi 
the present purpose; it renciains unaltered. But on a dififerent 
occasion, the same letter may be put for any other number. ^ 

A calculation may be greatly abridged by the use of let- 
ters; ^specially when very large numbers are concerned. 
And when several such numbers are to be combined,«as in 
multiplication, the procesti becomes extremely tedious. But 
a single letter may be put for a large number, as well as 
for. a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, fc, Cy 
and rf. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after - 
another, in the form of a word, and the product will be sim- 
ply bed. Thus in Algebra, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
tions are sometimes effected, in the compass of a few lines, 
which, in common Arithmetic, must be extended through 
many pages. 

24. Another advantage obtnined from the notation by let- 
ters instead of figures, is/that the several quantities which 
are brought into cakulation, may be preserved distinct from 
each of/icr;|^thoiigh carried through a number of complicated 
processes; Avhereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. y 

25. Algebra differs farther frpm arithmetio',' in makinff use 
of unhnown quantities, in carrying on its operations./ In 
arithmetic, all the quantities which enter into a calcutation 
must be known. For they are expressed in numbers. And 
every number must necessaiily be a determinate quaiitity. 
But in Algebra/ a letter may be put for a quantity, before 
its value has been ascertained. \ And yet it may have such 
relations to oLiier quantities, v/ith which it is connected, as 
to answer an miportant purpose- in the calculation. 

NOTATION. 

26. To facilitate the investigations in algebra, the seveial 
steps of the reasoning, instead of being expressed in wordsy 
are translated into the language of signs and symbols, which 
may be considered as a species oi {short^h(md.\ This serves 
to place the quantities and their relations distinctly before 
the eye, and to bring them all into view at once. They arc 
thu^ more readily compared and understood, than when re- 

2* 
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moved at a distance from each other, as in the common 
mode of writing. But before any one can avail himself of 
this advantage, he must become perfectly familiar with the 
new language. 

27. The quantities in algebra, as has been already ob- 
served, are generally expresse^fby lettersh ( The^r^i letters of 
the Alphabet are used to represent/ knovin quantities ; ^ and 

ftlie Idst letters, those which are tmknoivn, /Sometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common arithmetic. 

28. Besides the letters and figures, there arefceitain cluir- 
acters used) to indicate the relations of the qmmtities, or the 
operations which are performed with them. /Among these 
are the signs -f- and — , which are read plus and minusy or 
more and less. The fonner is prefixed to quantities which 
are to be added ; the latter, to those whicn are to be suh^ 
tracted.) Thus o-f 6 signifies that h is to be added to a. It 
k read a plus 6, or a added to 6, or a and 6. If the expres- 
sion be a- 6, i. e. a minus b; it indicates that b is to be sub- 
tracted from a. 

291 The sign + is prefixed to quantities which are con- 
sidered as affirmative or positive; and the sign — ^ to those 
which are supposed to be negative. 1 For the nMure of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, 'asjf&ither posi- 
tive or negative.^ jBefore the first one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. ^ Thus o-f-tj is the same as +a-|~^' 

SO. Sometimes both + and — are prefixed to the same 
letter. The sign is then said to be ambiguous. } Thus a+b 
signifies that in certain cases, conipiehended in a general so- 
lution, b is to be added to a, and in other cases subtracted 
from it. 

31. When it is intended to express the difierenre between 
two quantities without deciding which is the onie to be sub- 
tracted, the character </> or -^ is used. Thus a^fc, or a<i>b 
denotes the diflerence between a and -6,' without detennining 
whether a is to be subtracted from by or 6 from a. 

32/ The equalUy between two quantities or sets of quanti- 
ties is expressed by parallel lines =. )Thus <^b=:d sig- 
nifies that a and b together are equal to d* And a^d=.c 
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=r64-g'=& signifies that a and d equal c^ which is equal tc 
b and g, which are equal to h^ So 8-4-4=16 - 4=i0-}-2=s 

74-2+3= 12, 

SS/ When the first of the two quantities compared, is 
gretUer than the other, the character [> is placed between 
them. Thus a>>b signifies that a i^ greater than b. \ 

If the first is less than the other, the character <^ is used^ 
as a<^&; i. e, a is less than fr. In both cases, the quantity 
towards which the character openSy is greater tJhan the other. 

3iJ A numeral figure is often prefixed to a letter. This 
is called a (xy-efficient.) It shows how oflen the quantity ex- 

Eiessed by the letter is to be taken. Thus 26 signifies twice 
: and 9t, 9 times fr, or 9 multiplied into fr. 

'. The co-eflicient may be either a whole number or a firac- 
tion. fThus §& is two-thirds of 6. / When the co-efficient is 
not expressed, 1 is always to be understood.^ Thus a is the 
same as la; i. e. once a. 

35.^The co-efficient may be a letter^ as well as a figure. ^ 
In the quantity mfc, tn may be considered the co-efficient of 
b ; because b is to be taken as many times as there are units 
in m. If m stands for 6, then mb is 6 times 6. In 3a6c, 3 
may be considered as the co-efficient of abc ; 3a the co-effi- 
cient of 6c; or 3a6, the co-efficient of c. See art 42. 

30. A simple quantity is either a single letter or number, 
or several letters connected together without the signs + 
and-. \ Thus a, a6, abd and 86 aie each of them simple 
quantities. / A compound quantity consists of a number of 
simple quantities connected by the sign 4- or - . ^ Thus a-^- 
bjd-ifyb - d-|-3^, are each compound quantities. The mem- 
bers of which it is composed are called terms. 

37.f If there are two terms in a compound quantity, it is 
called a binomial.) Thus a-^b and a - 6 are binomials. The 
latter is also calledj/a residual quantity, because it expresses 
the difference of two quantities,)or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three terms, is sometimes called trinomial ;JonQ of four terms, 
/ a quadrinomicdy &c. ) 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are firequent- 

iy connected by a line called 'a vinculum.^ Thus a-^+i 
shows that the sum of 6 and e is to be subtracted fi-om a. But 
a-b+c signifies that b only is to be subtracted from a 
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while c is to be added. The su m of c and d, subtracted 

from the sum of a and fr, is a-{-b - c-\-d. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 

a vinculum. Thus x - («+c) is the same as a: - a-^c. The 
eqtuiHty of two sets of quantities is expressed, without using 
a vinculum. Thus a-^bz^c-^-d si^ifies, not that I is equal 
to c; but that the sum of a and b is equal to the sum of e 
and d. 

39. 'a single letter, or a number of letters, representing any 
quantities with their relationSj'Jis called an algebraic express 
sion; and sometimes /a formula.] Thus (i-{-b-\Sd is an 
algebraic expression. 

40. The character X denotes multiplication. Thus ax* 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a povfU is used to indicate multiplication. Thus 
a. fr is the same as ax^^* But the sign of midtiplication is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the fonn of a word or 
syllable. Thus ab is the same as a. 6 or ax*- And bcde 
is the same asfrx^X^X*- When a compound quantity is 
to be multiplied, a vinculum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied faito the sum 

of c and rf, is a^b X c+rf, or (0+*) X (<^+^)* And 
J64-2) X 5 is 8 X 5 or 40. But 6 + 2x5 is 6+10 or 16. 
When tlie marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus (a?+i/) (a? - y) is {x-\-y) 
X {xjy.) 

41. < When two or more quantities are multiplied together, 
each of them is called^ a factor. In the product ab, a is a 

factor, and so is 6. In the product arxa+wi, x is one of the 
factors, and a-^m, the other. Hence every co-efficient may be 
considered a factor. (Art. 35.) In the product 3y, 3 is a 
factor as well as y. 

42. A quantity is said to be resolved intofactorsfwhen any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. ) Thus Sab may be resolved into 
the, two factoi-s 3a and />, because Saxb ia Sab. And 5amn 
may be resolved into the three factors 5a, and m, and n. 
And 48 may be resolved into the two factors 2 x24, or 3x 16» 
or 4x12, or 0x8; or into the three factora2x3x8, or 4x 
6x2, kt. 
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48. The character -i- is used to show that the quantity 
which precedes it, is to be dividedy by t h at wh ich foUowa. 

Thus a-i-c is d divided by c: and a+b^T-c-^'d is the sum 
of a and fr, divided by the sum of c and d. But in algebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

- is the same as a-5-6 : and jj-r is tl^e difference of c and b 

divided by the sum of d and h. A diaracter prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

6-4-c 
whole value of the quotient. Thus a - — j- signifies that 

the quotient of 6+c divided by m-f n is to be subtracted from a. 

c "" rf H I fi 
And —; — X -— ^ denotes that the first quotient is to be 

multiplied into the second. 

44. When four quantities are proportional^ the proportion 
is expressed by points, in the same manner, as in the Kule of 
Three in aritlimetic. Thus a:b::c:d signifies that a has to 
ft, the same ratio which c has to c^. And ab :cd:: a^m : 
b-^-n^ means, that ab is to cd; as the sum of a and m, to the 
sum of b and n. 

45. Algebraic quantities are said to^ be (rftfce,/when they 
are expressed by the same letters^ and are of the same power: 
and unlike, when the letters are different, oic when the same 
letter is raised to different powers.* ) Thus ai, 3a6, - afr, 
and ^Se^f are like quantities, because the letters ai'e the 
same in each, although the signs and co-efiScients are dififer- 
ent. But 3a, Sy, and 36tr, are unlike quantities, because 
the letters are unlike, although there is no difference in the 
signs and co-efficient8. 

46. One quantity is said to be a multiple of another^when 
the former contains the latter a certain niunber of times with- 
out a remainder, j Thus 10a is a multiple of 2a; and 24 is 
a multiple of 6. ^ 

47. One quantity is said to be ^ measure of another/when 
the fonner is contained in the latter, any number of times, 
without a remainder./ Thus Sb is a measure of I5b; and 7 
is a measure of 35. 



* For the notaUon of powers and rcots^ see the sections on those sabjecu. 
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48. The value of an expression^ isUhe number gs quantity, 
for wliich the expression standsJ Thus the value of 34-4 k 
7; of 3x4 is 12; of V is 2. 

49. The RECIPROCAL of a quantity^ (is the quotient laising 
from dividing a unit by that quantity^ Thus the reciprocal 

of a is - ; the reciprocal of a-^b is — ttl ; the reciprocal of 4 

. 1 

IS J . 

60. The relations of quantities, which in ordinary language, 
are signified by wordsy are represented in the algebraic nota- 
tion/ by signsi The latter mode of expressing these rela- 
tions, ought to be made so familiar to the mathematical 
student, tliat he can, at any time, substitute the <Hie for the 
other. A few examples are here added, in which, words 
are to be converted into signs. 

1. What is the algebraic expresdon for the following 
statement, in which the letters a, £, c, &c. may be supposed 
to represent any given quantities 1 

The product of a, i, and c, divided by the difference of C 
and d, is equal to the sum of b and c added to 15 times h. 

Ans. — j=ft-fe-[-15A. 

2. The product of the difference of a and h into the sum 
of by Cy and c?, is equal to 37 tunes m, added to the quotient 
of b divided by the sum of A and b. Ans. 

3. The sum of a and by is to the quotient of b divided by 
c; as. the product of a into c, to 12 tunes A. Ans. 

4. The sum of a, by and c, divided by six times their pro* 
duct, is equal to four times their sum diminished by d. Ana. 

6. The quotient of 6 divided by the sum of a and 6, is 
equal to 7 times rf, diminished by the quotient of b, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when worda 
are substituted for the signs 1 

h ' o+c 

Ans. The sum of a and b divided by A, is equal to the 
product of a, by and c diminished by 6 times m, and increased 
by the quotient of a divided by the sum of a and c. . 
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t. ab+^fll-l= d X a+b+c- — -,. 
x+y 6+6 

3. a+7 (A+x)~|Z«|=(a+A) (6- c). 

4.a-6:ac::£zf :3x*+d+y- 

a-fc . d«fat baxd+h cd 
3-[-6-c 2m am h-^dm 

52. At the close of an algebraic process^ it is frequently 
necessary to restore the numbers, for which letters had been 
substituted, at the beginning. In doing this, the sign of mul- 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. Thus, if a stands for S, and b 
for 4 ; the product ab is not 34, but 3x4, i. e. 12. 

In the following examples, 

Let a=S And cl=6. 

6=4 m=a 

c=2 ' n=10. 

Then 1 «+m,6c-n_3+8 4x2-10. 
Iben, 1. __+-__^_+_^-^ 

2.H±?.6omn+l^= • 

c-^drh oab 

<ii.^^j«^-3d 36n-6c, t 

^,bm aA ^— - — J-— — A = 

cdm 4 a-f 3 cd a 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
simple, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If o+ft is used 
for the sum of two quantities, a carmot be united in the same 
term with 6. But if a stands for 3, and b for 4, then a-\'b 
=34-4 =7. The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica^ 
lion, &c. indicated by the algebraic characters. 

Find the value of the following expressions, in wliich the 
letters are supposed to stand for the same numbers, as in the 
jH^ceding article. 

1. .££4.a+mtt=i>l^+3+8xlO=9+S-f 80=:9«, 
c % 
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2. o 6 m+_?i-+ 2n= 3 X 4 X 8 +?ili+ 2 X 10= 
m — 6 S -^ 6 



wi-i 






4. ^><±tl+ab e - H^ Xtn-<l 
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POSITIVE AND NEGATIVE QUANTITIES.* 

54. To one who has just entered on the study of algebra, 
itiete is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities which ai-e entirely 
new ; a sort of mathematical nothings^ of which he can form 
no distinct conception. As positive quantities are real, he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

65.{ A NEGATIVE qijjantity is one which is required 
TO BE SUBTRACTED. | When several quantities enter into 
a calculation, it is fiequently necessary that some of them 
should be added together, while others are subtracted, ( The 
former are called affinnative or positive, and aie marked with 
the sign -f- ; the latter are termed negative, and distinguished 
by the sign - . ^ If, for instance, the profits of trade are the 
subject of calculation, and the gain is considered positive ; 
the hss will be negative ; because the latter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this backward motion is to be considered negOr- 
tivey because that, in detennining his real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascent of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same general principle. In 

* Ot) the subject of negative quantities, see Newton's UniTersal Arithmetic, 
Maseres on the Negative Sign, Mansfield's Mathematical Essays, and Mao- 
kuirin's, Simpson's^ Eiiler's, Saunderson's^ and Ludiam's Algebra. 
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eacli of the histances, one of the quantities is to be subtracted 
from the other. 

56/ The terms positive and negative, as used in the mathe- 
matics, are merely rehaive. *) They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, 
some such apposition as requires that one should be subtracted 
from the other. But this opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another less than nothing. For, in many cases, either ot 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may 
change places. In determining the progress of a ship, for 
instance, her easting may be marked + , and her westing - ; 
or the westing may be -f- , and the easting - . All that is 
necessary is, that the two signs be prefixed to tbe quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In different processes, they may 
be differently appUed. On one occasion, a downward mo- 
tion ipay be called positive, and on another occasion negative. 

5T. In every algebraic calculation, some one of the quan- 
tities must be frsed upon, to be considered positive. All 
other quantities which will increase this, must be positive also. 
^ But those which will tend to tUminish it, must be negative.^ 
' In a mercantile concern, if the stock is supposed to be positive, 
the pr^ts will be positive ; for they increase the stock ; they 
are to be added to it. But the losses will be negative ; for 
they dimmish the stock ; they are to be subtracted from it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any particular point, is considered positive, every succeeding 
instance of forward motion will be positive, while the back^ 
ward motion will be negative. 

58./ A negative quantity is frequently greatery than the 
positive one whh which it is connected.^ But how, it may 
be asked, can the former be subtracted from the latter 1 The 
greater is certainly not contained in the less : how then can 
it be taken out of it 1 The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhausts the whole of it, but leaves a balance of fiOC 

S 
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against him. In common language, he is 500 dollars worse 
than nothing. 

59. In this way, it frequently happens, in the course of an 
algebraic piocess, that a negative quantity is brought to stand 
alone. It has the sign of subtraction, without being con- 
nected with any other quantity, from which it is to be sub- 
tracted. This denotes tliat a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to noth' 
ingy and finally gives her 5 degrees of »ottf A latitude. The 
sign - prefixed to the 25 degrees, is retained before the 6, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude* If the mo- 
tion southward is only 15 degrees, the remainder must be 
+5, instead of - 5, to show that it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The Imlance of a book account will be 
positive or negative, according as the debt or the credit is the 
greater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, firom which this is again to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
rainibhed, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossmg the equator, is first 
made less than nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
oe properly distinguished, by the signs + and - ; all the 
positive degrees bemg on one side of 0, and all the negative, 
m the other ; thus, 

+6, +5, +4, +S, +2, +1, 0, - 1, - 2, - 8, - 4, - 5, «d. 
The numbers belonging to any other series of opposite 

Juantities, may be arranged in a similar manner. So that 
may be conceived to & a kind of dividing point between 

♦ The ezpreasion "leu than nothingy^ may not be wholly improper ; if it is 
hntended to be understood, not literally, but merely as a convenient phrase 
adopted for the sake of avoiding a tedious circumlocution ; as we say " the sun 
rises," ins^d of saying "the ear^h rolls round, and brings the sun mto view," 
The use of it in this manner, is warranted by Newton, Elaler and others. 
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positive and negative numbers. On a th^mometer, the de« 
grees above may be considered positive^ and those bdow 0, 
negative. 

61. A quantity is sometimes said to be sulOracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be codded to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, 0-|-6 means 6 degrees a6ove 0; and 0-6, 6 
degrees bebno 0. 

AXIOMS. 

6S. The object of mathematical inquiry is^ generally/ to 
investigate some unknown quantity, and discover how great 
it is. ) Thi& is effected,/ by comparing it with some other 
quantity or quantities alread}^ known,^ The dimensions of 
a stick of timber, are found/by applpng to it a measuring 
rule of known length. ) The weight of a body is ascertained 
' by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it ' And any 
quantity is determined, when it is foimd to be equal to some 
known quantity or quantities. 

Let a and b be known quantities, and y, one which is un« 
known. Then y will become known, if it be discovered to 
be equal to the sum of a and b : that is if 

y=a+b. 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called'^an 
equation. 1 It will be seen hereafter, that much of the busmess 
of algebra consists in finding equations, in which some im- 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, furaishes the equation required. It 
will generally be necessary to make a number of additions^ 
subtractions, multiplications, &c. before the imknown quanti- 
ty is discovered. But in all these changes, a constant equality 
must be preserved, between the two sets of quantities com- 
pared. This will be done, if, in making the alterations, we 
are guided by the following axioms. These are not inserted 
here, for the purpose of being proved; for they are self- 
evident. ^Art. 10.) But as they must be continually intro- 
duced or implied, in demonstrations and the solutions of 
problems, thev are placed together, for the convenience ol 
reference 
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arithmetic. The same observation may be made concerning 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
m arithmetic. But they are frequently extended farther, and 
comprehend processes which are unknown to arithmetic; 
This is commonly owing to the introduction of negative 
qtiantities. The management of these requires steps which 
are unnecessary, where quantiticfs of one class only are con- 
cerned. It will be important, therefore, as we pass along, to 
mark the difference as well as the resemblcmce^ between arith* 
metic and algebra ; and, in some instances, to give a new 
definiticm, accommodated to the latter. 
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Art. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently/to collect the materials.) Seve- 
ral distinct quantities are to be concerned in the pocess* 
These must be brought together. They most be connected 
in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
called^ ADDITION.) It may be defined,^THE connecting of 

SEVERAL QUANTITIES, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. ) 

66. It is common to include in the definition, " uniting in 
one term, such quantities, as will admit of being united,'* 
But* this is not so much a part of the addition itself, as a 
reductiofi^ which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecting the 
quantities by their proper signs. Thus a added to 6, is evi- 
dently a and b : that is, according to the algebraic notation, 
a-|-6. And a added to the sum of b and c, is a^b-^-c. And 
a-j-ft, added to c+d, is a-\'b-^C'\-d. In the same manner, il 
the sum of any quantities whatever, be added to the sum ol 

3* 
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any othero, the expression for the wh<de, will contain all 
these quantities connected by the sign -f-* 

67. Again, if the difference of a and b be added to ^; the 
sum will be a- 6 adoed to c, that is a-b-^c. And if a-fr 
be added to c-d, the sum will be a^b'\'C''d, In one of 
the compound quantities added here, a is to be diminished 
by b, and in the other, c is to be diminished by d; the sum 
of a and c must therefore be diminished, both by i, and by 
d, that is, the expression for the sum total, must contain -b 
and — d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amount. Thus o-^^lfr-c, added to d^h m, is 

68, The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - 6, the sum will be - b-\-a. Here it may be object- 
ed, that the negative sign prefixed to 6, shows that it is to be 
subtracted. What propriety then can there be in adding it ? 
In reply to this, it may be observed, that the sign prefixed 
to b while standing alone, signifies that 6 is to be subtracted, 
not from a, but from some other quantity, which is not here 
expressed. Thus -fc may represent the losSy which is to be 
subtracted from the stock in trade. (Art. 55.) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 dollars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss 1 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. ^Quantities are added, then, by writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS '^ observ- 
ing always, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) f 

The Sinn of a+w, and 6-8, and 2/i-3m-{-J, and A-n 
andr-^Sm-t/, is 

a^rn+b^S+2h-Sm+d+h-n+r+iim-'y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either o+fc+^j ^^ a-^c^b, or 
cJ^b+a. For it evidently makes no diflference, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
same as 3 and 9 and 6, or 9 and 6 and 3. 
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And a-j-m - n, is the same as a - »+m. For it is plainly 
of no consequence, whether we first add m to a, and after- 
wards subtract n; or first subtract n and then add m. 

71. Though connecting quantities by their signs is aH 
which is essential to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing several terms to 
one. The amount of So, and 66, and 4a, and 56, is 

304-66+404.56. 
But this may be abridged. The first and third tenns may 
be brought into one; and so may the second and fourth. 
For 3 times o, and 4 times o, make 7 times a. And 6 times 
6, and 5 times 6, make 11 times 6. The sum when reduced 
is therefore 704II6. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cases, in one of which, 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, but the signs are unlike. Like quantities 
are the same powers of the same letters. ^Art. 45.) But 
as the addition of powers and radical quantities will be con- 
sidered in a future section, the examples given in this place, 
will be all of the first power. 

72. Case I. To reduce several terms to one, when 

THE quantities ARE ALIKE, AND THE SIGNS ALIRE, ADD THE 
CO-EFFICIENTS, ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIX THE COMMON SIGN, j 

Thus to reduce 364^6, that is -|-36+76 to one term, add 
the co-eificients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign +. The expression will then 
be -j-106. That 3 times any quantity, ana 7 times the same 
quantity, make 10 times that quantity, needs no proof. 



be 


Sxy 


2bc 


lay 


96c 


^ 


36c 


Zxy 



76- 
86- 
26- 
66. 



Examples. 

. xy ry- 

■Sxy Sry- 

.2a;y 6ry- 

'Sxy 2ry- 



■Sabh cdxy^Smg 

■ 06A 2cdxy'{' mg 

iabh 5cdxy-\-.7mg 

- 06A 7cdxy-\'Smg 



156c 236+lla:y I5c4xy+I9mg 

The mode of proceeding will be the same, if the signs are 
negative. 
Thus -36c -6c -56c, becomes, when reduced, ^96c, 
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And-aflr-»Saa?-2ajr=-6ajt. Or thus, 

-S&c - ax -^Safr- my ^dach-Sbdg 

- 6c "Sax - afr-3my ^ a€&- My 

-6ic -2a« -7a&-8my -5acA-7My 

-9&C -10a&-12my 



73. It may perhaps be asked here, as m art. 68^ what pro- 
I>riety there is, m adding quantities, to which the negative 
sign is prefixed ; a sign which denotes subtraction ? The an- 
swer to this is, that when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th^se quantities 
are to be subtracted, not from each other, but from some other 
quantity marked with the contrary sign. Suppose that, in 
estimating a man's property, the spm of money in his pos- 
session is marked >f-9 ^nd the debts which he owes are mark- 
ed -. If these debts are 200, SOO, 500 and 700 dollars, and 
if a is put for 100; they will together be -2a -3a -5a -7a. 
And the several terms reduced to one, will evidently be 
- 17a, that is, 1700 dollars. 

74. Case II. i To reduce several terms to one, when 

THE QUANTITIe's ARE ALIKE, BUT THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. < 

Thus, instead of 8a -6a, we may write 2a. ^ 

And instead 6f 7i - 26, we may put 56. 

For the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To +66 +46 56c 2hm -dy+6m 3A- dx 

Add -46 -66 -76c -9Am 4dy- m 5h+4dx 



Sum+26 - 26c 3dy+5m 



75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent reduction. Suppose 66 is to be added to 
a - 46. The sum is a - 46+66. (Art. 69.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without subtracting any 
thing, we add 26, making the whole a+26. And in all sim- 
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ilar instances, the balance of two or more quantities, ma} be 
substituted for the quantities themselves. 

77. If two equal quantities have contrary eignSf they de« 
stroy each othe r, and may be cancelled. Thus +66-66 

=0 : And 3x« - 18=0 : And 7bc - 7ic==0. 

Let there be any two quantities whatever, of which a is 
the greater, and b the less. 

Their sirni will be 0+6 

And their difference a -* 6 



The sum and difference added, will be 2a+0, or simply 
2a. That is, if the sum and difference of any two quantities 
be added together, the whole will be twice the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
with which general truihs are (Sscovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which are negative, and then take the differ^ 
* ence of the co-efficients, of the two terms thus found. 

Ex. 1. Reduce 136+66-f ^"•^•"^^"■'^^> to one term. 
By art. 72, 136+66+ 6= 206 > 
And -46-56-76=- 166 5 

By art. 74, 206-166=46, which is the value 

of all the given quantities, taken together. 

Ex. 2. Reduce 3a:y - ay^2xy - ?a9+4a;y - 9a!y+7a;y - 6xy. 
The positive terms are Sxy The negative tenns ai*e - xy 

2xy - 7a?y 

7xy -6a:y 

And their sum is 16a:i/ -23a;i/ 

Then 16ai/ - 23an/= - txy 

Ex. 3. 3ad[-6ad[+a(i+7ad-2arf+9ad-8ad-4ad=0. 
4. 2a6m - a6ni+7a6m - 3a6m+7a6m = 
6. axy-7axy-\-8axy-~ctxy-Saxy'\'9axy^ 

79. If the lettersy in the several terms to be added, are 
different, they can only be placed after each other, with their 
proper signs. They cannot be united in one simple term 
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If 4hf and - 6v, and 3ar, and 17A, and - Sd^ and 6, be added i 

their sum will be 

46-6y+3a?+l7A-6d+6. (Art. 69.) 

Different letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
single sum. Six guineas and 4 dollars are neither ten guineas 

* nor ten dollars. Seven hundred and five dozen, are neither 

12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other ; and to indicate future operations, which are 
to be perfonaied, whenever the letters are converted into 
numbers. In the expression a-\-6y the two terms cannot be 

> united in one. But if a stands for 15, and if, in the course 

of a calculation, this number is restored ; then a-j-6 will be- 
come 15+6, which i£ equivalent t#the sip^le term 21. In 
the same manner, a - 6, becomes 15-6, which is equal to 9. 
The signs keep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. • 

80. When the quantities to be added contain several terms 
which are alike^ and several which are urdikey it will be con- • 
venient to arrange them in such a maimer, that the similar 
terms may stand one under another. 

To 36c - 6d'\'2b - 3y ) These may be arranged thus : 

Add-36c+a:-3d+ig > 36c - 6ci+2fr - 3y 

And 2d+y+3x+b ) -Sbc-Sd + «+tgr 

2d + y+3a: +A 

— ^«^— ^— — -^— ».^— ■— — ^»— — i^.^— 

The sum will be .. 7d + 26 - 2y+4x+bg+ 6. 

Examples. 

1. Add and reduce a6+8 to cJ-S and 5a6-4m-4-2. 
The sum is 6a6+7+cd- 4w. 

2. Add ar-f-3j/ - rfar, to 7 - a? - S+Aiw. 

Ans. 3j/-rfa'-l-j-Am. . { 

3. Add abm - Sx-\-bm, to y - x+7 and 5x - 6y+9. 0. rh\ r 'i-f^V -^ ' 

4. Add 3ani+6 - 7anf - 8, to lOan/ - 9+5am. ' i ' ^ ' /- 

5. Add 6a%4-7d - 1 ^imy, to 3a% - 7rf+ 1 7 - may 

6. Add lad-h-\-Sxy-ad^ to 5ai+^ -7a:y. 

7. Add 3a6 - 2ay+a;, to ab - ay+6a? - A. 
8 Add 26j/ - Saa;-f 2a» to 36* - 6y+a. 
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SUBTRACTION. 

Art. 81. ADDITION is bringing quantities together, to 
find their amount. On the contrary, SUBTRACTION'S 

PINDIKG THE DIFPMIENCE OF TWO QUANTITIES, OR SETS 
OF QUANTITIES.) 

Particular rules might be given, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the principle, that tMng^ away a posUive 
quantity, from an algebraic expression, is the same in effect, 
as annexing an equal negative quantity ; and taking away 
a negative quantity is the same, aa annexing an equal posi- 
tive one. 

Suppose -|-6 is to be subtracted from ^ a-^-b 

Taking away +^j froi^ H~^> leaves a 

And annexing -6, to fl-f-6, gives a^b'^b 

But by axiom 5th, a^b - 6 is equal to a 

That is, taldng away a positive term, from an algebraic 
expression, is the same in effect, as emnexing an equal nega* 
tits term. 

Again, suppose - 6 is to be subtracted from a^b 
Taking away - 6, from a - 6, leaves a 

And aimexing +^5 to a-i, ^ves a-i-j-ft 

But a- 6-f-^ is equal to a 

. That is, tcMng away a negative term, is equivalent to an^ 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting ao item from one side of a book ac- 
count, will produce the same alteration in the balance, as 
adding an equal sum to the opposite side. 
To place this in another point of view. 
If m is added to 6, the sum is by the notation b-^m > 
But if m is subtracted from 6, the remainder is 6 - m ) 
So if m and h are each added to b, the sum is b-^-m^h 
But if m and h are each subtracted from 6, the 

remainder is b^-m^h 



28 ALGEBRA. 

The only difference then between adding a positive quan- 
tity and subtracting it, is, that the sign is changed from -}- 
to-. 

Again, if m-n is subtracted from b, the remainder is, 

For the less the quantity subtracted, the grecUer will be the 
remainder. But in the expression m-n, m is diminished by 
n; therefore, b-^m must be increased by n; so as to become 
b'-m^n: that is, m-^n is subtracted from 6, by changing 
4-w into -m, and -n into -|-**> ^^^ ^^^n writing them after 
b, as in addition. The explanation will be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERFORM SUBTRACTIOir IN ALGEBRa/^CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM -^ TO -^ OR FROM - TO -f-f 
AND THEN PROCEED AS IN ADDITION. \ 

r The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered.\ Although the 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be alikej and the min- 
uend greater than the subtrahend. 

Prom +28 16fc lAda -28 -166 --Uda 

Subtract +\6 nb 6da -16 -126 Sda 

tmmm^^^mm tm^'^m"^ ^^m^^^ ■' ■' ■ ■ l ■ «Maaav-aM ..■»»— I 

Difference 4-12 46 Sda -12 -46 Sda 

Here, in the first example^ the + before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran 
scribing. 

This case is the same as subtraction in arUhmetie. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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Prom +166 Ub 6da -16 -1&& - 6ia 
Sub. — [-2Sb I6b I4da -28 -166 -14Ai 



Dif. -126 -46 -Sda +12 46 Sda 

The same quantities are given here, as in the preceding* 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are made to change places. The 
mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 
grealtTr. By comparing them, it wiU be seen, that there is no 
difference in the answers, except that the signs are opposite^ 
Thus 166 - 126 is the same as 126 - 166, except that one is 
+46, and the other - 46 : That is, a greater quantity sub- 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 68 and 59. 

85. In the third place, the signs may be unlike. 

From +28 +166 +14ifa -28 -166 -14da 
Sub. -16 -126 - 6da +16 +126 + 6da 

Dif. +44 286 2Qda -44 -286 -20ia 

From these examples, it will be seen that the Hfferenix 
between a positive and a negative quantity, may be sreaier 
than either of the two quantities. In a thermometer, the difr 
ference between 28 degrees above cypher, and 16 below, in 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be provedj as in arithmetic^ by adding 
the remainder to the subtrahend. The sum ought to be equed 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to cotxect any particidar error^ but to 
verify the general rule. 

From 2ay-*l hr+Sbx Ay- ah iiil-76y 

Sub. -sy+T 3&-96a; 5Ay-6a& 5nd- 6y 

Dif. 3a;y-8 ^ r-4%+5<iA 

From Sa6m- xy -17+4ax ar+ 76 Sah^axy 

Bub. -7a6m+6dqf -20- ax -4aar+lS6 -7aA+a«y 

Bern. 10a6m-7ay ^ 5ax^ 86 
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67* When there are sectral terms oUfo, they may be re- 
duced as in addition. 

L Frotti ab subtract Sam-\'am-\-7am^2am'^6aiHL 
Ans. ai-Sam-ain-7am-2am~6atii=:a6-19aflk (Art 72.) 

2. From y, subtract-a-a-a-a. 
Ans. y-{-o-f-a-|-^*+*=y+4^ 

5. From ax-'bC']'Sax-\'7bc^ subtract 4frc - 2aa;4-ftc-f-4(ijr. 

Ans. ax - 6c+3aa?+7 Jc - 4bc-\-2ax - ic - iax-ssZax+bc. 
(Art. 78.) 

4. From ad-^Sdc-^bx^ subtract Sad+lbx^-dc+ad. 

88. When the ktten in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the several terms one 
after another, as in addition. (Art. 79.) 

From 3a&-|-8 - miif-{-dhf subtract x - dr-^Ahy - bmx. 

Ans. Sab+8~my']'dk^X'-{'dr^^y-\-bmx, 

88. b. The sign-, placed before the marks of parenthesis^ 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed. 

Thus a- (b'-C'^-d) signifies that the quantities &, -e, and 
-f-cZy are to be subtracted from a. The expression will then 
become a- 6-j-c-d. 

2. 13ad'}-xy+d^{7ad''xy+d^hm^ry)=z6ad+2xy^hm 
+ry. 

8. 7cAe - 8+7a? - (Sabc - 8 - ctr+r) = 4abc-\-7x+dx - r. 

4. Sa(i+fc-2y-(7y4.8fc-»ur+4a<i-fcy-a<i) = 

6. 6am-dy+8-(16-fSrfy-8+am-e+r) = 

6. 7ay^2x+B-'{4+h^ay+x+Sb)=z 

88 c On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with*immed]« 
a^ly preceding; the signs must be changed. 

Thus ^m+b-^dx+Sh^ - (m-6+<b-3A.) 
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MULTIPLICATION,* 

Art. 89. In addition, one quantity is connected with an* 
other. It is frequently the case, that the quantities broughl 
together are equal; that is, a quantity is added to Usdf, 

As a^a=i2a a+a+a^a=z4a 

a-|-a4.a=3(i a^a-^-a-^a+a^zBti^ &c. 

This repeated addition of a quantity to itself, is what was 
originally called multiplictUioH. But the term, as it is now 
used, has a more extensive signification. We have frequent 
occasion to repeat, not only the whole of a quantity, but a 
certain parHon of it. If the stock of an incorporated com- 
pany is divided into shares, one man may own ten of them^ 
another five, and another a part only of a share, say two* 
fifths. When a dividend is made, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
five times, and the third to only two-fifth of it. As the ap- 
portioning of the dividend, m each of these instances, is 
upon the same principle, it is called multipUcation in the 
last, as well as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
dollars a year. As this is to be eubtracted firom his estate, it 
may be represented by -a. As it is to be subtracted year 
after yeoTf it will become, in four years, -a-a«-a-a=: -4a. 
This rqfeated subtraction is also called multipUcation. Ac« 
cording to the view of the subject; 

{ 90. MULTIPLVINO B7 A WHOLE NUMBER IS TAKINO THS 
MULTIPLICAND AS MAN7 TIMES, AS THERE ARE UNITS IN THE 
MULTIPLIER. f 

Multiplying by 1, is taking the multiplicand once, as a. 
Multiplying by 2, is taking the multiplicand twice, as a^a. 

I- ...I . I ■■■ ■ 1. ■ ■ ■■ ■ H I I B I ■ ».— — I I 

* Newton's Univensal Arithmetio, p, 4, Maaeres en the N^tiTo SiA 
Sec IL Camus^ Arithmetic, Book 11. Chapw 3. Euler's Algeora, Sec. I 
D. Chap. 3. Simpson's Algebra, Sec IV MadAnxin, Sannderaon, Laooijg 
Ludlam. 
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Multiplying by S, is taking the muItijAicand three time$y ae 

' MULTIPLTIWO BY A FRACTION IS TAKING A CERTAIIT 
PORTION OF THE MULTIPLICAND AS MANY TIMES, AS THERE 
ARE LIKE PORTIONS OF A UNIT IN THE MULTIPLIER.* ] 

Multiplying by }, is taking } of the multiplicand, once^ as |a. 
Multiplying by j, is taking ^ of the multiplicand, tunce^ as 

Multiplying by {, is taking | of the multiplicand, three times. 
Hence, if the multiplier is a unit, the product is equal to 
the multiplicand : If the multiplier is greater than a unit, the 
product is greater than the multiplicand : And if the multipli- 
er is kse than a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 
Same relation to multiplication by a positive quantity, 
which SUBTRACTION has to addition. In the one, the 
sum of the repetitions of the multiplicand Li^ to be added, to 
the other quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at 
the time of multipl3dng, by changing the sign of the pro-^ 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given weiffht or measure, 
a sum of money y &c. But this is abbreviated language. If 
construed Uterally, it is absmd. Multiplying is taking either 
the whole or a part of a quantity, a certain number y ttmc^f. 
To say that one quantity is repeated as many times, as an- 
other is heaoy, is nonsense. But if a part of the weight of a 
body be fixed upon as a umt, a quantity may be multiplied 
by a number equal to the number of these parts cositained 
in the. body. If a diamond is sold by weight, a particular 
price may be agreed upon for each grain. A grain is here 
the unit; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the weight ; meaning that it is multiplied by 
a number equal to the number of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a unit, and any 
number of these may become a multiplier. 

'* See Note C. 
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93. As 0»ilti|dykig is taking the whole or a part of a 
quaiitity a certain number of times, it is evident that the 
product^ must be of the same nature as the mulHplicand. 

If the multiplicand is an abstract namber; the product will 
be a number. 

If the multiplicand is weiglU^ the product will be weight. 
If the multiplicand is a /tne, the product will be a line. R^ 
peating a quantity does not alter its nature. It is frequently 
said, that the product of two lines is a surface^ and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not conect* 
See Section xxi. 

93. The multiplication of fracHcns will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini« 
tion (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by 6, and that b stands for 3. There are then, three 
units in the multiplier b. The multiplicand must therefore 
be taken three times ; thus, a-\-a^a=:3af or ba. 

So that, mti/ftplymg two letters together is nothing mors, 
than writing them one after the other^ either with, or without 
the sign of multiplication between them. Thus b multiplied 
into c is bxcy or be. And x into y, is xxy^ or ar.y, or xy. 

94. If more than two letters are to be multiplied, they 
must be connected in the same manner. Thus a into b and 
c, is cba. For by the last article, a into 6, is ba. This pro- 
duct is now to be multiplied into c. If c stands for 5, tnen 
ba is to be taken five times thus, 

6a+6rt+6a+fea+6a=5K or cba. 
The same explanation may be applied to any number of 
letters. Thus, mn into xy^k anixy. And bh into mrx^ is 
bhmrx. 

95. It is immaterial in what order the letters are arranged 
The product ba is the same as ab. Three times five is equal 
to five times three. Let the number 5 be represented by as 
many points, in a horizontal line ; and the number 3, by as 
many points in a perpendicular line. 



Here it is evident that the whoh number of points is equal 
either to the mmiber in the horizontal row three times repeat 

4* 
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cdy or to the number in the parpendkular row five tisaes re« 
peated ; that is, to 5 X 3* or 3 X d* This ei^planation may be 
extended to a series of factors consisting of any numbers 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed before ot 
after a third factor : the product of three, before or aft^ a 
fourth, &c, ^ 

Thus 34=4x6 or 6x4=4x3x2 or 4x^x3 or 2x3x4 

The product of a, fc, c, and d, is abcd^ or acrffr, or dcba^ or bade. 
It will generally be convenient, however, to place the letters 
in alphabetical order. 

( 96. When the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIED TOGETHER, AND 
PREFIXED TO THE PRODUCT OF THE LETTERS.) 

Thus, 3a into 26, is 6ab. For if a into b is a&, then 3 times 
a into 6, is evidently Sab : and if, instead of multiplying by 
6, we multiply by twice 6, the product must be twice as great; 
thatis2x3a&or 6ab. 

Mult. 9ab 12% Sdh 2ad 7bdh Say 

Into 3ay 2ra: my \Shmg x 8m« 

Prod. 21abxy Sdhmy Ibdhx 

97. If either of the factors consists of figures only^ these 
must be multiplied into the co-efficients and letters of the 
other factors. ^ 

Thus 3a6 into 4, is 12afr. And 36 into 2a?, is 72a?. And 
S4 into %, is 24%^ 

98. If the multiplicand is a compmind quantity, each qf its 
terms must be multiplied into the multiplier. Thus ft-j-c+d 
into a is ab^ac^ad. For the whole of the multiplicand is 
to be taJs:en as many times, as there are units in the multi- 
plier. If then 0, stands for 3, the repetitions of the multipli* 
cand are, 

b+c+d 
b+c+d 

And their sum is Sb+Se+Sd^ that is, ab+ac+ad. 



MULTIPLICATION. Sd 

Into 3i 6c?y my 4& 

Prod ^frd4-66d^ 3Umt/4-*^ 



99. The preceding in^tanees must not be confounded 
with those in which several factors are connected by the 
«ignx> or by a point. In the latter case, the midtiplier is 
to be written before the other factors vfithout being rioted. 
The product of bxd into a, is a6 x d^ and not ahx<^' Fot 
bxdis bdy and this into a, is abd. (Art. 94.) The expression 
bxd is not to be considered, like 6+d, a compound quantity 
consisting of two terms. Different terms are always separa- 
ted by+or-. (Art. 36.) The product of bx^Xf^Xy in-* 
to o, is axbxhX^Xy or abhmy. But b^h^m-^-y into a, 
is ab-^-ahr^-am-^-ay. 

100. If both the factors are compound quantities, each 
term in the multiplier must be multiplied into each in the mvlti^ 
plicand. 

Thus o-f-6 into c+c? is ac-^ad-^bc^bd. 

For the units in the multiplier o-f-fr are equal to the units 
in a added to the units in b. Therefore the product produ- 
ced by a, must be added to the product produced by b, 
Tlie product of c-f-^ into a is ac-^ad ) a -* qq 
The product of c+d into b is bc+bd y ^^' ^^' 
The product of c-f-d into a+6 is therefore aC'^ad-\-bc-^bd 

Mult. 3x+d 4ay+2b a+l 

Into 2a-{'hm 3c -^rx 3a:4-4 



Prod. 6aa?4-2ad4-3/ima?+dAm Sax+Sx-{-4a^4 

< • < " I — I I I ■ — — .M^ 

Mult. 2A+7 into 6rf+l. Prod. 12dA+42d+2A+7. 
Mult. di/4-»'^+^ ^^'O 6m-f.4+7y. Prod. 
Mult. 7+66+a(i into 3r+4+2/i. Prod. 

101. When several terms in the product are alikey it wiU 
be expedient to set one under the othevy and then to unite 
them, by the rules for the reduction in addition. 
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Mult. &4.a b+c+i 0+ y+l 

Into b+a &+^3 S6+&r+7 

bb+ab bb+bc+2b 

-^ab^aa be ^cc+2e 

-|.Si +Sc+6 



Prod. 6i+2a6+aa 6ii+26c+56+cc4-6c-f6 



Mult. Sa+d+4 into 2a4.3rf+l. ProA 
Mult. i-f-cd+a into 3i+4«l-f 7. Prod. 
Mult S6+2a?4- A into a x ^ X 2«. Prod. 

103. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated as a faetor^ this 
factor will be repeated in the product, as many times as in 
the multiplier and multi{dicand together. 

Mult. ax^X^ Here a is repeated three times as a factor. 
Into ax A Here it is repeated twke. 

Prod. ax<>X<>XaXa. Here it is repeated five times. 

The product of bbbb into bbb^ is bbbbhbb. 
The product of 2a:X3arx4aF into dxx^scj is 2a?x3a?x4a?X 
5xX^x* 

104. But the numeral co^effiderUs of several fellow-factors 
may be brouglit together by multiplication. 

Thus 2ax36 into 4a X 56 is 2ax36x4ax56, or 120aa6&. 

For the co-efficients arefactorsy (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2ax36x4ax56=2x3x4x5XoXoX6xi=120aa66. 
The product of 3ax46A into Bmx^Vy is 360a6Amy. 
The product of 46x6i into 2a?+l, is 48bdx+24bd. 

105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul- 
tiplying positive and negative quantities together. We shall 
Gixdf 

That -|- into -{-produces -f- 
- into + - 

-|- into w - 

-* into -* 4* 
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All these may be comprised in one general rule; which it 
will be important to have always familiar. / If the signs or 

THE FACTORS ARE ALIKE, THE SIGN OF THE PRODUCT WILL 
BE AFFIRUATITE ; BUT IF THE SIGNS OF THE FACTORS ARfi 
UNLIKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. ] 

106. The first case, that of + into -f-> needs no farther 
illustration. The second is - into -j-, that is, the multipli- 
cand is negative, and the multiplier positive. Here -a 
into -{-4 is - 4a, For the repetitions of the multiplicand are, 

— a— G— fl — <!= — 4a. 
Mult. 6-3a 2b-w A-Sd-4 a-.2-.7rf-.« 

Into 61/ Sh+x 2y Sb+h 



Prod. eby-lSay^ 2Ay-6rfy-8y 



107. In the two preceding cases, the affirmative sign pre- 
fixed to the multiplier shows, that the repetitions of the mul- 
tiplicand are to he added to the other quantities with which 
the multipUer is connected. Butin th& two remaining cases, 
the negative dgn prefixed to the multiplier, indicates that 

the sum of the rftipfttit.inna of the niiiltipliranH nrp. in h^^ih 

traded from the other quantities. (Art. 90.) And this sub- 
traction is performed, at the time of midtiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus +a into - 4 is - 4a. For the repetitions of the multi- 
plicand are, 

-j-a-f-a-j-a-|-fl^=+4a. 

But this sum is to be subtracted^ from the other quantities 
with which the multiplier is connected. It will then become 
-4a. (Art. 82.) 

Thus in the expression ft— (4x^*5) it is manifest that4x<i 
is to be subtracted from b. Now 4x<» is 4a, that is -f.4a. 
But to subtract this from 5, the sign -|- must be changed 
into -. So that 6-(4xa) is 6 -4a. And aX -4 is there- 
fore - 4a. 

Again, suppose the multiplicand is a, and the multiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 - 4) into a, 
we must subtract the product of the negative part, fiom that 
of the positive part. 
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Multiplying « J U the same as J Multiplyiiig a 
Into 6-4J ^^'^^^^^^ilnto 2 

And the product 6a-4<i» is the same as the product 2a. 
Therefore a into *- 4^ is - 4a. 

But if the multiDlier had been (6-{-4,) the two products 
must have been added. 

Multiplying a > . ,, ( Multiplying a 

Into 6+4 5 *^ ^^^ ^"^® ^ i Into 10 

Ajud the prod. 6a-|-4a is the same as the product lOo. 

This snows at once the difference between multiplying by 
a posiiwe factor, and multiplying by a negative one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added to, in the latter, 8id)iracted Jrom^ the other quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
some other which is positive; though the two may not 
always stand in connection, when the multiplication is to be 
performed. 

Mult, a+b Sdy+hx+2 Sh+S 

Into b-x mr^ab ad^6 



Prod. a6+66 - adp - 6ar SadUi+Sad^lSh-lS 

108. If two negatives be multiplied together, the product 
will be affirmative : - 4 x -- a=4~4a. In this case, as in the 
preceding, the repetitions of the multiplicand are to be sTib^ 
tractedy because the multiplier has the negative sign. These 
repetitions, if the multiplicand is -a, and the miutiplier -4^ 
are -a-a-a-a=-4a. But this is to be subtracted by 
changing the sign. It then becomes -f-4a. 

Suppose -a is multiplied into (6-4.) As 6-4=2, the 
product is, evidently, twice the multiplicand, that is, - 2a. 
But if we multiply - a into 6 and 4 separately ; - a into 6 
is - 6a, and - a into 4 is - 4a. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, - 4a 
must be subtracted from - 6a. Now - 4a becomes by sub- 
traction -|-4a. The whole product then is - 6a-f-4a which is 
equal to - 2a. Or thus. 

Multiplying - a ) . . C Multiplying - a 

Into 6-4 5^ ^^^ ^^^^ ^ I Into 2 

'■ "■ ' " / '^i"" 

And the prod. - 6a+4a, is equal to the product - 3a» 
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It is oft^) considered a great m3rstery9 that the product of 
two negatives should be affirmative. But it amounts to no* 
thing more than this, that the subtraction of a negative quan- 
tity, is equivalent to the addition of an affiimative one ; 
(Art. 81.) and, therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a repeated addition of an 
affirmative one. Taking oS from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 

Mult. a-4 3(1-%- 2a; Say^-h 

Into 36-6 46-7 6ar-l 



Prod. 3a6-126-6a-f24 i8aa:y-66ar-3aj/+6 

Multiply Sad ^ah-^7 into 4 - rfy - Ar. 
Multiply 2%+3m - 1 into 4^- 2ar-f 3^. 

109. As a negative multiplier changes the sign of the quan* 
tity which it multiplies ; if ^ there are eever^ negative factors 
to be multiplied together, 

The two first will make the product positive; 

The third will make it negative; 

The fourth will make it positive^ &c. 

Thus - a X - 6= +^ 1 f ^**^^ factors. 

■^^^ T I't^ U« product of } f''' 
-a6cx -a=+a6ca [ ^ ^ four, 

+a6cdx -€= -ofrcdej Lfac. 

That is, the product of any even number of negative fac- 
tors 18 positive; but the product of any odd number of nega- 
five factors is negative. 

Thus-aX"-a=oa And-ax-aX-<»X-<»=««<w 

-ax-«X -^azzi-aaa -ax-«X -ax-<»X-«=-fl<MWki 
The product of several factors which are all positive, is in- 
variably positive. 

no/ Positive and negative terms may frequently b(danc$ 
each other, so eis to disappear in the product. j (Art. 77.) A 
star is sometimes put in the place of a defici<mt term. 
Mult, a- 6 tnm ^yy aa^ab-^-bb 

Into a+b rnn^yy a- 6 

aa^-ab aaa+aab'^abb 

-{-06-66 -006-066-666 

Prod.00 * -66 000 ♦ * -666 



( 
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111. For many purposes, it is sufficient merely to i$kReate 
the multiplication of compound quantities^ without actually 
multiplying the several terms. Thus the product of 
«4-6+c into A-f-m+y, is (a+b-i-c) X (^+»»+y-) (Art. 40.) 
The product of 

a+m into h+x and d+y> ^^ (a+m) x (M-*) X (*4-yO 

By this method of representing multiplication, an important 
advantage is often gained, in preservmg the factors distinct 
from each other. 

When the several terms are multiplied in form, the expres 
sion is said to be expanded. Thus, 

(a-|-6) xip-^d) becomes vfhen expanded ac-^ad-^bc^bd 

112. mtha given multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be 
reduced to nothing^ the prodwt will be nothing. Thus axO 
=0. And if be one of any number of fellow-fectors, the 
product of the whole will be nothing. 

Thus, abxcXidxO=SabcdxO=:0. 

And (a+6) x (H-*) X (A - «) X 0=0. 

113. Although, for the sake of illustrating the different 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he has bec<Hne familiar with 
the examples, to burden his memory with any thing more 
than the folk>wing general rule. 

MULTIPLT THE LETTERS AND CO-EFFICIENTS OF EACH TERM 
IN THE MULTIPLICAND, INTO THE LETTERS AND CO-EFFICIENTS 
OF EACH TERM IN THE MULTIPLIER; AND PREFIX TO EACH TERM 
OF THE PRODUCT, THE SIGN REQUIRED BT THE PRING IPLE, THAT 
LIKE SIGNS PRODUCE-!-, AND DIFFERENT SIGNS - . 

1. Mult. a+3i-2into4a-65-4. 

2. Mult. 4ii6x«X2 into3my-l-f A. 

8 Rfult. (7oA-y)x4into4a:x3x5x<i. 

4. Mult. (6a6-W+l)x2into (8-|.4x-.l)xrf. 

6. Mult. Sc^-fy-i-f&into (rf4-a:)x(A+y-) 
6- Mult. 6aa?- (4A-rf) into (6-1-1) X(A+10 

7. Mult. 7ay - l+hx {d - x) into - (r+3 - 4m.) y 
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Art. 114. IN multiplication, we have two factors given^ 
and are required to find their product. By multiplying the 
factors 4 and 6, we obtain the product 24. But it is fre- 
quently necessary to Teverse this process. The number 24, 
and one of the factors may be given, to enable us to find the 
other. The operation by which this is efiected, is called 
Dmsion. We obtain the number 4, by dividing 24 by 6. 
The quantity W be divided is called the dividend ; the ^ven 
factor, the divisor ; and that which is reqwred, the quotient. 

115/ DIVISION IS FINDING A QUOTIENT, WHICH MULTI- 
PLIED >INT0 THE DIVISOR WILL PRODUCE THE DIVIDEND.* ) 

In multiplication the mMplUr is always a tuimier. (Ai^t. 
91.) And the product is a quantity of the same kind, as the 
multipUcand. (Art. 92.) The product of 3 rods into 4, is 12 
rods. Wlien we come to division, the product and etl/ier of 
the factors may be given, to find the other : that is, 

The divisor may be a nmiber^ and then the quotient wiU 
be a quantity of the same kind as the dividend ; or. 

The dimor may be a quantity of the same kind as this 
dividend ; and then the quotieat will be a number. 

Thus 12 rods^4z=S rods. But 12 rocb-f-Sro(b=4. 

And 12 ro(b-h24=irocI. And 12 rods'^24 rods=:i 

In the first case, the divisor being a number^ shows into 
how mofiy parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

, If 12 rods be divided mto S parts, each will be 4 rods long. 
And if 12 rods be divided into 24 parts, each will be half a 
rod long. 

In the other case, if the divisor is less than the dividend, 
the former shows into what parts the latter is to be divided ; 
and the quotient shows how many of these parts are contained 

*T]ie rtmab^dir is here fuppoied to be iiiduibd in the quotient, m is com 
moniy the case In algebra. 
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m the dividend. In other words, division in this case con- 
sists in finding how often one quantity is contained in another. 

A line of 3 rods, is contained in one of 12 rods, four times. 

But if the divisor is ^eater than the dividend, and yet a 

Suantity of the same kmd, the quotient shows what part of 
lie divisor is equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. The other will, of course, be the quotient. 

Suppose abd is to be divided by a. The factor a and bd 
will |»roduce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, 

( When the divisor is found as a factor in the divi- 

i>END, THE division IS PERFORMED BT CANCELLING THIS 
FACTOR. \ 

Divide ex dh drx kmy dhxy abed abxy 
Bjeddrhmdy b ax 

Quot 9 X hx by 



In each of these examples, the letters which are common 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. aab bbx aadddx aammyy aaaxxxh yyy 
By a b ad amy aaxx yy 

wmmmm^i^imB m^a^mmmmmm mmmm^i^i^m^mmmt^ ^^^^^^^^^^^^^ ^mmmm^^m^^m^^mmm 

Quot. ab addx ahx 



In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists of any factors whatever, ex- 
nsugmg one of them is dividing by it 
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Div. a{b+d)a(b+d) (b+t){c+d) {b+y)X{d^k)t 
By a b+d 6-f« d-^h 



In all these instances the product of the quotient and diri- 
sor is equal to the dividend by Art. 111. 

119. In performing multiplication, if the factors contain 
tmrneral figuresy these are multiplied into each other. (Art. 
96.) Thus 3a into 76 is 21a6. Now if this process is to be 
reversedy it is evident that dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quotient of 21a6-^3a is 76. Hence, 

In division, if there are numeral co-effidents prefixed to the 
letters, the co-efficient of the dwidend must be dividedy by theco^ 
effident of the dknaor. 

Div. 6a6 16(2zy 2&dhr 12ay Z4drx ZOkm 
By 26 4dx dh Q ^^ m 

im^mmmmamam wm^mmmimmmimmm^» tmmmmi^^mamm^a^^ ^^^^t^H^tmmm^r^ fln^^M^^^^B^i^kMS ^K^K^mmam^m^ 

QuotSa 25r drx 



120. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art. 
98.) Thus a into 6-|-d, is a6-|-ad. Such a product is easily 
resolved again into its original factors. 

Thus a6+ad= ax (&+<'). 

a64-ac-4-a&s=aX (i+H-*)- 
axifik-\-ijmx'\-cmy^amxQ^^'\'y)* 
4ad4-8a&4-12am-f 4ay=:4ax {^-^h^^m+y). 
Now if the whole quantity be divided by one of these factora^ 
according to Art. 118, the quotient will be the other factor* 

Thus, (a6+ad)-f^=6+rf. And (a6+ad)-f-(6+rf)=a. 
Hence, 

If the divisor is contained in ewry term of a eompo\tnd divi- 
dend, it must be cancelled tti each. 

Div. a6-f-ae bdh-\'biiy aahr\-^ dfr«-{-iUb-{-&y 

By a bd a dx 

Quot. 64-6 ahr\-y 



And if there are co-effkientSy these must be divided,/in eack 
term also. 



u 
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Div. 6ab+\tae 10iry+16d 
By Sa 2d 



l2hx+8 SSdm+lidx 
4 7d 



QiioL 2b+4e 



Shx+2 



' 131. On theT other hand, if a ctmpound expression ciM$am' 
tn^ ony factor in every term, be divided by the other quantities 
connected by their signsy the quotient wUl be that factor. See the 
first part of the preceding article. 

Div. ab'{-aC'{'ah amh-\'amX'\'amy 4a6-}-8ay ahmr^ahy 
By b+c+h h+x+y b+2y m+y 



Quot. a 



4a 



122. In division, as well as in multiplication, the caution 
must be observed, not to confoimd terms with factors. See 
Art. 99. 



Thusrai+ac^-^a=:^4-c. (Art 120.) 
But iabxf^)'i'(i==^€uibc'i'az=z(ibc. 
And (a6-l-oc)-t-f6+c^=a. (Art 1 
But l(d>Xac)'^lbxc)^aabc^bc= 



.) 



123f In division, the same rule is to be observed 

RESPECTING THE SIGNS, AS IN MULTIPLICATION ; THAT IS, 
IP THE DIVISOR AND DIVIDEND ARE BOTH POSITIVE, OR 
BOTH NEGATIVE, THE QUOTIENT MUST BE POSITIVE : IP 
ONE IS POSITIVE AND THE OTHER NEGATIVE, THE QUO- 
TIENT MUST BE NEGATIVE.\ (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the dividend. 



Div. 
By 



If+aX+*=+^ 

-ax -6=+aft 

abx Sa-'lOay 
-a -2a 



then 



-{-a6-5-+6=+a 
— (df I \ fe= — a 

-a6-j--6=4.a 



Sax ^ Bay Samx^h 
Sa -2a 



Quot - 6« - 44-5y 



-Smx<tt= -SAd» 



DIVISION 46 

134/ If the letters of the divisor are not to be found 
in the dividend) the division is expressed bt writinq 
the divisor under the dividend, in the form of a vui,- 
gab, fraction. \ 

rra *!( rf — a? 

Thus xy-i-a^ -^; and (d - a;) -j- - A= -^r 

This is a method of dmoAng division, rather than an actual 
performing of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fractions, 
they may be added, subtracted, multiplied, &c. See the 
next section. 

125. When the dividend is a compound (quantity, the divi- 
sor may either be placed under the wlwle dividend, as in the 
preceding instances, or it may be repeated under each ierm^ 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expression for the 
other. 

Tiius 6+c divided by a?, is either-^^, or -I — . 

a+h 
And 0+* divided by 2, is either "~o~", that is, half the sum 

d b 
of a and b; or^+o' ^^^^ *^> ^^® '^^^^ ^^ half a and half (. 

For it is evident that half the sum of two or more quantities, 
is equal to the mm of their halves. And the same principle 
is applicable to a third, fourth, fifth, or any other portion of 
the dividend. 

So also a - 6 divided by 2, is either ^^ ., or - « -. 

•^ 2 2 2 

For half the difference of two quantities is equal to the dij* 
ference of their halves, 

a-.2b+h a 2b h 3a-c 3a c 



So- 



m 



"~m m »w "^ -x "~-a?''-« 



126. If some of the letters in the divisor are in each term 

of the dividend, the fractional expression may be rendered 

more simple, by rejecting equal factors from the numerator 

and denoininat<^. 

0* 
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Div. ab 
By ae 


dhs 
iy 
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ahm-iag 
ab 


ab+b» 
6y 


Sim 


ab b 

Quot, — or- 

ae c 


Am-Sy 
b 


am 



These reductions are made upon the principle, that a ^ven 
divisor is contained in a given dividend, just as many tunes, 
OS double the divisor in double the dividend ; triple the divi- 
sor in triple the dividend^ &c. See the reduction of fractions. 

1S7. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contam the divisor may be divi- 
ded as in Art. 116, and the others set down in the form of a 
fraction. 

Thus (a&4-(Q«7-ii is either — i^, or — -j — , or 64 — . 

Div. dxy+rx'-hd iah+ad^x bm+Sy ^my-^dh 

By X a "b 2m 

— ^•^^^■Mi^i^MHMMi* mmmmmmmm^,m>mmm^tmm^^m mm,^mmmmmmm,mmmmmm^ -^^•^•^mmm^^mm 

hd 3y 

Quot. dy+r - — ^^ -^y. 



128. The quotient of any quantity divided by itself or its 
eqwUf is obviously a urnt. 

Thusi=l. And|2=4. Andji^=l. Andg^J=l. 

Div. ax+x Zbd^Sd Aaxy^-Aa+Sad 3a6+3-6m 
By X Sd 4a 3 

Quot. a+l «y - 1 +2<f 



Cor. If the dividend is greater than the divisor, the quo- 
tient must be greater than a unit : But if the dividend is less 
than the divisor, the quotient must be less than a unit. 
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PROMISCTTOirS SXAMPLB8. 



1 Divide ltaby+6dbx-^ l8bbm+fM, by 66. 
9 Divide 16a- l2+Sji+4 --Wadx+m, by 4. 

5. Divide (a-8A)x(8m4-y)X«, by (a-afc)x(3m+y) 
4. Divide oM - 4a(^-3lly - (i> by W - 4d4-% - 1. 

6. Divide o«-ry4"^"4''9""*+^ ^7"" **• 

6. Divide amy+Smy - mxy-^am - d, by - dmy. 

7. Divide card - 6a+2r - W+6, by 2ard. 

8. Divide 600; - 84-2a:y+4 - 6Ay, by 4axif. 

129. From the nature of division it is evident, that the 
value of the quotient depends both on the divisor and the 
dividend. With a given divisor, the greater the dividend^ 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly the subjects of frac- 
tions, ratios, and proportion, it will be important to be able 
to determine what change will be produced in the quotient, 
by increasing or diminishing either the divisor or the dividend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the dwisar may be multiplied or divided 
by some other number, before it is used in dividing 24. In 
each of these cases, the quotient will be altered. 

ISO. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained. 

In double that dividend, tunce as many times ; 
In triple the dividend, thrice as many times, &c. 

That is, if the divisor remains the same, multiplying the 
dividend by any quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus, if the constant divisor is 6, then 24-f-6=4 the 
quotient 

Mul tiplving the dividend by 2, 2 X 24-^6 =2x4 

Multiplying by any number fi, n X 244-6 = n X 4 
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131. Secondly, if the given divisor is contained in the 
p^iven dividend a certain number of times^ the same divisor 
18 contained. 

In half that dividend, half as many times ; 

In one third of the dividend, one third as many times, &c. 

That is, if the divisor remains the same, dMding the cfioi- 
dmd by any other quantity, is, in effect, dividing the quotient 
by that quantity. 

Thus 24^6=4 

Dividing the dividend by 2, j24-f-6=44 

Dividing by n, ^24-^6 = ^4 

132. Thirdly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Tioice that divisor is contained only ha^ as many tinges ; 
Three times the divisor is contained one third as many times. 

That is, if the dividend remains the same, muMplyvng the 
divisor by any quantity, is, in effect, dividing the yuotierU by 
that quantity. 

Thus 24^6=4 

Multiplying the divisor by 2, 24-^2 x6=| 

Multiplying by n, 24-J-nX 6= J 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Half tbjit divisor is contained ttoice as many times ; 

One third of the divisor is contained thrice as many times. 

That is, if the dividend remains the same, dividing the divi- 
sor by any other quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus 24-^6=4 

Dividing the divisor by 2, 24-^.^6 =2x4 

Dividing by n, 24-f.i6 =n X 4 

For the method of performing division, when the divisor 
and dividend are both compound quantUies, see one of the fol* 
lowing sections. 



FRACTIONS. 4» 



SECTION V. 



FRACTIONS.* 

Art. 134. EXPRESSIONS in the form of fractions occiu 
more frequently in Algebra than in aritlimetic. Most in- 
stances in division belong to this class. Indeed the numeia- 
tor of every fraction may be considered as a dividendy of 
which the denominator is a divisor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral imit is sup- 
posed to be divided ; and the nimierator shows how many 
of these parts belong to the fraction. But it makes no dif- 
ference, whether the whole of the numerator Is divided by 
the denominator ; or only one of the integral units is divided^ 
and then the quotient taken as many times as the number of 
units in the numerator. Thus | is the same as i+i+l* 
A fourth part of three dollars, is equal to three fourths of one 
dollar. 

i 135/ The value of a fraction, is the quotient of the nume- 
[ rator mvided by the denominator. \ 

Thus the value of -. is 3. The value of — is a. 

2 b 

From this it is evident, that whatever changes are made 
in the terms of a fraction ; if the quotient is not altered, the 
value remains the same. For any frax^tion, therefore, we 
may substitute any other fraction which will give the samo 
quotient. 

Thusi=l£=^=?*l=:?±?,&c. For the quotient in 
2 5 2ba 4drx 3+1 ^ 

each of these instances is 2. 

* 136. As the value of a fraction is the quotient of the nu 

merator divided by the denominator, it is evident from Art. 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

* Horsley's Mathematicfl, Camus' Arithmetic, Emerson, Euler, Saunderson, 
and Ludlom. 
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than the denominator, the value is lesi than a unit; and when 
the numerator is greater than the denominator, the value is 
greater than a unit. 

The calculations in fractions depend on a few general 
principles, itHiich will here be stated in connexion with each 
other. 

1371 If the denominator of a fraction remains the same^ muU 
t^lying the numerator by any quantity^ is mtdtiplying the 
VALUE fry that quantity ; and dividing the numerator^ is dividing 
the vdlue\ For the numerator and denominator are a divi- 
dend and Vlivisor, of which the value of the fraction is the 
Juotient. And by Art. ISO and ISl, multiplying the divi- 
end is in effect multiplying the quotient, and dividing the 
dividend is dividing the quotient. 

Thus in the fractio|is — , , , 5-- &c. 

a a a a 

The quotients or values are b, 36, 76d, j^fr, &c. 

Here it will be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the nmnerator. 

Cor. With a given denominator, the greater the nume- 
rator, the greater will be the value of thii fraction ; and, on the 
other han^ the greater the vidue, the greater the numerator. 

13dl If the numerator remams the same, mutt^lykig the de- 
nominmoT by any qtumtityy is dividing the value by that quantity; 
(xnd dividing the denominator^ is mtdtiplying the value^ For 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multipl)ring the quotient. (Art. 132, 133.) 

1 .V. f *• 24ai 24ab Uah 24a6 « , 

In the fractions — , _, — , _, &c. \ 

The values are 4a, 2a, 8a, 24a, &c 

Cor. With a given numerator, the greater the denominator, 
the less will be the value of the fraction ; and the less the 
v^alue, the greater the denominator. 

139. From the last two articles it follows, that dividing the 
nimeratOT by any quantity, will have the same effect on the 
value of the fraction, as multiplying the denominator by that 
quantity ; and multiplying the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evident from the preceding articles, that/ ip 

THE ^UMERATOR AND DENOMINATOR BE BOTH MULTIPLtED, 
OR BOTH DIVIDED, BY THE SAME QUANTITY, THE VALUE OF 
THE FRACTION WILL NOT BE ALTERED. \ 

_-, bx ahx Sbx ibx iabx « -' ^ . , - 

Thus -r =— r =-51- =-Tr=~r-r > &c« For m each of 
b ($0 ob ib iab 

these instances^ the quotient is x, 

141 . Any integral quantity may, without altering its value, 
be thrown into the form of a fraction, by multiplying the 

Juantity into the proposed denominator, and taking the pro- 
uct for a numerator. 

-_„ a db ad+ah 6adh ^ ^ , 

Thus a=Y=-7 =""T| T ^"gdT* ^^' ^^^ ^"® quotient 

of each of these is a. 
Sorf+/i=^^. And r+1 =-?^'". 

142. There is nothing, perhaps, in the calculation of alge* 
braic fractions, wliich occasions more perplexity to a learner, 
than the positive and negative signs. The changes in these 
are so frequent, that it is necessary to become familiar with 
the principles on which they are made. The use of the sign 
which is prefixed to the dividing Une, is to show whether the 
value of the whole fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) This sign, therefore, has an influence on the several 
terms taken collectively. But in the numerator and de- 
nominator, each sign affects only the single term to which it 
is applied. 

The value of -^ is a. (Art. 135.) But this will become 
negative, if the sign - be prefixed to the firaction. 

Thusy+^=y+a. Buty— |=y-a. 

So that changing the sign which is before the whole firae^ 
tion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next, suppose the sign or signs of the numerator to be 
changed. 

By Art 123, -g =+0. But Ig-=:-a. 
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And T — =Z'\'a-c. But — ^^^— =:-a-j-c. 

That is, by changing all the signs of the mimerator, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of the denominator to be changed. 
As before -r =+0. But — T-='-a. 

143. We have then, this general proposition ; Af the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

FrcMn this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, they will balance each other. 

Thus by changing the sign of the numerator, 

-. =4-^ becomes -^^-= - <»• 
b b 

But, by changing bgth the numerator and denominator, ir 

/■Ik 

becomes .Zi!I=s-|.a, where the positive value is restored. 

By changing the sign before the fraction, 
y-f-— =y4-<» becomes y - -r =y - «. 

But by changing the sign of the numerator also, it becomes 

y«-.Z — where the quotient -a is to be subtracted from y, 
b 

or which is the same thing, (Art. 81,) -f-^ ^ ^ ^ added^ 
making y-^-a as at first Hence, 

144. 1 If all THE signs both of the numerator and 

DENOMINATOR, OR THE SIGNS OF ONE OF THESE WITH THE 
SIGN PREFIXED TO THE WHOLE FRACTION, BE CHANGED AT 
THE SAME TIME, THE VALUE OF THE FRACTION WILL NOJ BE 
ALTERED. ' 
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6-6-6 6 

Thus 5r=ZI= - "2""= •"T2=*+3- 



. , J^ -6 6 -6 
-^^ -2=T^"2 = '" -2="^- 

Hence the quotient in divifdon may be set down in different 

ways. Thus (a - c)-5-A, is either j--\ — r-> ^' r "" T- 

The latter method is the most common. See the exam 
pies in Art 127. 

REDUCTION OF FRACTIONS. 

145. From the principles which have been stated, are de 
rived the rules for the reduction of fractions, which are sub» 

Cstantially the same in algebra, as in arithmetic. 
A FRACTION MAT BE REDDCED TO LOWER TERMS, BY DIVI 
IN6 BOTH THE NUMERATOR AND DENOMINATOR, BY ANY QUAK 
TITY WHICH WILL DIVIDE THEM WITHOUT A REMAINDEIU J 

According to Art 140, this will not alter the value of th€ 
fifaction. 

^. ab a ^ ,6A» 3m ^ .7m 1 
Ttus-^=-. And 3^=^. And^=-. 

In the last example, both parts of the fraction are divided 
by the numerator. 

If a letter is in every term, both of the numerator and de 
nominator, it may be cancelkdf for this is dividing by that 
letter. (Art. 120.) 

Sam+ay 3m-fy dry+dy _r±i 

If th(B numerator and denominator be divided by ih& greats 
e9t common measure^ it is evident that the fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see Sec. xvi. 

146i Fractions of different pbnominators may bb re- 
duced to A common denominator* by multiplying each 

6 
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HUMERATOR INTO ALL THE DENOMINATORS EXCEPT ITS OWN, 
FOR A NEW NUMERATOR ; AND ALL THE DENOMINATORS TO* 
GETHER, FOR A COMMON DENOMINATOR. '\ 

I 

Ex. 1. Reduce ^ and ., and-, to a common denominator. 

h d y 

axdxy^ady ) 

cxb xy=^^ / the three nmnerators. 

mxbXd=n5)d ) 

bX^Xy=^bdy the common denommator. 

The fractions reduced are ■ A and -^, and — -^ 

bdy bdy bdy 

Here it will be seen, that the reduction consists in multi- 
plying the numerator and denominator of each fraction, into 
all the other denominators. This does not alter the value. 
(Art 140.) 

«. Reduce ^, and !*, and 5i. 
Sm g y 

S. Reduce -, and 2., andii-. 

S X O+A 

4. Reduce — --, and -. 

a+b ' a^b 

After the fractions have been reduced to a common de* 
nominator, they may be brought to lower terms, by the rule in 
the last article, if there is any quantity which will divide the 
denominator^ and 4M the numerators without a remainder 

An integer and a fraction, are easily reduced to a common 
denominator. (Art. 141.) 

Thus aand . are equal to^ and-, or ££ and-L. 
• 1 c c c 

Anda,6,JL, 1 axe equal to ^, *^, ^ *? 
my my my my my 

147. ( To REDUCE AN IMPROPER FRACTION TO A MIXED 
QUANTITT, DIVIDE THE NUMERATOR BT THE DENOMINATOR, ^ 

tM in Art 127. j) 

Thus ^+fa»+rf ^q+m+ j, 
b b 
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-. , om-a4-adfi/-Ar . . 

Reduce ^— ^ , to a mixed quaptity. 

For the reduction of a mixed quanHiy to an improper frac- 
tion, see Art. 150. And for the reliction of a compound 
faction to a simple one, see Art. 160. 

ADDITION OP FRACTIONS. 

148. In addin|r fractions, we may either write them end 
after the other, with their signs, as in the addition of integers^ 
or we may incorporate them into a single fraction, by the fol- 
lowing rule : 

/ Reduce the fractions to a common denominator^ 
Wake the signs before them all positive, and then add 
their numerators. ) 

The common denominator shows int6 what parts the inte- 
gral unit is supposed to be divided ; and the numerators ebaw 
the number of these parts belonging to each of the fractions 
(Art. 134.) Therefore the numerators taken together Bhcfv^ 
uie whole number of parts in all the fractions. 

Thus, ijr=y+7- And^=y+y-}-^. 

Therefore, |+J = * +J,+J,+*+* =J. 
77 777 77 7 

The numerators are added, according to the rules for the 
addition of integers. (Art. 69, &c.) It is obvious that the 
sum is to be placed over the common denominator. To 
avoid the perplexity which might be occasioned by the signs, 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in doing this, care must be taken 
not to alter the value. This will be preserved, if all the signs 
in the numerator are changed at the same time with that be- 
fore the fraction. • (Art. 144.) 

Ex. 1. Add A and -1 of a pound« Ans. -izor.—. 
16 16 16 16 

It is as evident that i%, and i^ of a pound, are A of a 
pound, as that 2 ounces and 4 ouncesi are 6 ounces, 

2. Add ^ and L First reduce them to a common denomi 
d 

nator. They will then be?l and ^. and their gum^?^i5f . 
^ bd hi bd 
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S. Given ? and -5^fc^ to find their sum- 

a oh 

low.? and - !tM=,?*I? and - ^df+dd _ ahm^2ir^da 
d Sh Sdk Sdh &dh 

4^ and ^h-^^f^ i -i+nt _ay' -bd+dm 

y — m -n^ -my -fi^ my 

6.JL.and * ^ flq-«ft+g>+y ^ ag+*ft (Art.77.) 

7. AddlliitoHi^. 8. Add dLto^lIi. Ana -6. 
rf m-^r 2 7-S 

149. For many purposes^ it is sufficient to add fractions in 
tIk6>flaiBe mannw as integers are added, by writing them one 
lUEter another with their signs. (Art 69.) 

Thus the sum of- and -and - -^,is ?-f?l - ;^ 

6 y 2m b y 2m 

In the same manner, fractions and integers may be added* 

The sum of a and -and 3m and — ,is a4-3m-U~ -iL 

V ^ y r 

150. Or the integer may be wcarpopoted with the fraction, 
by converting the f(mner into a fraction, and then adding the 
numemtors. See Art 141. 

mi ^ ^ J * • ^ I * am , b. am+b 

The sum of a and -, is-jH — = — — =--1:1-.. 

m' I'm m * m m 

m-y' m-y 

Ineorporatmg an integer with a fraction, is the same as re- 
diictsig a mixed quanHty to an improper fraction. For a mixed 
quantity is an integer and a fraction* In arithmetic, these 
are generally placed together^ without any sign between 
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them. But in algebra, they are distmct terms. Thus ii is 
% and ig which is the same as 24-i* 

Ex. 1. Reduce a+1 to an imj^roper fraction. Ans. — i^ 

b » 

5. Reduce m+rf- -I- Ans. I»n-dm+dh-dd-r 

h-d h-a 

8. Reduce 1+J Ana. 5+£ 4. Reduce 1-A 

6. Reduce 6+ / ,. 6. Reduce S+?4^- 

SUBTRACTION OP FRACTIONa 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positive one ; and v. v. (Art. 81.) 
For the subtraction ot fractions, then, we have the following 
simple rule. /Change the fraction to be subtracted, 

FROM POSITIVE TO NEGATIVE, OR THE CONTRART, AND THEN 

PROCEED AS IN ADDITION.J (Art. 148.) In making the re- 
quired change, it will be e^^dient to alter, in some instancee^ 
the signs of the numerator, and in others, the sign before the 
dividing line, (Art. 143,) so as to leave the latter always 
affirmative. 

Ex. 1. From ^ subtract *• 

b »» 

First change — , the fraction to be subtracted, to — L 

m m 

Secondly, reduce the two fractions to a common denomi 

nator, making, ^ and ZLJL. 

bm bm 

Thirdly, the sum of the numerators am-^bhy placed over 

the common denominator, gives the answer, ^^HLZ — . 

bm 

2. From ?+2 subtract 1 Ans. «^+dy-to' 

r d dr 

3. From ? subtract il±. Ans. ^-^^+^ 

my my 

6« 
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4. Prom 2+?^ subtract ^^zM. Ans, VHz^. 

5. Prom !Lz1 subtract - 1 Ans. *»-^+*^. 

m y my 

6. From f!il subtract Izi. 7. From * subtract !• 

a m a b 

152. Fractions may also be subtracted, like integ^Mfi, by 
setting them down, after their signs are changed, without re* 
d jcing them to a common denominator. 

From * subtract - *±1 Ans. *+*+£ 
m y my 

In the same manner, an integer may be subtracted from 
a fraction, or a fraction from an integer. 

From a subtract 1^ Ans. a-. . 

163. Or the integer may be incorporated with the fraction, 
as in Art. 150. 

Ex. 1. From - subtract m. Ans. - - m=*Z22y 

y y y 

2. From 40+*. subtract Sa - *. Ans. ^^^^^, 

c d cd 

S. From l+*rf subtract iZ* Ans. ^+^^ - ^. 

d d d 

4. From a+3h - iz* subtract Sa - A+it*. 

2 3 



MULTIPLICATION OP FRACTIONS. 

154. By the definition of multiplicationjj multiplying by a 
fraction is taking apor^ of the multiplicand^ as msmy times as 
there are like parts of an unit in the multiplier. ] (Art. 90.) 
Nowt the denominator of a fraction shows into what parts the 
inte^al unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. ) 
In multiplying by a fraction, therefore, the multipUcand is/ 
to be divided into such parts, as are denoted by the denom- 
inator ; and then one of these parts is to be repeated, as 
many times, as is requued by the numerator. 
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3 

Suppose a is to be multiplied by — 

4 
A fourth part of a ia j- 

This taken S times is ^ ^ +%+t=^ i^^^- 1<8 ) 

4*44 4 

Again, suppose ^ is to be multiplied by j- 

One fourth of r-is -jr* (Art. 138.) 

This taken 3 tunes is ^+S+S=46* 

the product required. 

In a similar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denommator ; and one 
of the parts may be repeated, bv multiplying the numerator. 
We have then the following rule : 

155^ To MULTIPLY FRACTIONS, MULTIPLY THE NUMERi^ 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENOMI- 
NATORS TOGETHER, FOR A NEW DENOMINATOR. \ 

Ex. 1. Multiply — intorr— . Product ^r — 

2. MultipW —t- into — jr. Product ^^^ — 

^ "^ y m-2 «»y-2y 

3. Multiply ^ ' o into ; r- Product \ ' / . « 

^ »^ 1 c+A. , 4-w j^ ** 1. 1 3 

4. Mult. s-7-%mto— 7— . 5. Mult. — p^ mto^- 

156. The method of multiplying is the same, when there 
are more than two fractions to be multiplied together. 

Multiply together 7-> j> and — • Product g^. 

For ^X T is, by the last article ^, and this into ^ is *!^ 
d bd y bdy 

2.Multiplyifl,!L4i,and_L. Product !f*?.-J2H 
m y c r-l cmry^cmy 
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8. Mult. ?±*,4aiidA,. 4. Mult. fi,^, and* 
n A r-}-2 hy d+l 7 

157. The multiplication may sometimes be shortened, by 
rejecting equal factors, irom the numerators and denomina- 
tors. 

d h d dh 

1. Multiply - into - and -. Product — . 

^ r ay fy 

Here a, being in one of the numerators, and in one of the 
dencHninators, may be omitted. If it be retained, the iKoduct 

tidh 

will be But this reduced to lower terms, by Art. 146^ 

ary 

will become — as before. 

2. Multiply ^ into !? and ?*. Product i*. 

'^ m 8a 2d 6 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numemtors, and in only one of the denominators, must be re- 
tained in one of the numerators. 

8. Multiply f±^ into "HM. Product ?!H:*?. 

y ah ok 

Here, though the same letter a is in one of tlie numerators, 
and in one of the denominators, yet as it is not in wery (emt 
of the numerator, it must not be cancelled. 

4. Multiply ?!±i:ff into* and ?!1. 

h m ba 

If any diflSculty is found, in making these contractions, it 
^ill be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

158. When a fraction and an inf«gcr are multiplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denominator is not altered ; except in cases 
where division of the denominatCH: is substituted for multipli- 
cation of the nmnerator, according to Art. 189. 
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Thu8oX-='2S. Pora=«; and*X?i=~ 

y y 1 1 y » 

So rxf X^=^i^ And «xl=J. Henca. 

159/ A PBirTfnN.tA UULTIPIilED INTO A QUAIfTITT KCIITA]:. 
TO irr DENOMINATOR, BY CANCIXI^ING THE DENOMIWATUB. / 

Thus ^X*=o. For ?Lxi=^. But the letter *, being 
b b 

in both the numerator and denominator, may be set aside. 
(Art. 145.) 

So ^ x(q-y)=8tn> And*±?^x(3+m)=fc4.Sd. 
a-y 34-m 

On the same principle, a fraction is multiplied into wiy 
factor in its denominator, by cancelling that factor.' 

Thus « xy=g^=t AiidjLx6=* 
by by b 24 4 

160. From the definition of multiplication by a fraction, it 
follows that what is commonly called a compound fraction^* 

is the product of two or more fractions. Thus 1 of ~ is 

4 6 

|x^ For, ? of f, is 1 of- taken three times, that is, 
4 b 4 6 4 6 

-=-+7r4-Ti' -^^^ ^^s ^ ^^® same as — multiplied by —. 
46 46 46 6 4 

(Art. 154.) 

Hence, reducing a cojnpound fraction into a nmple onCy is (Ac 
$ame as multiplying fractions into each other. 

Ex 1. Reduce ^ of JL.. Ans. , ^^ , 

7 jqp2 76+14 

2. Reduce ?.ofiofi±*. Ans. ^^+^* ., 
S 5 2a-tn 30a -15m 

8. Reduce i of i of . Ans. 

7 8 8-d 168-.2Id 



* B7 a compound fraction is meant a fraction <{f a fraction, and not a fractkm 
whose Qiunerator or denominator is a compound quantity. 
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161. 'Hie ezpreasdon io, ib, 4y, &c. are equivalent to 

!l * ^. For }a is f of a, which is equal to |x«=*". 
8^ y 7 8 3 

(Art. 168.) So tt=ix*=-. 

* Y 

DIVISION OF FRACTIONS. 

162.(To WVIDE ONE FRACTION BT ANOTHER, INVERT THE 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION^ (ArU 

Ex.1. Divide ^byi. Ans. ?xl==. 

b d b c be 

To understand the reason of the rule, let it be premised^ 
that the product of any fraction into the same fraction inverted, 
is always a unit. 

Thus i!x*.=^=l. And-4-X-^=l. 
b a ab h+y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself the last product wUl 
be equal to the dividend. Now, by the definition, (art. 115,) 
" division is finding a quotient, which multiplied into the di- 
visor will produce the dividend.'* And as the dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly found by the rule. 

This explanation will probably be best understood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the quotient into 
the divisor. This will present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself. 

2. Divide " by ?i Ans. ?^x|=-=S. 

Proof. ^ X— =— the dividend. 
6dh y 2d 

8. Divide ^ by 5^. Ans. f±ix^=S^ 
r y r 5d &dr 

Proof. ?^x-=^. 

5dr y r 
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4. Divide ^ by ^. Am. l^x-4-=^. 

X a X 4hr rx , 

Proof. ^X—=— the dividend. 
rx a X 

6. Divide i5i by ifl Ana. i«^xl^=l^ 

6. Divide ^+1 by 2*zi. 7. Divide *ZJ!!3f by * 

8y a? 4 o+l 

16S. When a fraction is divided by an mfeger, the denomi- 
nator of the fraction is multiplied into the integer. 

Thus the quotient of ^ divided by m, is JL. 

6 bm 

For m=^; and by the last article, f-f.^=f!xi=A 
1 ^ 6 1 6 m 6m 

So * ^A=^xl=— V- And ?-f.6=A=l. 
a-6 a-.6 * a&-6A 4 24 8 

In fractions, multiplication is made to perform the office 
of division ; because aivision in the usual form often leaves a 
troublesome remainder ; but there is no remainder in multi- 
plication. In many cases, there are methods of shortening 
the operation. But these will be suggested by practice^ 
without the aid of particular rules. 

164. B^ the definition, ([art 49,) ^Hhe reciprocal of a 
quantity, is the quotient arising from dividing a unit by that 
quantity.^ 

Therefore the reciprocal of i is 1-t--= 1 X-=-. That is, 

6 b a a 

The rec^ocdl of a fraction is the fraction incerted. 

Thus the reciprocal of is HUlt^ ; the reciprocal of 

m4*y 6 

_ is xS or Sy ; the reciprocal of i is 4. Hence the recip- 
8y I - 

rocal of a fraction whose numerator is 1, is the denominator 
of the fraction. 

Thus the reciprocal of L is a ; of — ^ is a^b^ &c 

a a^b 
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66. A fiaction Bcanetimes occurs in the mnnerator or de- 
nominator of another fraction, as 1^ It is often convenienty 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frao* 
tion, or the contrary. That this may be done without altei- 
ing the value, if the fraction transferred be. itwerUd, is evi* 
dent from the following princi]des : . 

FiiBty' Dmdvf^ by a fraction, is the same as multiplying by 
the fraction iiweriedt f Art^ 162.) 

Secondly/ XKDi(2tng the nrnmraioT of a fraction has the 
same effect on the value, as mvlHphpng the denonrnator^ and 
multiplyin|^ the numerator has tne same effect, as dividing 
the denommator. (Art. 139.) 

Thus in the expression I? the numerator of i! is multiplied 

X X 

into }• But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by |, that is, 
multiply the denominator by |. 

Therefore i«=J?. So * =i*. 

X ix mm 

^And Jl=_^_=— i— And fLif =ifLzi^ 

166. Multiplying the wmeraior^ is in effect multiplying the 
value of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which occurs 
in its niunerator. 

Thu8 i?=lx?-=|?. Andi?=lx« = l 

6 b oh y & y by 

And l*±l?=Lx*±?=te. And if=il. 
m 3 m 3m 5a SOa 

On the other hand, ^=?.X-=??. 

tx 1 X X 



T 



ia 



And?L=*X-=tl And_!^^.p_. 
8y 3 y y M+^x d+x 

167. But multiplying the efenomtnotor, by another fraction, 
is in effect dmding the value ; (Art. 138.) that is, it is muJ^- 
pZymg the value by the fraction itwerted. The principal frac- 
tion may therefore be cleared of a fracticmal co-efficient, 
which occurs in its denominator. 
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Thus ,^=i-^?=?x5=*l AndiL=!?. 

On the other hand, ^= JL 

3a? ^0? 

And gy+3dx ^y+fe ^j 8j^£,^ 

67. fe. The numerator or the denominator of a fraction, 
may be itself a fraction. The expression may be reduced t^ 
a more simple form, on the principles which have been applied 
in the preceding cases. 
a 

^, b a c ad 

ThuB-=^^2=bS- 



And T— r~' Ann — =: — • 

A— Ay m m 

n 



SECTION VII. 



SIMPLE EaUATIONS. 



Art. 168. The subjects of the preceding sections are m- 
troductory to what may be considered the peculiar province 
of algebra, the investigation of the values of unknown quan- 
tities, by means of equoHons. 

(An equation is a proposition, expressing in algebraic 
characters, the equality between one quantity or set 
of quantities and another, or between different ex- 

7 



M ALGEBRA. 

PEESaiONS FOR THE SAME QUA1VT1T7.* ^Thus rr-|-«=r6-f-e, 19 

an equation, in which the sum of x and a, is equal to the sum 
of b and c. The (]pantities on the two sides of the sign of 
equality, are sometimes called the meoibers of the equation ; 
the several terms on the left constituting the first member, 
and those on the rights the see&nd member. 

169. The object aimed at, in what is called the resolution 
or redwiHon of an equation, is to find the value of the unknown 
quantity. In the fii'st statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
|»romiscuously together. To find the value of that which is 
required, it is necessary to bring it to st|ind by itself, while 
all the others are on the opposite side of the equation. But 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equality of the sides. 

170.' The reduction op an equation consists, then, 
in bringing the unknown quantity b7 itself, on one 
side, and all the known quantities on the other side, 
without destroying the equation. 

To effect this, it is evi<)ent that one cff the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the same or equal quantities be added to each. Ax. 1. 
If the same or equal «piantities be subtracted from each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. 8. 
If each be £vided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
unknown quantity is connected with others by addition, mul- 
tiplication, division, &.c, the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is mtdtiplied by 
the other, the reduction is effected by division^ &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The known quantities may be ex- 
pressed either by lettere or figures. The unknown quantity 
IS represented by one of the last letters of the alphabet, gen- 
erally Xf y, or g, (Art. 27.) The principal reductions to 



♦ See Note D. 



SIMPLE ilQUATiONS. 61 

be eonsidered in this section, are tho^e ndueh are ettboied by 
transposUiony multiplieaHony and dwision* These ought to Imi 
made perfectly familiar, as one or more of th^m will be ne 
cessary, in the resolution of almost every equatioa. 

TRANSPOSITION, 

172. In the equation 

a? -7=9, 
the number 7 being connected with the unknown quantity 9 
by the sign -, the one is subtracted from the other. To re- 
duce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

« -7+7=94.7, 

The equality of the members is preserved, because one w 
as much increased as the other. (Axiom 1.) But on one 
side, we have - 7 and 4- ?• As these are equal, and hav^ 
contrary signs, they bcdance each othety and may be cancel- 
led. (Art, 77.) The equation will then be 

«=9+7. 
Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. The equation is therefore reduced. 
The unknown quantity is on one side by itself and all the 
known quantities on the other side. 

In the same manner, if dP- &=a 

Adding 6 to both sides x - fr+6=a-f-& 

And cancelling ( - 6+6) ssro+fr- 

Here it will be seen that the last equation is the same a» 
the first, except that b is on the oppodte side, with a contra- 
ry sign. 

Next suppose y+c = d. 

Here c is added to the unknown quantity y. To reduce the 
equation bv a contrary process, let e be subtracted from both 
sides, that is, let - c, be appUed to both sides. We then have 

y^c^cz=,d^e. 

The equality of the members is not affected, because one 
is as much duninished as the other. When (+c -c) is can- 
celled, the equation is reduced, and is 

y=«l-c. 

This is the same as y+c=({, except that e has been trans- 
posed, and has received a contrary sign. We hence di>taiii 
the following general rule : 
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178«(WhEN KNOWH QUA1TTITIS8 ARE CONNECTEDWITUTBB 
UNKNOWN QUANTITY BT THE SlGN-j- OI^ *-» THE EQUATION IS 
REDUCED BT TRANSPOSING THE KNOWN QUANTITIES TO 
THE OTHER SIDE, AND PREFIXING THE CONTRARY SION, ^ 

This is called reducing an <v nation by cUtdUhn or aubtrae^ 

Hon, because it is, in effect, adding or subtracting certain 

quantities, to or from, each of the members. 

Ex. 1. Reduce the equation jr4-36-m=:A-(i 

Transpo8ing4-3&, we have jt-m=/i-(I-86 

And transposing - m, ap= A -d - Sft-f-"^ 

174. When several terms on the same side of an equaticm 
are alike, they may be united in one, by the rules for reduc- 
tion in addition. (Art. 72 and 74.) 

Ex. 2. Reduce the equation x-^-Sb - 4A=7fc 

Transposing 5b - 4h a: =76 - 56-{-4& 

Uniting 76 - 56 in one term a?=26-|-4&. 

175. The unknown quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate- 
rial on which side it is finally placed. For if a: =3, it is evi- 
dent that 3={r. It may be well, however, to bring it on that 
side, where it will have the affirmative sign, when the equa- 
tion is reduced. 

Ex.8. Reduce the equation 2x+2h—h+d+Sx 

By transposition 2^ - A - d= Sa; - 2» 

And A-d=x. 

176. When the same termy with the same sign, is on oppo^ 
nte aides of the equation, instead of transposing, we may ex* 
punge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation x+Ah'^d=b-{'Sh'{'7d 

Expunging Sh x^d=:b-\-'7d 

And x=zb+ed. 

177. As aU the terms of an equation may be transposed. 
Or supposed to be transposed ; and it is immaterial which 
member is written first ; it is evident that the signs of all the 
terms may be changed, without affecting the equality. 

Thus, if we have a;-6=:({-a 

Then by transposition - d^a=: - x -|-6 

Or, inverting the members - «-4-6= - d^a. 

178. If all the terms on one side of an equaUon be trans- 
posed, each member will be equal to 
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Thus, if x-^bszd, then 0:4-6 - d=iO. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative terms balance each 
other. In the example just given, x-^b is balanced by - d. 
For in the first of the two equations, X'\'b is equal to d. 
Ez. 5. Reduce a4-2a?- 8:^ &-4-fx4-a, 

6. Reduce y^ab - hmz=:a^2y - ab^hm. 

7. Reduce h+S0+7x=zS - 6A-f 6a? - d+b. 

8. Reduce bh+2l - 4x+d=n - Sx+d -• 7**. 

REDUCTION OF EQUATIONS BY MULTIPLICATION. 

179. The unknown quantity, instead of being connected 
with a known quantity by the sign 4- or -, may be divided 

by it, as in the equation ^=±6. 

a 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be mtibi- 
plUd by Of (Art* 170,) the equation will become, 

x:=:ab. 

Far a fraction is mdtmlied mto iU denominator^ by remomng 
the denommator. This has been proved from the properties 
of fractions. (Art. 159.) It is also evident from the sixth 
axiom. 

Thus ^=g;-gf -.^^^) xx_dx+5x ^^ For in each 
fl"^3"" a+b "" d+5 

of these instances, x is both multiplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

ISCfWHEN THE UNKNOWN QUANTITY IS DIVIDED BT A 
KNOWN^UANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. \ 

The same transpositions are to be made in this olase, as in 
the preceding examples. It must be observed also^^that every 
term of the equation is to be multiplied. For the several 
terms in each member constitute a compound multiplicand^ 
which is to be multiplied according to Art. 98.' 

Ex. 1. Reduce the equation ^a^b+d 

Multiplying both sides by c 



The product is x^ac=bc-^cd 

And ^ a^=6e+C(l-ac. 
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2. Reduce the equation 1ZZ4-5=S0 

Multiplying by 6 ar - 44-80=: 120 

And «= 120+4 - 80= 94. 

8. Reduce the equation -{-d^h 

a-f-6 

Multiplying by a+b (Art. 100.) x+ad+bd=:ah+bL 
And x=sah-\-bh~'ad~'bd. 

181. When the unknown quantity is in the denondnatar of 
a fraction, the reduction is made in a similar manner, by mul- 
tiplying the equation by this denominator. 

Ex. 4. Reduce the equation —2 — 1-7=8 

10 — Of 

Multiplying by 10 - a? 6+70 - 7x=80 - 8x 

And a?z=:4. 

182. Though it is not generally necessan/y yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of known quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction, 
which contains the unknown quantity. 

Take for example -=^* 

a b c 

Multiplying by a »=-'l*+f* 

V c 

Multiplying by * ftzssad+f** 

c 

Multiplying by c bcxz= acd^abh. 

Or we may multiply by the product of dU the denomina- 
tors at once. 

In the same equation £=£+•: 

a be 

Multiplying by abc iAcx^abcd abch 

a b c 

I 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcx=acd'\-abhf as before. Hence, 

183. An equation may be cleared op FRACTIONS bt 

MULWPLYINO EACH SIDE INTO ALL THE DENOMINATORS. A 
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Thus the equation 1 =-+L - *L 

a d g m 

IB the same as dgmx^abgrn+adem - odgK 

X 2.4.6 



And the equation —=:--+--. , 

is the same as 80«=:40-|-484-180. 

In clearing an equation of fractions^ it will be necessary 
to observe, that the sign -prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 142,) which is 
done by changing the signs of all the terras in the numerator* 

The equation ^^e - ^^-^^^-^ 

X r 

is the same as (xr^dr=zcrx^SbX'\'2hmX'\'6nx. 
REDUCTION OP EQUATIONS BY DIVISION. 
184.^When the unknown quantity is MULTIPLIED 

INTO A^T KNOWN QUANTITY, THE EQUATION IS REDUCED BY 
DIVIDING BOTH sides by this known QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation ox-f-b -3/i=d 

By transposition axz^d-^Sh - 6 

Dividing by a :r=^±?*zl. 

a 

2. Reduce the equation 2a?=— - ^-\-4b 

Clearing of fractions 2cAaf = ah - cd^Ahch 
Dividmg by %ch ^^ah-cd+4bch^ 

186. If the unknown quantity has co-efficients in several 
terms^ the equation must be divided by att these co-efficients, 
connected by their signs, according to Art. 121. 

Ex. 3. Reduce the equation Sa:-6ar=a- d 

That is, (Art. 120.) (3-i)xa:=a-d 

Dividing by 3 - 6 a?=^"^ 

4. Reduce the equation ar-4-a:=&-4 

Dividing by o+l x=: r . 
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Ex. 6. Reduce the equation a:-^_=f5i£- 

Clearing of fractious 4hx - 4x=:ah-{'dh^4b 

Dividing by 4/i-4 x^^'^f^'^K 

4a — 4 

186. If any quantity, either known or unknown, is found 
as a factor in every ierm^ the equation may be dwided by it. 
On the other hand, if any quantity is a danswhi every term, 
the equation may be moUiplied by it. In this way, the factor 
or divisor will be removed, so as to render the expression more 
simple. 

Ex. 6. Reduce the equation ax+Sab=:6ad'\'a 

Dividing by a a^-|-36= 6d+ 1 

And af=6rf+l-3ft. 

7. Reduce the equation ?±1 - *.==*iz£. 

Multiplying by x (Art. 159.) x+1 - 6=A - i 

And «= A - d+6 - 1. 

3. Reduce the equation a?X (H*^) "*<*"- ft=<*X («+^) 

Dividing by o+i (Art. 118.)a? - 1 =d 
And a?=d+l. 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so far as 
to admit the principle that ^fwhen four quantities are in geo* 
metrical proportion, the product of the two extremes is equal 
to the product of the two means t^ a principle which is at 
the foundation of the Rule of Three in arithmetic. See 
Arithmetic. 

Thus, if a : 6 : : c : d^ then adz=:be. 

And if S : 4 : : 6 : 8, then 3x8=4x6. Hence, 

188. (a proportiok is converted into an equation bt 
making the product of the extremes, one side of the 
equation; and the product of the means, the other side* 
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Ex. 1 . Reduce to an equation ax:b:;ek:d. 

The product of the extremes is adx 
The product of the means is bch 
The equation ia^ therefore adx=:bch, 

2. Reduc€i to an equation a^b : c : : A-m : y. 

The equation is ay+by=ch-- cm 

189( On the other hand, an equation hat be con- 
verted INTO A proportion, BY RESOLVING ONE SIDE OF THB 
EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
«*OR THE EXTREMES. / 

As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abc=deh. 

The side abc maybe resolved into axbc, ox abxc^ or acxb. 
And deh may be resolved into dx^K or dexK or dhx^* 

Therefore a\di\ehibc And oc : (2fc : : e : 6 

And ab\dt\\h\ c And ac\diieh\by &c. 

For in each of these instances, the product of the extremes 
is abc^ and the jproduct of the means deh. 

2. Reduce to a proportion ax-^bxzszcd-^ch 

The first member may be resolved into xx (M~^) 
And the second mto c X (^ ~ 'v 

Therefore a? : c::d-& :a-}-i And d^-hxx: la^bi c, &c 

190. If for any tenn or terms in an equation, any other ex- 
pression of the same value be suhstiivtedy it i^ manifest that 
the equality of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 x8, or ^, or 26 - 9, &c. 

4 

For these are only different forms of expression for the same 
quantity. 

191, It will generally be well to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 1 W, 4, 5.) 
Thirdly, Divide by the co-eiBcients of the unknown quan- 
tity. (Arts. 184, 5.) 
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EXAMPLES. 

I Reduce the equation .4-6= — 1-7 

4 8 

Clearing of fractions 24x-{- 1 92 = 20ar4-S34 

Transp. and uniting terms 42r=32 
Dividing by 4 » = 8. 

2. Reduce the equation ?.4-A=^-?.-(-d 

a be 

Clearing of fractions bcx-^abx-aex^iabed-'abch 
Dividing ^^abcd^abch 

bc-J^ab - ac 

5. Reduce 40 - 6a? - 16= 120 - 14a;. Ans. a:= 12. 

4, Reduce fJl?+i=20-.l2^. Ans. «=£?. 

2 ^3 2 , 4 

6. Reduce l+f.=20-l. 6. Reduce i=Ji-4=:6. 

7. Reduce JL-2=8. 8. Reduce JfL=l. 

9. Reduce «Nf*+l=ll, 10. Reduce 1+* -i=. I 

^2^S 2^8 4 10 

11. Reduce i:i^+6a:=??l:if. 
13. Reduce 3H-?^=64-lliziI 

13. Reduce ?izi-2=lizl£+x. 

3 3 ^ 

14. Reduce 2l4.^1zll=tzl+^LL!t 

16 8^2 

16. Reduce 3ir-iii-4=^£+li-i . 

4 3 12 

16. Reduce Zf±« -I«±f *+6=?±tl 

3 6 2 

17. Reduce llzi?-l^=6-6x+!f±ii 

6 3 8 

18. Reduce :r-?£H+4=!2zf-5i£8 4^;/ ^ 
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19. Reduce 5^+1+1'^^=!^. 

20. Reduce ?f±i : }^Zl : : 7 : 4. 

i 4 



SOLUTION OP PROBLEMS. 

192, In the solution of problems, by means of equations, 
two things are necessary: First, to translate the statement of 
the question from ccnnmon to algebraic language, in such a 
manner as to form an equation: Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a system of definite rules. Practice, 
however, will soon remove a great part of the difficulty. 

193, It is one of the principal peculiarities of an algebraic 
solution, that the quaniUy sought is itself introduced into the 
operation. This enables us to make a statement of the con 
ditions in the same form, as though the problem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the unknown quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied; If you multiply the price by 4, and to the 

Sroduct add 70, and from this siim subtract 50, the remain- 
er will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions as will form an equa- 
tion. 

Let the price of the watch be represented by x 
This price is to be mult'd by 4, which makes 4x 
To the product, 70 is to be added, making 4a;4-'''0 
From this, 50 is to be subtracted, making ^x-^-lO-^^O 
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Here we h6%^ a number of the conditions, expressed in 
algebraic terms ; but have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation *4af-|-70- 60=220 

Which reduced gives ar=50. 

Here the value of a; is found to be 50 dollars, which is the ' 
price of the watch. 

194. To orwe whether we have obtained the true value of 
the letter wnich represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa* 
tion which contains the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought.' Thus, in the 
preceding example. 

The original equation is 4a;4-70 - 50=220 

Substituting 50 for x, it becomes 4x50-{-70- 50=220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add- 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself? 

In statinpf questions of this kind, where firactions are 
concerned, it should be recollected, that ix is the same as 

1; that fc=??, &c. (Art. 161.) 
S 5 

In this problem, let x be put for the number required. 



Then by the conditions proposed, ^+5- "" 20=— 



« «/x a? 

1" 
And reducing the equation a; = 1 6. 

Proof, 16+1? -20=1^. 

2 4 

Prob. 3. A father divides his estate among his three sons, 
in such a manner, that, 

The first has $1000 less than half of the whole ; 

The secx)nd has 800 less than one third of the whole ; 

Tlie third has 600 less than one fourth of the whole ; 

What is the value of the estate 1 

If the whole estate be represented by ar, then the several 

•hares will be ^ - 1000, and |- - 800, and j -600. 
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And as these constitute the whole estate, they are togethei 
equal to :p. 

We have then this equation * - 1000+- - 800+f - 600=«. 

Which reduced gives a:= 28800 

Proof ^^^^ ~ 1000+!^ - 800+???2? - 600=28800. 

/O' *j 4 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, it may be well to observe, in this 
place, that when the sum or difference of two quantkfes is 
given, both of them may be expressed by means of the same 
letter. For if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the diffei'ence of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be ^ 20 

And if one of them be represented by 9 

The other will be equal to 20 - & . 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, if x be put for the smaller part, the greater will be 
48-a?. 

By the conditions of the problem ^-^ Zf =9. 

• 4 6 

Therefore a:=12, the less. 

And 48 - *= Se, the greater. 

196. Letters may be employed to express the known quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they arc introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 62.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7S9d 
divided by 462. What is that number? 

Let af= the number required. 

a=720 d=7893 

i=:125 A=462 

8 
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Then by the conditions of the problem flll?=:-. . 

b h 

Therefore . «=Mz^ 

A 

Re8toringthenumber8,»=(^^^X^^92)-(720x462)^^g3Q^ 

46 S 

197. When the resolution of an equation brings out a 
negoHioe answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of th^uestion, are considered positive. See Negative Quan- 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a barmm, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol- 
lars, by the thre^ogether. How much did he gain or lose 
by the first ? 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art« 
57.) If the profit is marked -f-^ ^he loss must be - . 

Let »z=z the sum required. 

Then according to the statement ar+350 - 60= 200 

And x= - 90 

The negative sign prefixed to the answer, shows that there 
was a loss in the fbrst bargain ; and therefore that the proper 
flign of X is negative alsoi But this being determined by the 
Answer, the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude 
What was her latitude at starting ? 

Let x= the latitude sought. 
Then mctrking the northings +, and the southings - ; 
By the statement x+'i - 13+17-19= - 1 1 

And x=0. 

The answer here shows that the place from which the ship 
started was on the equator, where the latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number 1 
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Let z= the number songhc 
Then *+ar+12=64 

And «-5?f=48. 

IS 

Prob. 9. An estate is divided among four children^ in such 
a manner that 

The first has 200 doUars more than } of the whole. 
The second has 340 dollars more than \ of the whole, 
The third has 300 dollars more than ^ of the whole, 
The fourth has 400 dollars more than j of the whole. 
What is the value of the estate 1 Ans. 4800 dollars. 

7^ Prob. 10. ^Vhat is that number which is as much less than 
500, as a fiAh part of it is greater than 40 ? Ans. 450. 

< Prob. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the num- 
bers 1 Ans. 240 and 200. 

^ Prob. 12. Three persons, .3, By and C, draw prizes in a -r^ 
lottery. A draws 200 dollars ; B draws as much as «/9, to- f J 
gether with a third of what C draws ; and C draws as much ^-^ 
as A and B both. What is the amount of the three prizes 1 

Ans. 1200 dollars. 

Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 1 Ans. 8. 

Prob. 14. A ship and a boat are descending a river at the 

same time. The ship passes a certain fort, when the boat is 

13 miles below. Tiie ship descends five miles, while the 

boat descends three. At what distance below the fort will 

>hey be together 1 Ans. 32^ miles. 

Prob. 15. What number is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 1 Ans. 480. 



>A Prob. 16. Divide a prize of 2000 dollars into two such c 
parts, that one of them shall be to the other, as 9 : 7. 
-1 ' ^ •. / Ans. The parts are 1125, and 875. 

Prob. 1 7. What sum of money is that, whose third part» 
fourth jxirt, and fifth part, added together, amount to 94 dol - 
larsi , ^ D ^ ^ Ans. 120 dollars. 



/^ 
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Prob. 18. Two travellers, A and By B6(> mifc? ap&rt, travel 
towards each other till they meet. «5's progress is 10 raUes 
an hour, and j^s 8. How far does each travel before they 
meetf Ans. JL goes 200 miles, and B 160. 

Prob. 19. A man spent one third of liis life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what age did he 
live 1 Ans. to the age of 48. 

' Prob. 20. What number is that ^ of which is greater than 
tofitby961 /^2r^vv4- 

Prob. 21. A post is I m the earth, ? in the water and IS 
feet above the water. What is the length of the post 1 

Ans. 35 feet. 

Prob. 22. What number is that, to which 10 being added, 
f of the sum will be 66 1 ^ r ^^^^ 

Prob. 23. Of the trees m an orcliard, I are apple trees^ ^ 
pear trees, and the remainder peach trees, which are 20 
more than \ of the whole. What is the whole number in 
the orchard 1 Ans. 800. 

' Prob. 24. A gentleman bought several gallons of wine for 
94 dollars; and after using 7 gallons liimself, sold \ of the 
remainder for 20 dollars. How many gallons had he at first % 

Ans. 47. 

Prob. 26. A and B have the same income. A contracts 
an annual debt amounting to ^ of it ; B lives upon } of it ; 
at the end of ten years, B lends to A enough to pay off his 
debts, and has 160 dollars to spare. What is the income of 
efxh % Ans. 280 dollars. 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after having been married 5 years more than \ of his 
life, he had a son who died 4 years before him, and who 
leached only half the age of his father. To what age did 
the father live % • Ans. 84. 

Prob. 27. T^Tiat number is thaf, of which if ^, i, and ? be 
added together the sum will be 73 ? Ans. 84. 

Prob. 28. A person after spending 100 dollars more than \ 
of his income, had remaining 35 dollars more than \ of it. 
Required his income - ^ ,^ 
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"^Prob. 29. In the composition of a quantity of gunpowder 
The nitre was 10 lbs. more than | of the whole, 
The sulphur 4^ lbs. less than ^ of the whole, 
The charcoal 2 lbs. less than 4 of the nitre. 
What was the amount of gunpowder 1 . Ans. 69 lbs. 

Prob. 30. A cask w^hich held 146 gallons, was filled with 
a mixture of brandy, wine, and water. There were 15 gal- 
Ions of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there of 
each 17 ^ 0fA^Jf . lird^^i^ t 7 3 /kA.ii-^^^^.sa^^ 

Prob, 31. Four^rsons purchased a farm in company for 
4755 dollars ; of which B paid three times as much as Jl ; 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay 1 Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less ^ 
tlian the third by 10, greater than the fourth by 9, and less * 
than the fifth by 16. 

Let x= tlie first part. 
Then a: - 3= the second, ^ a: - 9= the fourth, 
ar+ 1 = the third, it+ 1 6 = the fifth. 

Therefore «-f ar- S+aj+lO+a: ^ 9-f a:+16=99. 

And ar=17. 

Prob. 33. A father divided a small sum among four sons. 
The third had 9 shillings more than the fourth ; 
The second had 12 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whole snm was 6 shillings more than 7 tunes the 
sum which the youngest received. 
What was the sum divided ] Ans. 153. 

Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the same ntnnber. Having sold from one of these 39, 
and froni the otlier 93, he finds twice as many remaining in 
the one as in the otjier. How many did each flock originally 
contain? , f ^v.\'^ -c « ^* </ ^»//- 

Prob. 35. An express, travelling at the rate of 60 miles e 
day, had been dispatched 5 days, when a second was sent 
after him, travelling 75 miles a day. In what time will the 
one overtake the other ] Ans. 20 days. 

Prob. 36. The age of Jl is double that of B, the age of B 
triple that of C, and the sum of all their ages 140. What i^i 
Iheagcof each?//, = ^ J. ' 1^ -;^ <^,' ::. /:; 
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Prob. 37. Two pieces of cloth, of the same price by the 
yard, but of different lengths, were bought, the one for five 
pounds, the other for 6^. If 10 be added to the length of 
each, the sums will be as 5 to 6. Required the length of jaach 
piece. . < A =. r-> ^ %.f^* 

Prob. 38. A and B began trade with equal sums of money. 
The first year, A gained forty pounds, and B lost 40. The 
second year, A lost \ of what he had at the end of the firet, 
and B gained 40 pounds less than twice the sum which A 
had lost. B had then twice as much money as A. What 
Bum did each begin with 1 Ans. 320 pounds. 

Prob. 39. What number is that, which being severally ad- ^ 
ded to 36 and 52, will make the former sum to the latter, as 
3to41 

Prob. 40. A gentleman bought a chaise, horse, and har- 
* ness, for 360 dollars. Tlie horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each 1 . /> ,i » 

PrQb. 41. Out of a cask of wine, from which had leaked 
i part, 21 gallons were afterwards drawn ; when the cask was 
found to be half full. How much did it hold 1 7 ^ 






Prob. 42. A man has 6 sous, each of whom is 4 years older 
than liis next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each I / ^Ic^tut 

Prob. 43. Divide the number 49 into two such parts, that 
the greater increased by 6, shall be to the less diminished by 
11, as 9 to 2. . c 'C". //. \y ^ ^ •' ,. 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 ? 



// " • 'y 



Prob. 45. A person bought two casks of porter, one of 
which held just 3 times as much as the other ; from each of 
these he drew 4 gallons, and then found that there were 4 
times as many gallons remaining in the larger, as in the other. 
How many gjillons were there in each ? , 

'Prob. 46. Divide the number 68 into two such parts, that 
the difference between the greater and 84, shall be equal to 
3 times the difference between the less and 40. 

Prob. 47. Pour places are situated in the order of the let- 
tera A. B. C. D. The distance from A to D 13 34 miles. 
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The distance from wS to jS is to the distance from C to /J as 
2 to 3. And i of the distance from j9 to JS, added to half 
the distance from C to Dy is three times the distance from 
B to €J, Wliat are the respective distances 1 

Ans From ^ to £=:= 12; from B to C=4; from C to D=18. 

Piob, 48. Divide the number 36 into 3 such parts, that* J 
of the first, I of the second, and J of the third, shall be equal 
to each other. n 

Prob. 49. A merchant supported himself 3 years, for 50 
pounds a year, and at the end of each year, added to that 
part ot his stock whicn whs not thus expended, a sum equal 
to one third of this part. At the end of ♦he third year, his 
original stock was doubled. What was that stock 1 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found that he 
had only half of his army-f-3600 men left fit for action ; J of 
the army+600 men being wounded ; and the rest, who were 
J of the whole, either slain, taken prisoners, or missing. Of 
how many men did his army consist ? Ans. 24000. 

For the solution of many algebraic problems, an acquaint- 
ance with the calculations of powers and radical quantities is 
required. It will therefore be necessar}"^ to attend to these 
before fiuisliing the subject of equations. 



SECTION VIII. 

INVOLUTION AND POWERS. 



Art. 198. WHEN a quantity is multiplied into VT 
SELF, the product is called a POWER. 

Thus 2x^=4, the square or second power of 2 

2x2x2=8, the cube or third power. 
2x2x2x2=16, the fourth power, &c. 

So 10x10=100, the second power of 10. 

10x10x10=1000, the third power. 
10x10x10x10=10000, the fourth power, &c 
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And ax^=fM9 the second power ol a 

aX^Xo^^f^^f^ the third power 
ax^X^Xo=(M(My the fourth power, &o 

199. The original quantity itself though not, Hke the pow- 
ers proceeding from it, produced by multiplication, is never- 
theless called the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted, f The root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele- 
vated, to signify how many times the root is employed as a 
^actoTy to produce the power. This number or letter is called 
the index or exponent of the power.) Thus a^ is put for.aX^ 
or aa^ because the root o, is twice repeated as a factor, to 
produce the power aa. And a' stands for aaa; for here a 
IS repeated three times as a factor. 

/ The index of the first power is 1 ; but this is commonly 
omitted. Thus a^ is the same as o. y 

, 201. Exponents must n6t be confounded with co-efficierUs. 
A co-efficient shows how often a quantity is taken as a part 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product. 

Thus 4a=a-f-a4-o+a. But a*=ax«X<»X«* 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an urJenown power. 
For this purpose the index is a letter, instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression a', the index 
X denotes that a is involved to some power, though it does not 
determine what power. So 6* and d" are powers of h and d ; 
and are read the wth power of 6, and the nth power of d. 
When the value of the index is found, a number is generally 
substituted for the letter. Thus if m=3 then6'"=:i%- but 
if m == 5, them 6" = 6*. 

203. The method of expressing powers by exponents is 
ako of great advantage in the case of compound quantities. 
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Thus a+b+4^ or a+6+3* or (a+fr+^% is {a+h+d)x 
(a-f 6-l-d) X {a+b+d) that is, the cube ot (a+b+d). But 
this involved at length would be 

204. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common multiplier^ or decrease by a common du- 
tisor; and that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series aaaaa^^ aaaay aaOy aay a ; 

Or a* a* a^ a? a'; 

the indices counted from right to left are 1, 2, 3, 4, 5 ; and 
the common difference between them is a unit. If we be- 
gin on the right and multiply by a, we produce the several 
powers, in succession, frona right to left. 

Thus ax«=o* the second term. And a'x«=fl*- 
a' X«=«' the third term. a* x«=«S &c 

If we begin on the left^ and diride by a, 
We have a^-i^^a* And a^-^az^aK 

205. But this division maybe carried still farther ; and 
we shall then obtain a new set of quantities. 

Thusa-^a=l=l. (Art.128.) l^a=JL. (Art. 163.) 

a a aa 

l^a=:i i-^a=J-,&c. 

a aa aaa 

The whole series then 

111 

is oaoao, aaaa, aoa, oo, a, 1, _, — , , &c. 

a aa aaa 

Or a% a\ a\ a% a, 1, -, - , ~ &c. 

• a a^ a^ 

Here the quantities on the rigid of 1, are the reciprocals of 
those on the left. (Art. 49.) The former, therefore, may be 
properly called reciprocal powers of a ; while the latter may 
be tenned, for distinction's sake, direct powers of o. It may 
be added, that the powers on the left are also the reciprocab 
of those on the right. 



♦ NoTE.-;-The term 8trit$ is applied to a number of quantities succeeding 
each other, in some regular order. It is not confined to. any particular law ol 
increase or decrease. 
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For l4i.=lxi=«. (Art 162.) And l^\=a». 

a' 1 a* 

206. The same plan of notation is applicable to ampovnd 
quantities. Thus from o+t, we liave the series, 

207. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 

Acccnrding to this, -.or-.=:a"*. And — or -_=a~'. 

a a^ aaa or 

i or 4 =a-^. J— or l=a-*, &c. 

And to make the indices a complete series^ with 1 for the 

common difference, the term f.or 1, which is considered as 

a 

no power, is written oP. 
The powers both direct and reciprocal* then. 

Instead of aaaa, aaa, ao, a, fL, ., — , — , , &c« 

a a aa aaa aaaa 

Will be a\ a\ a», o', a\ a-\a'\ a"', a"*, &c. 

Or «+*, u^, a^, («^, rf», a-\ a-^ a'\ a"*, &c. 

And the indices taken by themselves will be, 

+4,+3,+2,+ 1 ,0, - 1, - 2, - 8, - 4, &c. 

208. The root of a power may be expressed by more let- 
ters than one. 

Thus aax^!^^^ ^^\^ is the second p6wer of aa. 
And oax^MXaa, or aa^ is the third power of oo, &c. 

Hence a certain power of one quantity, may be a different 
power of another quautily. Thus a* is the second power of 
a\ and the fourth power of a. 

209. All the powers of I are the same. For \y,^,ot 
1X1X1, &c. isstiQ 1. 



See Note £. 
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INVOLUTION 

Sl(f Involution is finding any power of a quantity, by 
multiplying it into itself, ] The reason of the following gene« 
rsd rule is manifest, from the nature of powers. 

(Multiply the quantity into itself, till it is taken 
as a factor, as mant times as there are units in the 
index of the power to which the quantity is to be 

RAISED, j 

This rule comprehends all the instances which can occur 
in involution. But it will he proper to give an explanation 
of the manner in which it is applied to paiticular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as many times, as there 
are units in that index. 

The 4th power of a, is ^t* or aacM. (Art. 198.) 

The 6th power of y, is ;/• or yyyyyy- 

The nth power of a?, is «" or xxx, . .n times repeated. 

212. The method of involving a quantity which consists 
of several /odor^/^depends on the principle, that the power of 
the product of several factors is equal to the product of their 
powers. ) 

Thus {ayy=z(f y*. For by Art. 210 ; (<»y)'=:ay X«y* 
But ayxoy=:ayay=zaayy=z<ff. 

And {adyYz=:adyX(^yX<^y»--ntimeQ=:a"d')f\ 

In finding the power of a product, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in* 
to each other. 

Ex. 1. The 4th power of rffcy, is (d%)^ or cf A*y^. 

2. The Sd power of 4A, is (46)% or 4'6\ or 64*'. 

3. The nth power of 6arf, is {6ad)% or 6 a-d". 

4. The Sd power of 3m x2y, is (3mx2y)*, or 27m' xV^ 

SIS. ' A compovmd quantity consisting of terms connected 
hy + SLud-'f is involved by an actual multiplication of it* 
several parts. ^ Thus, 
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{a+hy=sa^hf the first power. 



(o-f 6)*s:£^-|-2a64-b*9 the second power of (a-|-6.) 
a+b 



{ar\-by=(f+S<i'b+Sab*+b\ the third power. 
a+ b 



4- M. 



Sefb 



•Sab'+b* 



(a+by=:0^+4d'b+6d'll'+4aV+b\ the 4th power, &c. 

2. The square of a -6, is a'-2afc+6^ 
S. The cube of o+l, is a'+S<i?+Sa+l. 

4. The square of o+t+A, is ^l{.%ab+2ah+V+Zbh+If 

5. Required the cube of a4-2d-f-3. 

6. Required the 4th power of ^2. 

7. Required the 5th power of f-f-l. 

8. Required the 6th power of 1 ^i. 

214. The squares of bmomidl and residual quantities occur 
60 frequently in algebraic processes, that it is important to 
make them familiar. 

If we multiply a-^-h into itself, and also a - A, 

We have o+A And a - A 

a+A o - A 



c^-f-aA a" - aA 

4.aA+A'» - aA+A» 



o«+2aA+ A". a* - 2aA+A^ 

Here it will be seen that, in each case, the. first and last 
terms are squares of a and A; and that the middle term is 
twice the product of a into A. Hence the squares of bino- 
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mial and residual quantities, without multiplying each of the 
terms separately, may be fomid, by the following proposition.* 

( The square of a binomial^ the terms of which are 

BOTH POSITIVE, IS EQUAL TO THE SQUARE OF THE FIRST TERM 
4- TWICE THE PRODUCT OF THE TWO TERMS, -f-^I^B SQUARE 
OF THE LAST TERM. 

( And the square of a residual quantity, is equal to the 
square of the first term, - twice the product of the two terms, 
+ the square of the last ierm.\ 

Ex. 1. The square of 2o+fc, is ka^'+iab+bK 
2. The square of A+1, is ^^+2*4.1. 
S. The square of ab+cd^ is a*6»+2a6cd+cV. 

4. The square of 6y+3, is 36y>+36y+9. 

5. The square of 3rf- A, is 9d^ - 6dh+h\ 

6. The square of a - 1, is a* - 2a-\-l 

For the method of finding the higher powers of binomials, 
see one of the succeeding sections. 

215. For many purposes, it will be sufficient to express the 
powers of compound quantities by exponents, without an actual 
multiplication. 

Thus (he square of a+fr? is a-\-bW or (o+t)*. Art. 203. 
The nth power of tc-f-8+«5 is (6c+8+a:)". 

. u cases of this kind, the vinculum must be drawn over ofl 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors, the vincu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the £Btctor« 
eieparately, as convenience may require. 

Thus the square of o-ft x^-f-d, is either 

ar^bxc-\-d\ or a-f6| xc+rf| 

For, the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of theit 
squares. But one of these is equal to the other. (Art. 2 1 2.) 

The cube of axh+d, is {axb+S)\ or a^X{b+dy. 

■ — ■ — ' 

* EttcUd^s Elements, Book IL prop. 4. 

9 
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217. When a quantity whose power has been expregsed by 
a vinculum a^d an index^ is afterwards involved bv an actuaJ 
multiplication of the terms, it is said to be expanded. 

Thus (a4-6)*> when expanded, becomes o^-f-Safc-f-t*. 
And (04.6+^)% becomes a^+2ab+2ah+h*+2blir^h\ 

18. With respect to the sign which is to be nrefixed to 
quantities involved, it is important to observe, tha^HEN thb 

BOOT IB POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE^A 

For the proof of this, see Art. 109. 

The 2d power of - a is-j-c? 
, The 3d power is — «• 

The 4tli power is + ^* 
The 5th power is - a*, &c. 

219.' Hence any odd power has the same sign as its root, 
li^ut an even power is positive, whether its root is positive or 
negative.^ 

X Thus+aX+a=«* , 

And -aX --az^ia*, 

S20:_ A QUANTITT WHICH IS ALREADY A POWER, IS INVOLV- 
ED BT ifULTlPLTING ITS INDEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. ^ 

i 

1. The 3d power of a\ is a« « •=a*. 

For a*z=aa: and the cube of aa is aaX(MX<^a=^(i(Maaa=:a*; 
which is the 6th power of a, but the 3d power of «■; 

For the further illustration of this rule, see Arts. 233, 4. 

2. The 4th power of aV, is a*''*t«''*=a' « bK 
8. The Sd power of 4 a% is 64 aV. . 

4. The 4th power of 2a»x3a;H is 16a>«x81ar"rf«. 
6. The 6th power of (o-f 6)«, is (o-f 6) * •. 

6. The nth power of a\ is a'". 

7. The nth power of (x - y)", is («- y)'"\ 

8. ?+«?;• =«*+2a'ft'+6*. (Art. 214.) 

9. iT^|« -a«x** 10. (aVA^)»=a*6W*. 
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S31. The rule is equally applicable to powers whose expo- 
nents are negatwe, 

Ex. 1. The 3d power of a-*, is ar^^=xa-*. 

For a-»= JL, (Art 207.) And the Sd power of this is 
aa 

aa aa aa aaaaaa a* 
2. The 4th power of a^lr^ is a**-**, or ^^ 

5. The cube of 2«V*, is 8a:»y^. 
4. The^squareof 6*ar', is 6*x-*. 

6. The nth power of x-''^ is ar*", or -— . 

222.( It must be observed here, as in Art. 218, that if the 
sign which is prefixed to the power be -, it must be changed 
to +, whenever the index becomes an even n^mlbe^.^ 

Ex. 1. The square of - a\ is 4*<>** ^^^ ^he saiiare of 
- a*, is - a* X - a', which, according to the rules for tne signs 
in multiplication, is 4-a'. 

2. Butthect*6eof-a'is-o*. For-fi?x-fi^X-<^==-A 

3. The square of -af, is -f-o:**. 

4. The nth power of - a*, is -f-o^". 

Here the power will be positive or negative, according aa 
tlie number wliich n represents is even or odd« 

223. A FRACTION is involved by involving both 

THE NUAIERATOR AND THE DENOMINATOR. ^ 

1. The square of - is --. For, by the rule for the multi- 

b 6* 

plication of fractions, (Art* 155.) 

2. The 2d, 3d, and nth powers of 1, are hl^ and 1 

5. Thecubeof?f!f,is?f!l*. 

3y 27j^ 

4. The nth power of ?!!^is flllT. 



a a'o* 



I 
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6. The square of -«'X(J±«|J ■„ «'X(«^4-m)'. 

6. The cube of Zl[l, is liL"! (Art 221.) 



224. Examples of bmomiaJs, in wliich one of the terms is 
a fractiou. 

1. Find tlie square of tr-j-ji and x-^,aa in art 214. 
*+k «-i 

i. The square of a +?, is a»4-— +1 

8. The square of »•+-, is a*+6a:+*' 

2 4 



4 The square of ar- A, is a^^^+H^ 



m m tnr 



SS5. It has been shown, (Art. 165,) that a yrocfional co- 
effieient may be transfeiTed from the numerator to the de- 
nominator of a fraction, or from the denominator to the nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be transferred, if the sign of Us index be changed. 

1 Thus, in the fraction £-, we may transfer x from the 

y 

numerator to the denominator. 
For£r"=?X^=5xl=-^. 

2. In the fraction iL, we ipay transfer y from the deno- 

oy 
minator to the numerator. 
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^' ;x^"-a^a^ ^ ay- - a " 

S26, In the same manner, we may transfer a factor whidk 
has a positive index in the numerator, or a negative index in 
the denominator. 

aa^ a 
h Thus -j-=: f-qr' For «• is the reciprocal of *^, 

(Arts. 205, 207,) that is, «»= ■^- Therefore, -y-= 



227. Henc^the denominator of any fraction may be en* 
tirely removed, or the numerator may be reduced to a unit^ 
without altering tlie value of the expression. ) 

a 1 
1. Thus T=ri=i» or o^'^^ 

«-* 1 

ADDITION AND SUBTRACTION OP POWERS 



228. It IS obvious that powers may be added, like other 
quantitie;!^, 6t/ vDYxixn^ litem one after another vnlh their eigne* ^ 
(Art. 69.) / 

Thus the sum of a' and 6', is a'-f^** 

And the sum of a'-d" and h^--d\ is a'-6"+/4*-d*. 

229. The same powers of the same letters are like quantities; 
(Art. 4o,) and their co-efficiejUs maybe added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a' and Sa\ is 5a\ 

It is as evident that twice the scjuare of a, and three times 
the square of a, are five (iines I lie square of a, as that twice 
a and three times a, are five times a. 

9* 
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To --Say 86* 4-Soy -5aW 3(a-f.y)' 

Add -.2a:y 66* -7ay ea'h^ » 4(a+y)' 

Sum -5a:»y* -4ay '^(«+y)' 



230. (But powers of different letters and different powers of 
the 5ame letter, must be added by writing them down with 
their signs. ] 

The sum of o' and o* is a^-^aK 

It is evident that the square of Oy and the cube of a, are 
neither twice the scjuare of a, nor twice the cube of a. 

The sum of rfi" and So'fc", is a»6"+3aV. 

2311 Subtraction of powers is to be performed in the same 
manner as addition, except that the sign^ of the subtrahend 
are to be changed according to Art. 82. \ 

Prom 2a* -36" 3/i«6« ' a*'6" 5(a-hY 

Sub. -6a* 46- 4h^b^ a^b" 2 



(a-A)« 



Diff. 8a* -i«6« S(a-A)* 



* - MULTIPLICATION OP POWERS, 



232[. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them."' (Art. 93.) 

Thus the product of a' into 6^ is a'6', 6r aaabb. 
Mult. x-^ A'6- Say dh^x-^ a^by 

Into (f a* -2a; 46y* a^b'^y 

Prod. a'"ar-^ •-Ga'^xy^ a^bya^b^y 

■ ■ ■ * I 

The product in the last example, may be abridged, by 
biinging togelher the letters which are repeated. 

It will then become a^by 

The reason of this will be evident, by recurrmg to the se- 
ries of powers in Art. 207, viz. 

a+S a+S a+^ a+», a% ar\ (T^, ar^, a"*, &c. 

Or, which is the same, 

t 1 ^ 1 1 c 

aaaa, aaa, aa, a, 1, ~, — , — , ^^, &c. 



A 



By comparing tbe several terms with each other, it will 
be seen that if any two or nu»re of them be multiplied to- 
gether, their product will be a power whose exponent is the 
turn of the exponents of the factors. 

Thus a^xo^^<KtX(^t<M=:aaaaa=(^. 

Here 5, the exponent of the product, is equal to S-j-S, the 
sum of the exponents of the factors* 

So a" xa*=a^***. 

For a", is a taken for a factor as many times as there are 
units in n ; 

And iT, is a taken for a factor as many times as there are 
units in m ; 

Therefore the product must be a taken for a factor as 
many times as there are units in both m and n. Hence, 

233^ Powers of the same root mat be multiplied, 
by adding their exponents. \ 

Thus d'xa'=a'^=:(f. And i'x«'X«=a;»+^'=a^. 

Mult. 4a- 3a?* by a«*y (b+h-yy 

Into 2a" ga:* b'y o»% b+h-y 

Prod. Sa*- by (*+*-y)**** 

Mult. a^+afyfJ^^ay+j^ intoar-y. Ans. «*-y*. 
Mult. 4a?'^+Sa;y-l into 2a:* -a:. 
Mult, ai^+ar- 5 into Zai'+ar+l. 

234. The rule is equally applicable to powers whose expo 
ncuts are negative. 

1. Thus a-'xa^'^tf-". Thatis ix— = * 



aa aaa aaaaa 

2. y""Xy""*=?y"""*- Thatis JLx4;=--Lr 

y y y V^ 

3. -a-«xo"'=-a"'. 4. a''''X(^-a'-^^aK 

5. a-"Xfl*=o"— . 6. y~'^jBy°=:l. 




235. If a-\-b be multiplied into a -?d, the product will be 
a' -6': (Art. 110,) thatis 



/ 
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( The product of the sum and difference of rrro 

tafaANTITIES, IS EQUAL TO THE DIFFERENCE OF THEIR 
SQUARES. ^ 

This is another instance of the facility with which gener(U 
truths are demonstrated in algebra. See Arts. 23 and 77. 

( If the sum and difierence of the $quar€$ be multiriied, 
the product will be equal to the difierence of the faurUi 
powers, &c. I 

Thus (a-.y)x(H:y)=«*-y*- 

(a*-y*)X(a*+y^)=a«-S',&c. V 

Dif ISION OF POWERS. 

236. Powers may be divided, like other quantities, by re- 
jecting from the dividend a factor equal to tlie divisor ; or by 
placing the divisor under the dividend^ in the form of a frac- 
tion. T 

Thiis the quotient of 0*6' divided by 6^ is i^. (Art. 116.) 

Divide 9(iy IZVoT d'b+Say dx («-*+»)' 
By -3a» 26' a« («-*+»)' 

Quot. -3y* *+%* ^ 

The quotient of a? divided by a", is --. But this is equal 

to a\ For, in the series 

a+*, a+\ a+^ a+^ a\ a-\ a-% a-\ a"*, &c. 

if any tenn be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Thus a'^(^=^^^=d'. And (r^rf'=?!-=a-— . 
Hence, 

237. A POWER dKlE DIVIDED BY ANOTHER POWER OP 






THE SAME ROOT, BY^UttTRACTlNG THE INDEX OF THE DN 
VISOR FROM THAT OF TKB DIVIDEND, n • 
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Tkus ii»-i4i»=:ji*^=y^ That is M=y, 

Anda***^a=<3r^*-^=o\ That is 2i*=<f. 

a 

Andai-^a'nra^zsa's:!. Thati8-s=L 

Divide y'- ' 6« 8a-^ a"+* 12(64.y)- 
By y- 6* 4a"' a* 3(*+yr 



Quot, y» 2a" 4(6+j/)"-* 

238. The rule is equally applicable to powers whose ex- 
ponents are tiegcUive. 

The quotient of cT* by a^, is <r*. 



aacuia aaa aaaaa I aaaaa aa 

2. .0^-0:-=: -or*/ That is A,^^/-^-^ 

3. /i'-i.A-»=zfc«4-i=:«i. That is fc«^=A«XT=A'. 

4. 6a"-?.2rf-'=Sa"+«. 6. b(f'^^:=zif^. 
6. 6'-^A»=6'-»=&-^. -7. a«^a'=a-». 

8. (a'+y^)"-T-(a'+y')-=(a?+y>)-— . 

9. (6+x)--^(6+x)=:(&4.a:)— '. 

The multiplicalion and division of powers, by adding and 
subtracting tlieifi indices, should be made very familiar ; as 
they liave numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OP FRACTIONS CONTAININa POWERa 

239. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of the 
subject of powers. " ^ 

1. Reduce -—. to lower terms. Ans. ^. 
3a' • •* S 

For K=52???!=«?!?. (Art. 146.) 
^/ 3a» 3aa S. ^ 

i§ Reduce _ _ to lower terms. Ans. ^ or 2x. 
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8. Reduce ?5y:i£ to lower terms. Ana.^'^^.. 

4. Reduce ^-i^Y+M. to lower term*. 

Ans. ^ Q ^y^ ^ obtained by dividing each tena by tag, 

5. Reduce _ and — ^ to a common denominator* 

tr a 

<f X«""* is a~*, the first numerator. (Art. 146.) 
0? Xo~' is o*= 1> the second numerator. 
tf X^"* is a'^ the common denominator. 

A-' 1 

The fractions reduced are therefcnre — ^ and — • 

6. Reduce — and -^ to a common denominator 

Ans, |5^ and f^ ^^ S ^^'^d -i-. (Art. 145.) 
50* 5J 50* 5rf» ^ ^ 

7. Multiply ?i into f?,. Ans.**f=|^. 
a Multiply f^, into 1=^. 

9. Multiply ^±L,mto^. 

x* x-\-a 

10. Multiply il into *ll, and -^. 

11. Divide ^ by?^ Ana. ?y = ?. 

12. Divide ^ by ^-«"*. 

13. Divide *~J'~' w «'+6~* 



■,by 

y y 

14. Umde'**"' h-^+l 



* 



.l>y 
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SECTION IX. 



EVOLUTION AND RADICAL aCTANTmES.* 



Art. 240., If a quantity is multiplied into itself, the pro* 
duct is a power. On the contrary, if a quantity is resolved 
into any number of equal factartBy each of these is a root of 
that quantity, j 

Thus b is the root of bbb; because bbb may be resolved 
into the three equal factors, b, and 6, and b, 
( In subtraction, a quantity is resolved into two parts.) 

rin division, a quantity is resolved into two factors.) 

In evolution, a quantity is resolved into equal factors. 

241. A ROOT OP A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITV. ' 

( The number of times the root must be taken as a factor, 
to produce the given quantity, is denoted by the name of the 
root. \ ' 

Thus 2 is the 4th root of 16 ; because 2x2x2x2=16, 
where two is taken. /our times as a factor, to produce 16. 

So rf is the square root of (^ ; for (i?x<»'=a*. (Art. 2SS.) 

And €p is the cube root of cf ; for rfx«'X«*=tf*. 

And a is the 6th root of rf; for aX«X«XaX«Xfl=rt'. 

Powers and roots are correlative terms. If one quantity 
is a power of another, the latter is a root of the former. As 
V is the cube of fr, b is the cube root of b\ 

242. There are two methods in use, for ^pressing the 
roots of quantities ; one by means of the radicaisign >^, and 
the other by a fractional index. The latter is generally to 
oe preferred ; but the former has its uses on particular occa- 
sions. 



* Newton's Arithmetic, Madaurin, Emerson, Euler. Saunderson, and 
SimfMon. 
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When a root is expressed by the radical sign, the sign is 
(daced over the given quantity, in this manner, j^a. 

Thus X/a is the flA or square root of a. 

\/a is the 3d or cube root. 

\ /a is t he iith root. 

And v^y ^ ^^ ^'^ ^^^ ^^ ^y* 

243. The figure placed over the radical sign, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that !l^axV^=^' 

And V«XV^XV<>=«- 

And V^X V^* • • • ** ^i™cs =a. 

The figure for the square root is commonly omitted ; \^a 
being put for \/a. "Whenever, therefore, the radical sign is 
used without a figure, the square root is to be understood. 

844. LWlien a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as muUiplied togethefl 

Thus 2ya, is 2xV^ ^^^^ ^^ ^ multiplied into the root of 
Of or, which is the same thing, twice the root of a. 

And x\^bf is xX V^i ^^ ^ times the root of b. 

When no co-efficient is prefixed to the radical sign, I is 
always to be understood; Va being the same as IV^ ^^^ 
is, once the root of a. 

246. The method of expressing roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them hyjractiondl indices^ is derived directly from the mode 
of expressing powers by mteffral indices. To explain this, 
let a* be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of o*. ^ 

Thus the square root of o* is a*. For, according to the 
definition, ^Art. 241,) the square root of a* is a factor, wliich 
multiplied mto itself will produce a*. But «^x«'=a*. (Art. 
233») Therefore, o^ is the square root of a*. The index of 
the given quantity a% is here divided into tlie two equal 
parts, 3 and 3. Of course, the quantity itself is resolved into 
llie two equal factors, of and a\ 
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The tube root of of is tf. For ii?x^Xa^=a^« 

Here the index is divided into three equal parts, and th« 
quantity itself resolved into three equal factors. 

Tlie square root of o' is a* or a. For axfl=^*» 

By extending the same plan of notatiim, fractional mdicee 
are obtained. 

Thus, in taking the squared root of a* or Oy the index 1 is 
divided into two equal parts, ^ and | ; and the root is <fi' 

On the same principle, 

Tlie cube root of a, is arz=:\/a. 

The nth root, is a"=A/^ ^^« 

JL 

And the nth root of a-|-x, is (a-j-ar)*=\/a-f-^* 

246/ In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. ] 

So that o^xo X<* =^ And a^Xa"....!! times =«. 

247. It ibllows from this plan of notation, that 

a* Xa^=«^"^^- For a^'^^=za^ or a. 

a*Xa*Xa*=sa*+»+*=aS &c. 

where the multiplication is performed in the same manner 
as the multiplication of powers, (Art. 233,) tliat is, by adamg 
themdkes. 

248. Every root as well as every power of 1 is 1. (Art 
209.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro* 
duce 1, by being multiplied into itself. 

So that !•, 1, V^ \/h *^c« ore all equaL . 

249. .JWgotive indices are used in the notation of roota^ as 
well as of powers.^ See Art. 207. 

«,, 1 > 1 

Thus-jsro-i -T=a-J — =<r-i 

a* or a" 

10 
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POWERS OF ROOTa 



250. It has been shown in what manner any power or 
root may be expressed by means of an index. Tiie index 
of a power is a whole number. That of a root is a fraction 
wlK»e numerator is 1. There is also another class of quan- 
tities which may be considered, either as powers of rootcf, 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated 
three times as a factor. 

The product a^+^+i or a* (Art. 247,) is evidently the 

cube of or 9 that is, the cube of the square root of a. This 
fracticHial index denotes, therefore, a power of a tvot. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the nmnerator shows how 
many of tliese roots are to be multiplied together. 

Thus a' is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a , and a , and o'. And the numerator shows 
that four of these are to be multiplied together ; which will 

produce the fourth power of or; that is, 

a Xa Xa Xa =« • 

251. As a^is a power of a root; so it is a root of a power. 

Let a be raised to the third power a^. The square root of 

A. 
this is a • For the root of a* is a quantity which multiplied 

into itself will produce a*. 

But accordii^ to Art. 247, a*rra^xa*Xa ; and this 
multiplied into itself, (Art. 103,) is 

a^ Xa* Xa* Xa^ Xa^ Xa^=a\ 
Therefore a* is the square root of the cube of a. 

m 

In the same manner, it may be shown that (f is the mth 
power of the nth root of a; or the nth root of the mth pow* 
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er : that id/a root of a power is equal to the same power of the 
same root.} For instance, the fourth power of the cube root of 
0, is the same as the cube root of the fourth power of a. 

252.^ Roots, as well as powers, of the same letter, maj be 
Inultiplied by adding their eaponentsj (Art. 247.) It will be 
easy to see, that the same principle may be extended to pow- 
ers of roots, when the exponents have a commoji denomi* 
nator. 

Thus a'^xa*=a*"''*=a* 

For Che first numerator shows how often a^ is taken as afae 
tor to produce a'. (Art 250.) 

And the second numerator shows how often a' is taken as 
a factor to produce, a . 

The sum of the numerators therefore, shows how often th# 
root must be taken, for the product. (Art. 103.) 

Or thus, a^=a^xc^* 
And a'=a'Xfl'Xo*. 
Therefore a^Xor^a^ Xa^ X«' Xa' Xa =«* 

253. •''The value of a quantity is not altered, by applying^ 
to it a frajDtional index whose numerator and denominator 
are equal^ 

Thusa=a*==a'=a". For the denominator shows that 
a is resolved into a certain number of factors ; and the nu* 

merator shows that all these factors are included in a*. 

a J. J. 1 

Thus a^=a^x» X» > which is eoual to a. 

»_ X X X 

And a»=a''Xfl"X«"—w times. 

'On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by rejecting the indexv 

n 

Instead of (»», we may wi'ite a. 

254. 1 The index of a power or root may be exchanged, for 
any other index of the same valueJ; 

Instead of a , we may put a*. 
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For in tlie latter of these expressions, a is supposed to be 
resolved into twice as many factors as in the fonner ; and the 
numerator sliows tiiat twice as many of these factors are to be 
multiplied together. So that the whole value is not altered 

^ A. ii 
Thus a:^=ar*=:x*, &c. that is, the square of the cube root 

is the same, as the fourth power of the sixth root, the sixth 

power of the ninth root, &c. 

Bo a' =a*=:a^=a» . For the value of each of these in- 
dices is 2. (Art. 135.) 

255. From the preceding article, it will be easily seen, 
that a fractional index may be expressed in decimals. 

1 . Thus ar=z a^^, or c^ * '; that is, the square root is equal to 
the 5lh power of the tenth root. 

J. g» 

2. o*=o'^"^, or rf-*'; that is, the fourth root is equal to 

(he 25lh power of the 100th root. 

4. a*=(f^* 6. a^=o»" 

In many cases, however, the decimal can be only an ap« 
proxtnioftoo to the true index. 

± JL 

Thus a^=zcf'^ nearly. a'^sra"***'^* very nearly. 

In this manner, the approximation may be carried to any 
degree of exactness which is required. 

Thus a*=a^'"«'«. a"^=:rf""«. 

These decimal indices form a very important class of num- 
bers, called logarithms. 

It is frequently convenient to vary the notation of powers 
ef roots, by making use of a vinculum, or the radical sign \/. 
In doing ihi?, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denominator of a fractional exponent expresses a 
rootf and the numerator a power. (Art. 250.) 

Instead, therefore, of a', we may write (a')', or (a*) , or 
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- The first of these, three forms denotes the square of the 
cube root of a ; and each of the two last^ the cube root of the 
square of a. 

So a^=fir» =a|=^a-. 

And (&*)^=(6V)*=V6V: 

EVOLUTION. 

257. ( Evolution is the opposite of involution. One is find- 
ing a poioer of a quantity, by multiplying it into itself. The 
other is finding a root^ by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tors, by dividing its index into as many equal parts ; (Art. 
245.) 

Evolution may be performed, then, by the following gen- 
eral •rule ; 
(Divide the index or the quantitt vy the number 

EXPRESSING the ROOT TO BE FOUND. \ 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of (f is o*. For a*x«*Xo'=fl^. 

Here 6, the index of the given quantity,.is divided by S, 
the number expressing the cube root. 

JL 

2. The* cube root of a or a\ is a or y/a. 

For a^xa^XOkK or \/aXy/aXy/az=:a. (Arts. 243, 246.) 

3. The 5th root of at, is (a6)* or J^oA. 

4. The nih root of a» is a" or J^/e?. 

6. The 7th root of 2d-ar, is {2d ^ x)^ or {/ 2d -- x. 
6 The 5th root of a - x|, is a-^x]^ or "^a - x\ . 

7. The cube root of a*, is a*. (Art. 163.) 

8. The 4th root of a-* is a"^- 

9. The cube root of a^ is a*. 

m 

10. The nth root of «*, is «». 

10* 
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S68. According to the rule just given, the cobe root of tfaa 
M|uare root is found, by dividing the index | by 8, as in ex- 
ample 7th. But instead of dividing by S, we may muU^pk/ 
by i. For J-^3=i-M=i Xi- (Art. 162.) 

So l-Mi=:i.X~- Therefore the mth root of the nth 
m m n 

root of a IS equal to a" *. 

That is, a^ S5:a"^*=a^, 

Here the two fractional indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to reverse this process ; to resolve 
an index into two factors. 

Thus a?*=sap"* ^* :=:x \ That is, the 8th root of « is equal 
to the square root of the 4th root. 
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8o a+b\ =a+b\ s=a-f6| 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quantity inU} 
factors. The latter is effected, by dividing the index into 
parts. 

259. The rule in Art. 257, may be applied to every case 
in evolution. But when the quantity whose root is to be 
found, is composed of several jactorsy there will frequently 
be an advantage in taking the root of each of the factors 
separately. 

This is done upon the principle ihdj/the root of the product 
of' several factors^ is equal to the product of their roots,: 

Thus ^ab=:^aX^b. For each member of the equation 
If involved, will give the same power. 

The square of ^oE is ab, (Ajt. 241.) 
The square of V^XV^j^sV^XV^XV^XV'^-C-A^'^^-l^^.) 
ButyaXVA=A- (Art. 241.) AndV*XV'>=*- 
Therefore tlie square of V*XV*=V^XV*XV*XV* 
ssobi which is also the square of /^ab. 

On the same principle, (ab) " =(f 6". 
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When, therefore, a quantity ccmasts df several factors, we 
may either extract the root of the whole together ; or we may 
fiml the root of the factors separately, and then multiply them 
into each other. 

Ex. 1. Hie cabe root of «y, is either {xyy or x*y^. 

2. The 5th root of 3y, is V% or \/3 X Vv 

8. The 6th root of abh, is {ahh)\ or ahh\ 

4. The cube root of 86, is (86)*, or ib^. 

5. The nth root of o^, is (a^)* or ay*. 

S60. The root of a fraction is equal to the root 

OF THE NUMERATOR DIVIDED B7 THE ROOT OF THE DERO 
MINATOR.) 

1. Thus the square root of ^=— . For i-X— =i 

ji ^i ji b 
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2. So the nth root of ?=— . For !Lx— . .n times =2. 

^ b- b^ 6- * 

S. The square root of -1, is J^. 4. V —=77^' 

ay Vay ^ ^^ 

261. For determining what sign to prefix to a root, it is 
important to obseiTe, that 

' An ODD ROOT OF ANV QUANTITY HAS THE SAME SIGN AS 
THE QUANTITY ITSELF.^ ^ 

''An even ROOT OF AN AFFIRMATIVE QUANTITY IS AM- 
BIGUOUS. 

An EVEN ROOT OF A NEGATIVE QUANTITY IS IMPOSSIBLE. 

That the Sd, 5th, 7th, or any other odd root of a quantity 
must have the same sign as the quantity itself, is evident 
from Art. 219. 

262. But an even root of an affirmaiwe quantity may be 
either affirmative or negative. ' f'or, the quantity may be 
produced from the one, as well as from the other. (Art tlD.) 

Thus the square root of a* is -f-o or -a. 
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(An even root of an aflSjrmative quantity is, thereibre, said 
to be aimbiguotL8y and is marked with both -|- &nd -• \ 

Thus the square root of 3ft, is iy/S6. 

The 4th root of a?, is jbc*. 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

263. But no even root of a negative quantity can be found* 
The 3quare root of -cf is neither -^-a nor -a* 
For 4-ax+<»=+o'. And -ax -«=+^ ^^- 

\ An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. \ 

There are purposes to *be answered, however, by applying 
the radical sign to negative quantities. The expression 

0sJ^a is often to be found in algebraic processes. For, al- 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi* 

plied into itself, its product is - a, because ^ - a is by notation 
a root of -0, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm* 
ative. But it is to be considered, that ^"^ is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres- 

sion >^-a is not equivalent to -/^/a. The former is a root 
of -a; but the latter is a root of -}-«• 

For -^ax -\/^a=:^aa=a. 
The root of - a, ho weve r, may be ambiguous. It may be 
either 4-\/ - «> or -/y/ - a. 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide tlie number 14 
mto two such parts, that their product shall be 60. If one 
of the parts be ar, the other will be 14 -ap. And by the sup- 
position, 

a:X(14-a?)=60, or 14ar-a?=60. 
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This reduced, by the rules in t^e foUowinp^ sectioii, wfli 
give xsz7±^~U. 

As the value of x is here found to contain an imaginary 
expression^ we infer that there is an inconsistency in the 
statement of the problem : that the number 14 cannot bo 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But 
there is one class of these, the squares of binomial and re- 
sidual quantities, which it will be proper to attend to in this 
place. It has been shown (Art. 214,) that the square of a. 
binomial quantity consists of three tennsj two of which are 
complete powers, and the other is a double product of the 
roots of tliese powers. The square of a^b^ for instance, is 

i!?^2ab+b\ 
two terms of which, a* and b% are complete powers, and Sab 
is twice the product of a into 6, that is, the root of a? into the 
root of l)\ 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign +• The other term disappears in the root. Thus, to 
find the square root of 

take the root of a?, and the root of y', and connect them by 
the sign -)-• The binomial root will then be iF+y. 

In a residual quantity, the double product has the sign - 
prefixed, instead of +• The square of a -6, for instance, is 
a^^2ab+b\ (Art. 214.) And to obtairi the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of ar^-2j:i/-|-y* is x-y. Hence, 

265. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OP THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. ! 

Ex. 1. To find the root of ar'4-2a:+l. 

The two terms which are complete powers are a? and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, ar-J-l. 

* See Note F. 
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2. The square root of s? -Sx+l, is x - 1. (Art tl4) 
S. The square root of c^-f-a+l, is a+|. (ArU 224.) 

4. The square root of €^-{-}a-|'79 is o+f • 

6» 6 

5. The square root of o^+^+Jj *^ *^"2* 

2aJ 6V fc 
6- The square root of <cf'4*~r'+?> ^ ^+"c* 

266/ A BOOT WHOSG TALUE GANNOIl BE KXACTLT EXPRESS- 
ED IN kuMBERS, IS CALLED A SURD. ' 

Thus ^2 is a surd^ because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. . 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity xohin taken dUme^ yet by multiplying it into itself or 
by combining it with other quantities, we may produce ex- 
pressions whose value can be determined. There is, there- 
fore, a system of rules genially appropriated to surds. But 
as all quantities whatever, when under the same radical sign» 
or having the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther, under the general name of Radical QyamiUies ; under- 
standing by this term, every quantity which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be 
rational. ^ But for the purpose of distinguishing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not appear under a 
radice^ sign, and which have not a fractional index. 

^ REDUCTION OP RADICAL aUANTITIES. 

268. Before entering on the consideration of the niles for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

First, to reduce a rational quantity to the form of a radi- 
cal; 

' Raise the quantity to a power of the same name as 

THE GIVEN root, AND THEN APPLY THE CORRESPONDING 
RADICAL SIGN OR INDEX. \ 
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Ex. 1. Reduce a to the form of the nth root . 

The nth powBr of o is a\ (Art. 211.) 

Over thisj place the radical sign, and it becomes \/^» 

It is thus reduced to the form of a radical quantity, with- 

It 

out any alteration of its value. For\/a"=a"JS'=a. 

2. Reduce 4 to the fbrm of the cube root. 

Ans. V64 or (64)* 
^ S. Reduce Sa to the form of the 4th root. 

Ans. !^S\a*. 

4. Reduce tab to the form of the squ8a:e root. 

Ans. {ia'b')\ 

5. Reduce Sxa - ^ to the form of the cube root. 

Ans. '^27Xcr^\\ See Art. 212. 

6. Reduce a' to the form of the cube root. 
The cube of a* is a\ (Art. 220.) 

And the cube root of a* is ^a*=a*| . 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the given letter^ but of the power of the letter. 

Thus in the example, a* is the cube, not of a, but of a*. 

7. Reduce a' 6* to thft form of the square root. 

8. Reduce a" to the forrn of the nth root. 

269. Secondly^ to reduce quantities which have different 
indices, to others of the same value having a common index; 

1.' Reduce th^indices to a common denominator. ) 

2.» Involve each quantity to the power expressed by the 
numerator of its reduced index. \ 

3.? Take the root denoted by the common denominator. ) 

Ex. 1. Reduce a and 6' to a common index. 

1st. Tlie indices i and I reduced to a common denomina« 
tor, are ft and ft. (Art. 146.) 

2d. The quantities a and 6 involved to the powers express-' 
ed by the two numfbrators, are a' and 6*. 
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8d. . The root denoted by the conmM>n denominator is A. 

JL J. 

The answer, then, is a'l*^ and fc*p*. 

The two quantities are thus deduced to a common index, 
without any alteration in their values. 

For by Art. 254, o*=±a^, which by Art. 258, ^c?7»^. 

And universally o"=a!"* =0*1"*". 

2. Reduce or and bx' to a common index. 

The indices reduced to a common denominator are -f 
and^. 

The quantities then, are a* and (ftx) , or a'p, and 6*«*|* 

8. Reduce a* and 6". Ans. o*"|" and 6". 

X X X - X 

4. Reduce «" and y*. Ans. a;^|** And y"!*". 
6. Redu(5e 2^ and 3% Ans. 8* and 9*. 

6. Reduce (o+t) ' and (x-y)*. Ans. 0+6 | and:r->y | • 

7. Reduce or and ir. 8. Reduce «* and 6 . 

270. When it is required to reduce a quantity to a given 
index; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and |et the given index ovei 
the whole. ^ 

This is merely resolving the original index into two factors, 
according to ArU 258. 

Ex. 1. Reduce or to the index |. 

By Art. 162, i^i=ixi=*=*» 
This is the index to be placed over a, which then becomes 

X . 'xli 

a* ; and the given index set over this, makes it a^J , the an 

8wer. 

2. Reduce a* and x^ to the common index f. 
2-5-i=i2x3=6, the first index 
i'r'i=iX^=h the second index 

Therefore (a*)' and («*)' are the qudbtities required. 
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5. Reduce 4* and 8f^, to the common index • 

Answer, (4')*and (S«)* 

^71. Thirdlyy to remove a part of a root from under the 
radical sign ; 

/ If the quantity can be resolved into two factors, one of 
which is an exact power of the same name with the root ; 

FIND tHE ROOT OP THIS POWER, AND, PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SfGN BETWEEN THEM, j 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 269.) 

It will generally be best to resolve t'he radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \/8. 

The greatest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and 2. For 4x2=8, 

The root of this product is equal to the product of the roots 
of its factors ; that is, >\/8= V'^XV^- 

But \/4= 2. Instead of \/4, therefore, we may substitute 
its equal 2. We then have 2 X V^ or 2V2. 

This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at once 
perceive, that 2\/^ ^ ^ more simple expression than V®* 

2. Reduce \/^V Ans. \/^XV*=<*XV^=^*- 

3. Reduce \/T9. Ans. a/9x^=z\^xV^=^W^' 

4. Reduce \/6Wi Ans i/6WxK/c=:4b{/c. 

* /a*b a* /b 

6. Reduce V Ta' Ans. ^ V cd' (Art. 260.) 

6. Reduce ^a"6. Ans. a.y/6, or ab\ 

7. Reduce (a?-a«6)i Ans. a^a^-b)^. 

8. Reduce (54^6)*. Ans. Sa^(2b)t 

9. Reduce V^*^*- 10- Reduce V<^+a*6». 

11 
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S72. By a contrary process, the co-efficient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, aJf/h^J^/arb. 

For a=^a» or a-. (Art. 253.) kxA J^(tXy/i==^\/^* 

Here the co-efficient a is first raised to a power of the same 
name as the radical part^ and is then introduced as a &ctor 
under the radical sign. 

8. 2at(2aJ«)*=(16rt^6")* 






ADDITION AND SUBTRACTION OF RADICAL 

QUANTITIES. 

273; Radical quantities may be added like rational quan- 
titles, hy torbing them one after (mother wUh thev rigns^{AiL 

690 
Thus the sum of \/^ ^^'^ V^> ^^ V^H- V^« 

And the sum of a* -A* anda:*-y", is a^ -A*^-**-^". 

But in many cases, several terms may be reduced to cme, 
as in Arts. 72 and 74. 

The sum of 2^a and SA^ais 2^a-\-Sj\^a=5\^a. 

For it is evident that twice the root of a, and three time8 
the root of a, are five times the root of a. Hence, 

274 When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ro* 
tionalpartSy and to the sum annex the radical parts. ^ 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 



To 2J^ay 
Add ^oy 


6^/a 
-2Va 


3{x+h)^ 
4{x+h)'^ 

7ix+h)-^ 


5bh^ a^b-h 


6mn S^oj^ 
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S75. If the radical parts are origiiialljr (Sflferent, theymajr 
sometimes be made alike, by the reductions in the {Hreeeding 
articles. 

1. Add V^ ^^ V^O* H^^^ ^^^ radical parts are not the 
same. But by the reduction in Art. 271, ^8=2V2» and 
y50=:5V2. The sum then is TV^- 

2. Add \fl6btx} \^4b. Ans. 4j\/b+2^/b=:6A^b. 

3. Add Va'a; to V6*x. Ans. aVf+*V^=(H-t*)XV* 

4. Add (36a«y)* to (25y)* Ans. (6a+6) XJ* 
6. Add VI 8^ to 3 V2a. 

276.( But if the radical parts, after reduction, are iiffereni 
or have different expanmtSy they cannot be united m the 
same term; and must be added by writing them one after the 
other. 

The supi of 3\/6 ^^^ W^ ^ 3V^4-2\/^ 

It is manifest that three times the root of 6, and twice the 

root of 0, are neither five times the root of b^ nor five tunes 

the root of a, unless 6 and a are equal. 

The sum of i^a and ^o, is VH*- V^ 
T^e square root of a, and the cvbe root of a, are neither 
twice the square root, nor twice the cube root of a. 

277/ Svi^actwn of radical quantities is to be performed ia 
the same manner as addition^ except that the signs in the sub* 
trahend are to be changedyccordmg to Art. 82. 

Prom A/ay 4\/^» 8A ^(^v) "'^" 

Sub. 3V«y 8V«H-* -Sk^ *(*+y) -8<<"" 



DifT. - 2V^ 8i* a*"* 



From V^9 subtract V^- Ans. 5\/2 -^ W^ =:3y2. (Art, 
275.) 

From ^6 *y, subtract, iyby^. Ans. (t-jr)X\/'y- 
Prom \/ar, subtract X/x. 

MULTIPLICATION OF RADICAL QUANTITIES. 
278. Radical quantities may be multipliedi like other 
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quantities by writing the factors one after another, either 
with or without the sign of multiplication between them.\ 
(Art 93.) 

Thus the product of V^ ^^^^ V^» ^^ V^XV^* 

The product of A^^into y* is A'y . 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. 

Thus\/a:XVy=\/^' ^^ ^^® '^^^ of the product of 
several factors is equal to the product of their roots. (Art. 
959.) Hence, 

279/ Quantities under the same radical sign or in« 

DEX, KAY be multiplied TOGETHER LIKE RATIONAL QUAN« 
TITIES, THE PRODUCT BEUfO PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.* \ 

Multiply i/x into ^y, that id, «* into y . 

The quantities reduced to the same index, (Art. 269.) are 

(«•)•, and (y*) and their product is, (ar*y*)*=J^ar'y*. 

Mult \^a+m \/dx a* («+y)* ^ 

Into A/a-m A/kg xi (i+*)* «* 





js/ix 


xk 


Vo* - »»" 



Prod. V«*-*»* («*«)^ ^cTar)*" 



Multiply yart into V2ar6. Prod. Vl6a?***=4a?6. 

In this manner the fMroduct of radical quantities often be- 
comes TixSaMX. 

Thus the product of V2 into yi8= V36=6. 

And the product of (a*y')*^into (a'y)*'=(a*y*)*'=:ay. 

280, Roots of the same letter or quantity may bb 
multiplied, b7 adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 
jerm. (Art. 143.) 

* Tk6 case of an {magtnary root of ft negatire quantity may be oonaiderafi 
an exception. (Art. 863.) 



Therefore the first factor 
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^ Thus a*xa*=<»*"**=^**''=«* 

' The values of the roots are not altered, by reducmg their 

indices to a common denonunatcnrv (Art» 254.) 

And the second a =<» 

Buta*=:^«*Xa*Xa*- (Art. 260.) 

And a*=a*X« • 

The product therefore is o* x« X« X^* X<» =« • 

And in all instances of this nature, the common denomin* 
ator of the indices denotes a certain root.; and the sum of 
the numeratorsi gdiows how oftep this is to be repealed as a 
factor to produce the required product. 

Thus «-x«*=a^Xa*^=a"". 

Mult. Sy* a*xa* (<*+&)* («-y)" «"* 
Into y* a* («+t)* («-y)" «"* 



Prod. Sy^ («+t)^ «""* 

->«— ^ I I I ■ I I ■» » I I 111 M P H I ..^.WMiM 

The product of y* into y""*^ is y* ~*=y . 
The product of a" into a *, is.a" "=af=tl. 
And /"* xa?*"""=/"'^"*=«*=:l. 

The product of rf into a* =a* X» =» • 

281. From the last example it will be seen, that powen 
and roots may be multiplied by a common rule. This is one 
of the many advantag^es derived from the notation by frac« 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thus y»xy*=y'^*=y^. 

Anda:X«"=« "ssx* . m^ 
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The product will become rational, wfaenetKer tbe numcm-' 
tor of the index can be exactly divided by the denominator. 

And {a+b)*x («+&) '^*=:(a+h}*^a^b. 

A 4 4. 

And a* x« =» =«• 

282^ When radical quantities which are reduced to the 
same i^ex, have rational co-efficients, the eatiohai. 

FARTB MAT 3fi MULTIPLIED TOGETHER, AND THEIR FRO-^ 
DVCT PREFIXED Ta THE PRODUCT OF THE RADICAL PARTflU 

1. Multiply a\/( into c\/({. 

The product of the rational parta is oc. 

The product of the ra<fical parts is j^bd. 

And the whole product is acj^bd. 
For a^b is ax V^- {^^ 244.) And cj\^d is exV^ 

By Art. 1C«, axV* into €XA/i, is «XV*XcXV*; ^^ 
by changing the order of the factors, 

axcXV^XVd=:acxVbdszacj\/bd 

S. Multiply ax^ into 6(1 . 

When the radical parts are reduced to a common index^ 

• A J. 

the factors become a{s^y and 6((P)*. 

The product then is ab(a^cP)r. 

But^n cases of this nature we ihay save the trouble of re- 
ducing to a common index, by multiplpng as in Art 278. 

Thus u^ into 6i+ is oxHd*. 

Mult. a{b+xy oV^ aVSa? aar""* x!tyS 

Into y(6-ir)* b\/hy b^x ty""* yi/9 

Prod. oy(6*-.a?)* a6\/a?*=a6* Sa;tf 

283. If the rational quantities, instead of bein^ w^efficienta 
to the radical quantities, are connected with tnem by the 
signs 4- and - , each term in the multiplier must be multi- 
plied into each m the multiplicand, as in Art. 100. 
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Mult^Iy o-f V^ ' 

Into e4-V^ 

The product of o-f-V!^ into l^-rVyis 

1. Multiply i\/a into i^fr. Ans. j^^. 

2. Multiply 5V5 into Sjs/S. . Ans. SOyiO* 
8. Multiply 2VS into 3^4. Ans. 6^432- 



f 



4. Multiply js/d into V«*- Ans. V^''^'^^* 

& Multiply . /2Sft into ^ /^. Ans. ^ /555^ 

6. Multiply a{a - ap)^ into (c - d) X (««)*. 

Ans. (oc - drf) X (o^ap- a«»)*. 

DITISION OP RADICAL QUANTITIES. 

'284. The division of radical quantities may be expressed, 
by writing the divisor under the dividend, in the form of a 
fraction.^ 

Thus the quotient of !^a divided by >\/i, is 1!!l3. 

And (»+*)* divided by (6+*)* is l±t*L. 

In these instances, the radical sign or index is separaleh/ 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the $€me index or radical 
sign, this may be applied to the whole quotient. 

Thus ^a^^^6=S^= " /I For the root of a fracti<Hi 

\/6 ^ b 

is equal to the root of the numerator diyided by the root of 
the denomixuUor. (Art. 260.) 
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Again, ^A^j;/bszj;/a, For the praAKttf tin qwliBttI 
f olo Uie divifor is equal to the dmdmdy that in^ 

\/a X \/fr = A/oft. Hmoe, 

885; Qtr AN TITIEf UKDER THE EAMK &A0ICAL 8IOH OR IHPSX 
If AT BE DIVIDED LIKE EATIOHAI* QUAHTITIBS, THE QUOTIEHT 
BEING PLACED UNDER THE COMMON RADICAL BlCOf «R INDBX/^ 

Divide («V')* by y*, 

4 

These reduced to the same index aie (sV) * and {f)*i 

And the quotient is {a?)*=zz^=za^. 
Divide V6^ V*S* {a»+ar)* (ij?i)- (ay)* 
By V^ V^ ^ («*)* (^) 



Quot V2a» (fl^+ar)* W*. 



286. A ROOT JS DIVIDED BT ANOTHER ROOT OF TSR 
SAME LETTER OR QUANTITT, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. \ 

V 

Thus o*^r=ai""*«a*"*=ra*=a*. 
For o*s=a*=:o* x» X» ^^^ ^^ divided by a* is 
o*Xa*Xo* i i * i 

In the same manner, it may be shown that a"-r-o* = o* ". 



Divide {Sa)^ {ax)* a^ (b+y)^ (ry)^ 

(3a) t (ax)* a* (*+»)' (»Y)^ 



Quot (Sa)* o^ W)"* 



Powers and rood may be brought promiscuously together^ 
and divided according to the same rule. \ See Art. 281. 
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Thus a".^a*=:aM=a*. For a*x« =«=«*• 
So jr-^y-=jrs. 

287. ■ Whett radical quantities which are reduced to th« 
same iridex have rational co-efficients, the rational 

PARTS MAT be; DITipED SEPARATELY, AND THEIR QUpTIENl 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS, j 

Thus ac\/bd'^a\/h=cj\/d. For this quotient multiplied 
into the divisor is equal to the dividend* 

Divide 24xA/ay lSdh)/bx 6jr(a*«*)" l6^/M b/^xy 
By 6 V» 2h\/x y(ar)" 8^4 VV 

t 

4x^y b{a^xy b\^x 



Divide ab{x*b)^ by a («)* 
These reduced to the same index are ab{x*by and a{x*)\ 

The quotient then is 6(fc)*= (6')t (Art. 272.) 

To save the trouble of reducing to a common index, th« 
division may be expressed in the form of a fraction. 

The quotient wUl then be ?*l£!^. 

1. Divide 2\/be by Sjy/ac. Ans. iW ^c 

2. Divide 10^108 by SV^. . Ans. 2^27=6. 

5. Divide I0v^7 by 2a/S. Ans. 15. 

4. Divide 8V108 by 2\^. Ans. 12V^. 

6. Divide (a«6*d»)* by A Ans. {ab)t 

6. Divide (I6a» - 12a'ar)* by 2a. Ans. (4a- 3:r)* 

INVOLUTION OF RADICAL QUANTITIES. 

288i Radical quantities^ like powers, are involved 

BT MULTIPLTINGTHE INDEX OF THE ROOT INTO THE INDEX OV 
THE REQUIRED POWER. \ 
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1. The square of a*=o*^=a*. Fora'xa — o. 
JB. The cube of a*=sa*^^=a* For a*xa*X«*=A 

S« And universally, the nth power of a'^zria*^ =a . 
For the ttth power of a"=a*X<s'"- •••ntime8,and thetmn 

m 

J. the mdiees will then be »• 

4, The 6th power of cr y * is aryr. Or, by reducing the 
roots to a common index, 

(ay)*^*=(aV)*- 
& The cube of a*a*, is a"jp" or ((r«^)«»». 

6.Thes,uareof«V.i8«*x* 

The cube of a* is a*^*=:o»=a. 

And the nth power of a", is a^z:za. That is, 



/ 



289. ^ A ROOT IS RAISED TO A POWER OF THE SAME NAMB^ 
BT REMOYINQ THE INDEX OR RADICAL SION. \ 



Thus tne cube of VM~^» ^ i-f^. 

And the nth power of (a - y) ", is (a - 3f.) 

290. When the radical quantities have rational co-^^Eciail^ 
these must also be involved. 

1. The square of a!5^af, is a*Ji/x** 
For aV»X«V^=^'\/**' 

2. The nth powar of a'^x^'^ is a*" a?*. 



S. The square <rf a\/a: - y, is a* X (« - y-) 
4. The cube of SaJ^y, is 27a'y. 



291w Bat if the radical quantities are connected with 
others by the signs + and -, they must be involved by a 
multiplication of the several terms, as in Ajt. 213. 
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Ex. 1. Bequited the squares of a-|-\/y aod a*-^. 

« vy+y - »\/y+y 



a^4-2oVy+y ^ - 2av»+y 

2. Reqtdred the cube of a- \/6. 
S. Required the cube of 3(i4- V* 



S92. It is unnecessary to give a separate rule for the eoo* 
Iiiltofi of radical quantities, chat is, for finding the root of a 
quantity which is already a root. The operation is tlie same 
as m other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. /Art. 
257.) If there are rational co-efficients, the roots of tliese 
must also be extracted. 

Thus, the square root of or, is a^ • ^a', 

X JL x 

The cube root of a(«y)', is ar(xyy. 

The nth root of a\/by^ is >/ a\/by. 

293. It may be proper to observe, that (dividing the firae^ 
tional index of a root is the same in effect, as mtdtiplymg the 
number which is placed over the radical 8ign.\ For this 
number corresponds with the deoommator of the fractional 
index ; and a fraction is divided, by mult^lying its denomi« 
nat<nr 

Thus Jtya^a^. V«=a* 

On the other hand,J mtf&tplving the fracticmal index ie 
equivalent to dmding tne nxunber which is placed over the 
radical sign*! 

Thus the square of lya or a% is iya or a* ^ =sa>. 
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29S. fr. In algebraic calculations, we have sometimes 
oecasion to seek for a factor, whiiDh multiplied into a given 
radical quantit}^, will render the product raii^mal. In the 
case of a ample radical, such a factor is easily found. For 
if the nth root of any quantity, be multi{died by the same 
root raised to a power whose iiulex is n- 1, the product will 
be the given quantity. 

X "III i 

Thus ;^«X V*^ ^'^ * Xip" =5a?*=af. 

J. «-t 

And (x+y) X(x+y) * =«+y. 

So V^x V^=^ -And !^axV^=V*^'=^* 

And i/axK/^=<h &c. And (a+6)* X (0+6)^=0+6. 

And («+y)*x(a?+y)*=«+y. 

29S.eJA factor which will produce a rational product, 
when multiplied into a binomial surd containing only the 
square rootf may be found by applying the principle, that 
the product of the sum and difference ^f two quantities, is 
equsu to the difference of their squares. 1 (Art. 235.) The 
binomial itself, after the sign which connects the terms is 
changed from + ^ -> or fiom - to +» will be the factor 
required. 

Thus (\^a+yb) X (V^ " V^) = V^ " \/V=a - 6, which 
is free from radicals. 

So (1+V2) X(l -\/2)=l - 2= - 1. 
And (3 - 2 V2) X (S+2\/2) = 1- 

/When the compound surd consists of more than two terms^ 
It may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity, j 

Thus (VIO - V^ - V3) X (V10+ V^+VS) =5 - 2V6, 
a binomial surd. 

And (5-2V6)X(54-2V6) = l. 
Therefore (\/W-.V2-VS) multiplied into (yiO+\/2+ 

V8)X(5+W6) = 1. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be 
effectedi without altering the value of the fraction, if the 



(■ 
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mmietatOT and denammator b^ both nniltifdiol by ft ftet<»» 
which will render either of them rational, as the case may 
require. 

1. If both parts of the fraction Ji^ be multiplied by ^a^ 

it will beecone V^^V^ss^JL, in which the nttmerator k a 

rational quantity. 

Or if both partsof the given fraction be multipUed by V^ 

it will become ^lJU^, in which the denominaior is rational. 
S. The fraction ^^S=ftthf)^^=_y±l_, 



M»l 



>. — ^ 



4. The fraction 4 = -?-l =?5/l^. 

S-V2 (S-V2)(3+V2) 7 : 

6. The fraction 8 _ 3(V5+V8) ^^ 

V5-V2 (vs-V2i)(V5+V2) 

+V2. 

6 _ 6x5^ _ 6 « _ 

7. The fraction "J— npp^—jv***- 

8. The fraction 

8 _ 8x(V3-vg-i)(-va) 4 _ 

^3_|_y 2+ 1 (y s+y 2+ 1 ) ( yS - V2 - 1 ) ( - V2) 

9. Reduce— to a firacticm having a rational denomiBator, 

10. Reduce ^""^ to a fraction having a raticmal denom* 

inator. 

293. e. The arithmetical op^ation of finding the prixdinalA 
value of a fractional surd, may be shortened, by rendering 

12 
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•ither the nmnemunr or the dencxniimtor ratioBal. Tlie root 
of a fraction is equal to the root of the numerator divided by 
Che root of the denominator. (Art. 260.) 

Thus* /f=:^. But this may be reduced to — - — ^ 

orV^^y^'^'. (Art. 293. A) 
b 

The square root off! islS^ or-4-» or ^. 

When the fraction is thrown into this fonn, the process of 
extracting the root arithmetically, will be confined eith^ to 
the numerator, or to the denominator. 

Thus the square root of ?=^=V|XV:J^2^, 

ExampleB far practice* 

h Find the 4th root of 81a', 
2. Find the 6th root of (a+6) -•. 

5. Find the fith root of {x - y). 
4« Find the cube root of - 125a s*. 

6. Find the square root of .. 

9«y 

6. Find the 6th root of 5!^^. 

243 

7. Find the square root of o^ - 6&«!;^96^ 

8. Find the square root of ff^ay^^ 

Reduce oaf to the form of the 6th root. 
10* Reduce - 3y to the form of the cube root 

11. Reduce a' and a* to a common index. ' / 

12. Reduce 4' and 6^ to a common index. / <-- 
IS. Reduce or and b* to the common index . 

14. Red ice 2' and 4* to the common index*. 
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15. Remove a factor from \/294. 

16. Remove a factor from ^«* ^ a V. 

17. Find the sum and difference of \/16^and ^Gk 

18. Find the sum and difiej^ence of XjlWt and \/%L 

19. Muhijiy 7^18 into 6^4. 

20. Multiply 4+2V2 into 2- V2, 

21. Multiply a{a^A/c)t into 6(a - V«)* 

22. Multiply 2(0+6) • into 3(0+*)". 

23. Divide 6V54 by SV2. 

24. Divide 4V72 by 2 VIS. 

25. Divide V^ by V''^- 

26. Divide 8^512 by AX/^. 

27. Find the cube of 17v2l. 

28. Find the square of 5+ ^^2. 

29. Find the 4th power of i^6. 
SO. Find the cube of V- V*. 

31. Find a factw which will make X/y rationaL 

32. Find a factor which will make ^^5 -\/« rationaL 

S3 Reduce !^ to a fraction havin? a rational numerat<ar. 
V* 

34 Reduce—-^ — --to a fraction having a rational do* 
\/7X\/* 
Rcminator. 
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SECTION X, 

REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. . 

Art. 294/ IN an equation^ the letter >vluch exfnresses the \ 
unknown quantity is sometimes found under a rcuUcal sign. ] 
We may have ^/x^a. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We shall 
then have 

^xX^/»=oa. Or, (Art. 289,) a?=a*. 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, thai is, equal quan- 
tities are multiplied into equal quantities. 

The same principle b applicable to any root whatever.—- 
If \/xzsa ; then x^tf. For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

29A When the unknoww quantittis under a radicai, 

SIGN, THE EQUATION IS REDUCED. BY INVOX^VING BOTH SIDES, 

to a power of the same name, as the root expressed by the 
radical sign.] 

It will gerierfJIy be expedient to make the necessary trans- 
positions, before involving the quantities ; so that ail those 
which ace not under the radical sign may stand on <me side 
of the equation* 

E99 li» Reduce the equation V^4-4=:9 

Transposing -f*4 \^si= S - 4^ 5. 

Invdving both sides x=:fi^=:25. 

• Reduce tlie equation o-f-V^"* h=^d 

By transposition, y/x=z iJ-j-ii -. a 

By involution, ar=£ (d-fi - a)* 



equahons. is* 

S. Reduce the equation J^*4-l=4 

Involving both sides, «+l =^=64 

And x=63* 

4. Reduce the equation 4-4-SV*-^=®+4 

Clearmg of fractions, 84-6 V *" ^= IS 
And ^x - 4=h 

Involving both sides^ 9- 4=if 

And «^fH-4 



S. Reduce the equation ^<f-^^x 



ITT- 8+i 



\/fl?+V* 



Multipljring by V^+\/*» (i?+V*=*+^ 

And \/a:=S+<i-«? 

Involving both sides, a?= (S+rf - a')*. 

In the first step in this example, multiplying the first mem* 

oer into V^'^V^s ^hat is, into itself, is the same as squar- 
ing it, which is done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art 159.) There remains a radical sign over x^ which 
must be removed by involving both sides of the equation. 

6. Reduce 34-^2 -i=:6. Ans. «=iH« 

7. Reduce 4^f =8. Ans. ar=20. 

8. Reduce (2ar+3)*-f4=7. Ans. a?=12. 

9. Reduce ^12-|-ar=24-Va?' Ans. a:=4. 

25a 

10. Reduce \/* "" a=s V* "• iV^ Ans. «=-r^ • 



11. Reduce ^5 X V^+2 =2+^5x. Ans. «= _. 

12. Reduce iZ^«Vf Am «=_L. 
IS. Reduce yar+gS^yj+SS ^^^ ^_^ 

12» 
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14 Reduce A/x+A/ct+x=: > Ans. ar={a. 

Va+x 

16. Reduce a?-4-Vq^4-j*= , i i ■ Ans. opsoVt* 

Va*+ar 



16. Reduce jp4-a=\/^+*'\/fe*+:^ Ans.«s=— ^ 



17. Reduce a/2+x+a/x=z . Ans. «=-. 



18. Reduce ^x - 32= 1 6 - V^- ^^^* xr=81 . 

19. Reduce \^4x+\7z=:2^x+\. Ans. a:=16. 

V6i-2 4V6«-9 
^- ^"^« V^+2=4V^+6- An8,*«e. 

REDUCTION OF EQUATIONS BY EVOLUTION. 

296. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus in the 
equation 

a*=16 

we have the value of the square of Xy but not of x itself. If 
the square root of both sides be extracted, we shall have 

x=z4. 

The equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If (aj+a)"=t+A, then«+a=j;/fc+A. Hence, 

2977 When the expression containing the unknown 
quantity is a power, the equation is reduced b7 ex- 
TRACTiNO THE Roo^T OF BOTH SIDES, a root of the Same name 
as the power. | 

Ex. 1. Reduce the equation 64-«'-8=:7 

By transposition a*=:7-{-8 - 6=9 

By evolution • «=±\/9=iS- 

' The dgns 4- and - are both placed before \/9, because 
an even root of an affirmative quantity is an^ngwnu. \ (Art 
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2. deduce the equation 5«P-S0=si^-|-84 

Transposing, &c* 0^=16 

ByeTolutiray «ssi4 

S. BLeduce the equation, a-{-~-='l--r 

h d 

Clearing of fractions, &c. 7*=^^^^ 

By evolttUon, «=+(*^?Ll^\* 

4. Reduce the equation, a-4-daB"=10 - :ir 

Transposing, &c sr=zl2jZJi 

By evolution, ap= | JiZi! j » 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex« 
pression containing the unknown quantity is a power, and at 
the same time \mder a radical sign ; that is, when it is a root 
of a power. Both inVdution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation l/af^4. 

By involutiim :i^=:4'==64 

By evolution x=zt/^64=z±8. 

2. Reduce the equation ^af^-a^ A - d 

By involution af - «= A' - 2/m14-(P 

And a^=tf-2Ad+iP4-a 

By evolution a?= ytf- Zhd+d'+a. 

3. Reduce the equation (a:4-«)*=-^5lt — 

(or -a)* 

MultiiJyingby(«-a)* (Art 279.) (a*-a»)i=:a+6 
By involution a* - a^=zc?-^2ab'{'b^ 

Trans, and uniting terms «'s?2a'-f-2a64-^ 

By evolution «=: (24f+iab+V)^. 
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Problems. 

Prob. 1. A gentleman being asked his age, replied, ^If 
you add to it ten years, and ex!toct the square root of the 
sum, and from this root subtract 2, the remainder will be 6." 
What was his age 1 

By the conditions of the problem \/x+Tb - 2s=6 

By transposition, \/^HM^=^+.^=^ 

By involution, x-f 10=8*=64 

And ar= 64 -10=^54 



Proof (Art, 194.) ^S4+\0 ^ 2:=^6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the num- 
ber? 

Let x=z the number sought. i=163 

a=22577 c=237. 

By the conditions proposed \/ar-{-a-"&=c 

By transposition, ^x-^-a^c^h 

By inv(duti<»i, . «+a=(c4-i)* 

And »=:(c+t)»-a 

Restoring the numbers, (Art. 52.) ar= (237-fl63)» - 22577 
That is «= 160000 - 22577= 137423. 



Proof V137423+22577 - 163=237. 

299. When axi equation is reduced by extracting an even 
root of a quantity, the solution does not detennine whether 
the answer is poative or negative. ^Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
fettled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. What is the amoimt gained 1 

Let d;=the sum required. 
a=820. 
6=i:2500. 



Bytfae suppoiitkm a,:xi:lhBib 

MnltiplyiBg the ei:tr6Uies and me&ns Sx^^ab 

Restoring the numbers, a?= /^>^£^]*=400 

Here the answer is not marked as ambiguous, because by 
the^ statement of the proUem it is gain, and not loss* It 
must therefore be pomtivQ. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x^ is ambiguous, it is because we are 
ignorant whether the power has been produced by the mul- 
tiplication of -{-x, or of-:p, into itself. (Art. 262.) But 
here we have the muhiplication actually performed^ By 
turning back to the two first step^ of the equation, we find 
that 5x' was produced by multipljdng 5x into «, that is -^5x 
into +a?. 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miiles, the 
remainder will be 48^ What is the distance 1 

Let 0?= the diistance required. 
By tlie suppotttion s'- 96=^48 

Therefore x=zj\/t44s£l2. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. YRiat is the number ? 

By the supposition ??f - 1 2 = 180. 

4 

Therefore x:s:\/SS6=z\&. 

Prob. 6. What number is that, the foiuth part of whoso 
square being subtracted from 8, leaves a remamder equal to 
four 1 Ans. 4. 

Prob. 7. Wliat two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiphed into the les9 
produces 270 1 

Let 10«=their sum. 

Then 7jr?=:tbe greater, and 3ar=the less. 

Therefore x=3, and the numbers required are 21 and 9 
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Prob. 8. What two numbers are those, whose diflbrenee is 
to the greater as 2 : 9, and the difierence of whose squares 
18 1281 Ans.l8andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Let x=: the greater part. ^ Then 18 - «= the less. 

By the condition proposed «* : (18 - x)* : : 25 ; 16. 

Therefore 16a?=:25x(18-a;)», 
By evolution 4ar=5 X (18 - a?.) 

And a:=10. 

Prob. 10. It is required to divide the number 14 into two 
such parts, that tlie quotient of the greater divided by thei 
less, may be to the quotient of the less divided by the greater, 
as 16 : 9. Ans^ The parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 1 

Let Bx and 4a;=:the two numbers. 

Then d?=S, and the numbers are 16 and 12. 

Prob. 12. Two travellers Ji and B set out to meet each 
other, A leaving the town C, at the same time that JB left D, 
They travelled the direct road between C and D; and on 
meeting, it appeared that Jt had travelled 18 miles more 
than Bf and that A could have gone ^s distance in 15f days« 
but B would have been 28 dajrs in going wSPs distance. Re- 
quired the distance between C and D. 

Let s=the ntimber of miles ^ travelled. 
Then «- 18=the number B travelled. 

^j" =*fl*8 daily progress. 

^- = JS's daily progress. 
28 

Therefore ar : « - 18 : : ?zl? : £.. 

15} 28 

Tina reduced gives 2r=72, JPa distance. 

Hie whole distance, therefore* from C to JD=126 
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Prob. 13. Tind two numbers wMch are to eclch other as 8 
to 69 and whose product is S60. Ans. 24 and 15. 

Prob, 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
shillings by the yard, as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces i . Ans. 24 and 12 yards. 

Prob. 15. Find two numbers which are to each other as 
3 to 2 ; and the difference of whpse fourth powers is to the 
sum of their cubes, as 26 to 7. 

Ans. The numbers cure 6 and 4, 

Prob. IB. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many servants 
attenmng him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many gentlemen were there 1 Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment ? Ana. 12. 

AFFECTED QUADRATIC EQUATIONS. 

300. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
the first power of the unknown quantity are called equations 
of one dimensionf or equations of the first degree. Those in 
which the highest power of the unknown quantity is a sqtuare^ 
wee called qimdraiiey or equations of the. second degree; 
those in which the highest power is a cube, eauations of the 
third degree^ &c. 

Thus «=a-|-6, is an equation of the first degree* 

a?=zCy and o^-f'^^^^y ^^^ quadratic equations, 01 
equations of the second degree. 

a?*=A, and a;*-f-aic*4-ftiP=<^» are cubic equations, 01 
uadons of the third degree. 
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SOI, Equations are also dmded into jmre and affeded 
equati(His. A pure equation contains only one fower of the 
unknown quantity. Tliis may be the first, second, third, or 
any other power. An affected equation contains different 
patoers of the xmknown quantity. Thus, 

( 3f=:d - 6, is a pure quadratic equation. 
I a^-^-bx z=idy an affected quadratic equation. 

x^ 6 T- c, a pure cubic equation. 

x^'\-a(ii?-^x=zh^ an affected cubic equation. 

A pure equation is also ccdled a smfh equation. But tbui 
term has been applied in t6o vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an ejected equation, as the unknown quantity is raised to dif- 
ferent potoers^ the terms containing these powers camiot be 
united. (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present. 

'302. An AFF'ECrED QUADfiATIC £<|VATI0N IS OKB WHICH 
COlfTAllfS THE tINKNOWN, QUANTITY IN ONE TERM, AND TAB 
SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

The unknown quantity may be originally in several terms 
of the equation. But all these may be reduced to two, one 
containing the unknown quantity, and the other its square. 

803. It has already been shown that a }Mff% quadratic la 
eolved by extracting the root of both sides of tlte equation. An 
tffected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an exact 
square. Thus the equation 

may be reduced by evolution. For the first member is the 
square of a binomial quantity. (Art. 264) And its root ia 
9^0. Therefore, 

x4-a= V^+^ ^^^ ^y transposing a. 
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504. But it tanot often the case, that a meodber of an af- 
fected quadratic equation is an exact square, till an addi- 
tional term is applied, for the purpose of making the required 
seduction. In the equation 

the side containing the unknown quantity is not a complete 
square. ' The two tenns of which it is composed are indeed 
such as might belong to the square of a binomial quantity. 
(Art. 214.) But one term is wasUk^. We have then to in- 
quire, in what way this may be suf^lied. From having ttoo 
terms of the square of a binomial given, Ixow shall we find 
the third? 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers ; T Art. 
S14,) or which is the same thing, the product of one of the 
roots into twice the other. In the expression 

the termSox consists of the factors 2a and i. The latter is 
the unknown quantity. The other factor 2a may be consid- 
ered the co^efficimt of the unknown quantity ; a co-«f5cien| 
being another name for a factor, (Art. 41.) As x is the 
root of the first term a^ ; the other factor 2a is Uoice the root 
of the third term, which is wanted to complete the square. 
Therefore half 2a is the root of the deficient term, and a^ is 
die term itself. The sqnare completed iq 

«*+2aar+a% 

where it will be seen that the last term a^is the square of 
hsdf 2a, and 2a is the co-efficient of :r, the root of the first 
term. 

In the same manner, it may be proved, that the last tcmt 
(^ the square of any binomial quantity, is equal to the square 
of half the co-efKcient of the root of the first term. From 
this principle is derived the following rule : 

505, To COMPLETE THE- SQUARE 111 an affcctcd quadratic 
equation : take the sQiTAaE of half the co-efficish t of 

THE FIRST POWER OF THE UNKNOWN QUANTITY, AND ADD IT 
to BOTH SIDES OP THE EQUATION. 

Before completing the square, the known and unknown 
quantities must be brought on opposite sides of the equation 

13 
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by transporitiim ; and the highest power of the unknown 

Suantity must have the affirmative sign, and be cleared of 
Tactions, co-efficients, 8cc. See Alts. 808, 9, 10, 11. 

^fter the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equation, 
to complete the square, must be added to the other side also, 
to preserve the equality of the two members. (Ax. 1.) 

806. It will be important for the learner to distinguish be- 
tween what is pecvliar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resolution of affected quadratics, is the completing of the 
square. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ines in which the equation is already prepared lor this step. 

Ex. 1. Reduce the equation :?^6axz=:h 

Completing the square, ^f-^Sax^Qcfz^Qa^J^b 



Extracting both sides (Art. SOS.) x+Sa:s:±A/9if+b 

And «=--3aJV9?+ir 

Here the co-efficient of Xy in the first step, is 6a ; 

The square of half this is 9a', which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
9fl in Art. 297, excepting that the square here being that of 
a bvumiali its root is found by the rule in Art. 265. 

%, Reduce the equation a? - Sbxzsh 

Conq>leting the square, s^ - Sbx-^16V=: 16J^*-|^A 

Extracting botht sides »-44c==±Vl^*+A 
And x^4h±\/TW+h. 

In this example, half the co-efficient of x is 4i^ the sqiiaie 
of which 16b' is to be added to both sides of the equation. 
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8. Reduce the equation a*+iMP=64"'^ 

Completmg the equarej^ a^+ax+--=^+^* 

4 4 

By evolution «+|=+(^+i4-A\* 

And «= -£±(^6+a)*. 

4. Reduce the equation . a^-a;sA-dl 
Completing the square, a^-ip-|-4=4+&-cl 

And ar=J±(J4.fc-d)*. 

Here the co-efficient of x is 1, the square of half which is ^ 

5. Reduce the equation s?*^ixz=:d^% 

Completing the square, x'^-3x4-i==:'H-'<M"^ 
And «=-f±(-H-ilf6)*. 

6. Reduce the equation ^^--ahx^ab^ed 

Completing the square, a^^-aix-f"— »— ^ob— c«l 

4 4 

And .=^(iy4.ai-cd)*. 



OX 



7. Reduce the equation a^-^-^sih 





ox , a* a* 



C<Mnpleting the square, «'+5T4--n:.=Tr5+* 

h 46' 4o* 

^ '=-a*(»*- 



ax a 



By Art 168, _=^x*. The co-efficient of or, therefore^ 



* VT^I^ ^r aU» ^.•_ « 



18 r. Half of this-is ^, (Art 1 6S,) the square of jdiieh b 



1 
4^ 
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8. Reduce the equation d^--.=7&. 

b 

« 1 1 

Completing the square, »'-v^ — n— — r5+'*' 

And x=:l±(4r+'^h\i. 

Here the fraction f=:YX a?. (Art. 158.) Therefore the 

b b 

GO-efficient of rr is ^. 

S07. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. 304.) Thus in the last example, 

1 

half the co-efficient of a? is .^, and this is the root of the 

2b 
third term — ;;. 

308. When the first power of the unknown quantity is in 
several termsy these should be united in one, if they can be 
by the rules for reduction in addition. But if there are lUC" 
roZ co^^effieients, these may be considered as constituting, to* 
gether, a compound co-efficient or factor, into which the un- 
known quantity is multiplied. 

Thus ax+bX'j'dx=z{a+b-^d)xo^' (Art. 120.) The 
square of half this compound co-efiicient is to be added to 
both sides of the equation. 

1. Reduce the equation a'-j-3x-|-2d;-j-a?=d 
Uniting terms a?^ -p 6a? = d 
Completing the square ar' -j-6a?-4-9 = 9+d 

And x:^ - S±A/d+d. 

2. Reduce the equation ar'-f-aa:+^^— ^ 
By Art. 120. x''+{a+b)xx=h 

, Thereforex«+(a+6)X^+(^)'-(^) +A 

II I - 



^^ ■ '=-^>v/(^) +*• 



i 
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S. Reduce the equation 2^-f-da? - x=b 
By Art. 120 «*+(a-.l)x«=6 

Therefore a«+(a - 1) Xx+ (^)"= 1^)'+^ 

309. After becoming ftLmiUar with the method of complete 
ing the square, in af^cted quadratic equations, it will be 

t roper to attend to the steps whith are preparalary to this, 
lere, however, little more is necessary, than an application 
«f rules already given. The known and unknown quanti* 
ties must be brought on opposite sides of the equation by 
transposition. And R wfll generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. This indeed is not essentiaL 
But it will show, to the best advantage, the arrangement ol 
the terms in the completed square. 

1. Reduce the equation a-f-5:r-3&=:3x-a^ 
Tmnsp. and uniting terms ac*-|-2a:=36-a 
Completing the square a*-jr2a?4-l = 14-36- a 
And »=-l±Vl+3t-a. 

2. Reduce the equation - = 4 

' 2 x+2 

Clearing of fractions, &c. a^'J^lOx=z56 

Completing the squai:e a:*+10ar-f:25=25+S6=81 

And a?=i-.5VSl^=-5±9. 

310. If the highest power of the unknown quantity has 
any co^efficierUy or divisorj it must, before the square is com- 
pleted, by the rule in Art. 305, be freed from these, by multi* 
plication or division, as ii^ Arts. 180 and 184. 

1 . Reduce the equation a?+24a - 6A.== 1 2a? - 6j^ 

Transp. and uniting terms, 6x - 12j;=:6&- 24a 
IHvidingby6, a'-2a:=rA-4a 

Completing the square, s^ - 2»+l = 1+A - 4a 

Extracting and transp. 0?= liv/1 +A - 4a! 

13* 
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2. Reduce the equation /^-2x=<{- — 

a 

Clearing of fractions baE'-f-2ax=cu{ ~ ah 
Dividing by fr, a^+ggf=^7^ 

1 

TWefore - rf+!|S+'=il-2^ 

SIL If the squajre of the unknown quantity is in seveni 
Urmif the equation must be divided by all the co-efficienta 
of this square, as in Art. 185. 

1. Reduce the equation frx'-|-da:*-4:r=fr*-A 

Dividing by b+d, (Art. 121.) t^ - -i^^^-H* 

Therefore «=_!_+ /OlflE^. 

3. Reduce the equadon <u^-{-x=h-\-Sx - a? 

Transp. and vmiting terms a:^-\-^ - 2xz=h 

Dividing by 0+1, ^-^=^1 

Comp. the square af»--?l.+ (-l-) = (—-] + 



o+l \a+l/ U+l/ 0+1 



Extracting and transp. x=z — -'+'^^^|-JL-j -f 



a+l 

There is another method of completing the square, which, 
m many cases, particularly those in which the highest power 
of the tmknown quantity has a co-efficient, is more simple 
in its application, Uian that given in Art. 305. 

Let a3i^'^bx=zd. 
If the equation be multiplied by 4a, and if b' be added to 
both sides, it will become 

4d'3^+4abx+V=4ad+V ; 
the first member of which is a complete power of 2ax-\'b. 
Hence, 

Sll. b. In a quadratic equation, the square may be com* 
pleted, by multiplying the equation into 4 times the co-effi- 
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cient of the highest power of the tmknown quantity and ad- 
ding to both sides^ the square of the co<-efficient of the lowest 
power. 

The advantage of this method is, that it avoids the intro- 
duction of fractions^ in completing the square. 

This will be seen, by solving an equation by both methoda. 

Let a3?^dx=h. 

Completing the square by the rule just given ; 

4(^a?4-4adar4-#=4ai+d' 
Extracting the root 2a«4-d=: J:\/4a&-j-cP 

And :r=r«V^±?, 

2a 

Completing the square of the given equation by Arts. 805 

and 810; ^+^^^^+^. 

a 4a d 4a' 

Extracting the root a?4.A=±. /*+f^. 

^ ^2a V a^4a* 

And ^r= - ^±^ /?+?. . 

2a V a 4(^ 

If asrl, the rule will be reduced to this: ^^ Multiply the 
equation by 4, and add to both sides the square of the co- 
efficient of 0?." 

. Completing the square 4ar^4~^^+^~^M'^ 
Extracting the root 2a?+(i=±\/4S+? 

And ,=r^vS?. 

2 

1. Reduce the equation ^7^^6x:sz4t% 

Completing the square 36a;''-f6Qa;4-257=;529 
Therefore ap=3. 

8. Reduce the equation a;*- 16a? = -54 

Completing the square 4a? - 60ar-f 226 = 9 
Therefore 9x:=z 1 6±3r= 18 or 12, 

312. In the square of a binomial, the first and last termtt 
are always pontine. For each is the square of one <tf the 
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tains of the root. (Art. 214.) But every s^are is posiiiye* 
(Art 218.) If then - s? occurs in an equati(»iy it cannot, with 
this sign, form a part of the square of a binomial. But if 
all the signs in the equaticm be changed, the equality of the 
sides will be preserved, (Art. 177,) the term - s? wil2 become 
positive, and the square may be completed. 

1. Reduce the equation -a'+2«=4-& 

Changing all the signs sf - 2:r s h-^d 



Therefore a?=l±Vl+A-<* 

2. Reduce the equation 4r-a^=r«-12 

Ans. «=e2JV16. 

SIS. In a quadratic equation, the first term oc^ is the square 
of a single letter. But a binomial quantity may consist of 
terms, one or both of which are already powers. 

Thus ^4*^ ^3 ^ binomial, and its square is 

^•+2aa?'+a^, 

where the index of x in the first term is twice as great as m 
the second, .When the third term is deficient, the square 
may be completed in the same maimer as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of af'+Of is aj*'-|-2aa;"+fl?. 

X AX 

And the square of «*'+^ ^ »*+2aaf+<r- 
Therefore, 

S14. Any equation which contains only two dif- 
ferent POWERS or roots OF THE UNKNOWN QUANTITY, 
THE INDEX OP ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAY BE RESOLVED IN THE SAME MANNER AS A QUA- 
DRATIC EQUATION, BY COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity may still have e 
fractional or integral index, so that a farther extraction, ac 
cording to Art. 297, may be necessary. 

1. Reduce the equation x'^'-a^^b'-a 

Completing the square x^ - a?-4-J= J-j-6- a 

Extracting and transposing . ^=I^ Vi+^~<» 
- Extractmg again, (Art. 297,) »=iVi±V(4+* -^ «) 
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2. Reduce the equation s^''-^4bsif*:=za 

, Answer ar==±VlS±VpP+a.) 

S, Reduce the equation ap+4^a:=:A-n 

Completing the square . a:+4v^a?-f4=A-n4-4 

Extracting and transp. ^x=z - 2±\^h-n-\-4 



Involving a:= ( - 2±\/A - n-f 4)'. 

4. Reduce the equation ar^+S** — H-^ 

Completing the square a?»+8a;"-|-l6=:a-f-6-f-16 

Extracting and transp. a? " = - 4±\/a-f6+16 

Involving »=: ( - 4±Vrf+6-fi 6)". 

315. The solution of a quadratic equatioD^ whether pur^ 
or affected, givea two results. For after the equatfon is re- 
duced, it contains an ambiguous root. In a pure quadratic, 
this root is the whole value of the unknown quantity. (Art. 

Thus the equation ar'=:.64 

Becomes, when reduced a:=i\/64. 
Tha,t IS, the value of x is either +8 or - 8, for each of 
these is a root of 64. Here both the values of x are the 
same^ except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown quai\tity will be alike, except that 
one will be positive, and the other negative* 

3r6. But in rt^cctec? quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign; the two results will differ in quantity, and 
will have their signs in some cases alike, and in others un- 
like. 

1. HThe equation af*'\-8x=20 

Becomes when reduced, ar= - 4t\/l6-{-20. 
That is ~ x= - 4±6. , 

Here the first value of x is, *■ 4+6 =+2 > one positive, and 
And the second is -4-6=-105 the other negative. 
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2. The equation a^^8apa r-l6« 

Becomes Hfrhen reduced, x=4±V16 «- 15 

That is a?=4±l 



^SJd^T ''^'' ^ ttlz+t I ^^ P^^^^ 



Here the 

And the 

That these two vahies of x are correctly found, may be 
proved, by substituting first one and then the other, for x it- 
self, in the original equation. (Art. 194.) 

Thus ^-8x5=25-40= - 15 

AndS«-8x3=9-24=-16. 

SI 7. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is frequently found to be 
imaginary* 

Thus the equation s^-8x=:— 20 

Becomes, when reduced, «=4J:V^^""20 

That is, a:==4±V-T. 

Here the root of the negative quantity — 4 can not be as- 
^agned, (Art. 26S,) and therefore the vaJue of x can not be 
Ibimd. There will be the same impossibiUty, in every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive part.^ 

318. Whenever one of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is so 
also. For both are equally affected by the imaginary root. 

Thus in the example above 

The &st value of x is 4+\/ - 4, 

And the second is 4 - ^ « 4 j each of wnich 

contains the imaginary quantity \/ - 4. 

Sid. An equation which wlien reduced contains an ima- 
ginary voot, is often of use, to enable us to determine whether 
a proposevi question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



* See Note G. 
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If « is <me of the parts, the other wiU be 8^x. (Art 195.) 
By the conditions proposed (8 - a:) x a?= 20 

This becomes, when reduced, a?=4i\/- 4. 

Here the imaginary expression \^-4 shows that an au« 
Bwer is impossible ; and tnat there is an absurdity in suppo- 
one that 8 may be divided into two such parts, diat their 
product shaU be 20. 

320. Although a craadratic equation has two solutions, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art, 299. 

Divide the number 30 into two such parts, that their pro* 
duct may be equal to 8 times their diiference. 

If jTrs the lesser part, then SO-^xsz the greater. ' 

By the supporition, «x (SO - a?) =a:8x (30- 2a?) 

This reduced, gives «^23±17r=40 or «=s the leeaer pait. 

But as 40 cannot be a part of 3Q, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

Examples of Quadratic Equations. 
h Reduce 3«^ - 9x - 4=:80. Ans. «= 7, or - 4. 

S. Beduce 4x - §izf =46. Ans. «=12, or* } 

X 

14 X 

3. Reduce 4«- . =3l4. Ans. s=s4, or «-i. 

«-4-l 

4. Reduce 5«-?^=2«+*£^ Ans. «=4, or - I. 

5. Reduce H- l°2r^=8. Ans. «=4, or t^ 

* 4r 

6. Reduce ?£:ii+l=10-fZ*. Ai»a«=«,or6. 

7. Reduce 5+1- In|=ff+I- 1. AM.»=!M,or6. 

9 x-S 9 
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8. Reduce V— 5— ^4=* - 8. Ans. «= 1, or - 28, 

6 2 

9. Reduce -Ji--+f: =S. Ans. «=2. 

x-^l X 

\0. Reduce Jl. - ?^=« - 9. Ans. «= iO. 

x-f2 6 

1 !• Reduce lf2=?. Ans. «= IJA/T^^ 

a s a 



18. Reduce a?*+aa?=fc. Ans. »=[--±^fc+-\* 

18. Reduce ^ * ^ss -- --« Ans. x^Xjl. 

2 4 82 ^* 

14. Reduce 2«'-f8jr*=s2. Ans. «=:i. 

1& Reduce |«-^iV^t=22i. Ans. «=49. 

1 6. Reduce isf - «'4^96 =99. Ans. arr= j( V^. 

17. Reduce (lO+a?)^ - (104-a:)i=:2. Ans. ar=:6. 

18. Reduce S«*-2«"=8. Ans. «ss:i^2. 

19. Reduce 2(l+«-a;^) - Vl+*^= -i- 

Ans. 9^\^U/4\ 

20. Reduce V«»-a*=a?-i. Ans. g=:|j:^ ^^v*! . 

21. Reduce V^+^^lzVl Ans. «=4. 

22. Reduce »*+«*= 766. Ans. jr=24$. 

28. Reduce a/8«4-14-2V«= - «===-• Ans. a:=:4. 
^ ^ ^^ V2x+1 

24. Reduce 2V« - a+8y2«=i=?^^. Ans. 9z=9a. 

25. Reduce «4.16-7V«+16=10-4V«4-16. Ans.jrrs9 

26. Reduce Va!'^4-V«*=6y«. 

Dividing by V^» «*4~^=56. Ans. «r52. 
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27. Reduce Jllg--fl=I=9^-^^. Ans. x^i. 

28. Reduce — i_+_i_=ll. Ans. a:=S. 

6«-jr ar+2a? 5a? 

29. Reduce (x-6/-.3(a?-5)*=40. , Ans. a?=9. 
SO. Reduce x+V«-f6=2 2+8 V*+^- ^^^s. a?=10. 

PROBLEMS PRODUCING ftUADRATIC EttUATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number oi yards in both is IIQ : and if 
the square of the number of yards of silk be subtracted from 80 
times the number ci yaids of cotton, the difTerence will be 
400. How many yards are there in each piece ? 

Let xsz the yards of silk. 

Then U0-«= the yards of cottom 

By supposition 400^80 x (110 - a?) - s^ 
Therefore «= -4Qtv^oOoo=-40tlOO. 

The first value of ar, is - 404-100=60, the yards of silk; 

And 1 10 - a:= 1 10 •- 60= 50, the yards of cotton. 

» 

The second value of x^ is - 40- 100= - 140; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. l%e ages of two brothers are such, that their sum 
Is 45 yean, and their product dOO. What is the age of each 1 

Ans. 25 and 20 yean. 

Prob. S. To find two numbers such; that their diftrence 
shall be 4, and their product 117. 

Let xmm one number, and ar-f-^"* ^he other. 

By the conditicms (^+^) X^»* 1 17. 

This reduced, gives a: « - 2±V^ =" - ^tl 1 • 

One of the numbers therefore is 9, and the other IS. 

Prob. 4. A merchant having sold a {nece of doth which 
tOBi him SO dollars, found that if the price fer wUch he mctf 
. it were multiplied by his rotn, the product would be equal lo 
the cube pf his gain. What was nis gotnl 
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Let x>Bi the gain. 
Then SO-|-a:= the price for which the cloth was sold 
By the statement i'a (SO-f «) x« 

Therefore a?«i±Vi+80-J±V 

The first value of x is i+V- «-+6. ) 
The second value is J--V-»-5.) 

As the last answer is negative^ it is to be rejected as incoiu 
sistent with the nature of the proUem, (Art. S20.) for gate 
must be considered positwe. 

Prob. 6. To find two numbers whose diilerence shall be S» 
and the diflerence of their cubes 117. 

Let «— the less number. 
Then x^S « the greater. 

By supposition (^+3)' - ^» 1 1? 

IbEpanding («+S)« (Art. 217.) 9«*+27ar*«m- 27-90 

And «« - f ±VV- -l±*. 

The two numbers, therefore^ are 2 and 5. 

Frob. 6. To find two numbers whose difiereaee shall be 
12, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes t 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose simiis 6,aiid 
the suin ot their cubes 72 1 Ans. 2 and 4. 

Prob. 9. Divide the number 56 mto two such parts, that 
their product shall be 640. 

Putting X for one of the parts, we have, :r— 2&tl2as40 or 
16. 

In this case, the two values of the unknown quantity are 
the two parts into which the given number was required to 
be divided. ^ 

Prob. 10. ' A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the piece, 
and gained by the bargain as much as one piece cost hfan. 
What was the number of pieces 1 Ans. 15. 



aUADRATIO EQUATIONS. 161 

Prob. 11. Ji and B sWried tofether, fbr a place 150 xnSeff 
distant, w^s hourly progress was 3 miles more tiiiua B^s^ and 
he arrived at his journey's end 8 hours and 20 minutes befcm) 
jy. What was the hourly progress of each 1 

Ans. 9^ and 6 milea 

Prob. 12. The difference of two numbers is 6 ; and if 4> 
be added to twice the square of the less, it will be equal to 
the square of the greater. What are the numbers 1 

Ans. 17 and 11. 

Prob. 13. ^ and B distributed 1200 dollars each, among 
a certain number of persons. A relieved 40 persons more 
than JB, and B gave to each individual 5 dollars more than 
•if. How many were relieved by A and B ? 

Ans. 120 by .4, and 80 by J?. 

Prob. 14. Find two numbers whose sum is 10^ and the sum 
of their squares 58. Ans. 7 and 3. 

Prob. 1 5* Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal ^are if the bill had been paid by 
the whole company. What was the number in the company 
at first % Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price 1 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. .5 and Bset out from -two towns, which were 
247 miles distant, and travelled the direct road till they met. 
Jl went 9 miles a day ; and the niunber of days which they 
travelled before meeting, was greater by 3, than the number 
of miles which B went in a day. How rtiany miles did each 
travel ? Ans. A went 117, and J9 130 miles. . 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost £\S ; but the coarser one, ^bich was 2 
yards longer than the finer, cost only £16. How many 
yards were there in each piece, and what was the price of a 
yard of each 1 . 

Ans. There were 18 yards of the finer piece, and 20 of the 
coarser ; alid the prices were 20 and 16 dnillings. 
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Pfob. 19. A m^ehant bought 54 gallone of Madeira wine^ 
aad a certain quantity of Teneriife. For the former, he gav^ 
half as nuuiy shillings by the gallon, as there w:ere gallons 
of Tenerifle, and for the latter, 4 shillings less hv the gallon. 
He sdd the naixture at 10 shillings by the gallon, and lost 
iS28 1 6s. by his bargain. Required the price of the Madeira, 
and the number of gallons of Tenerifie. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of Teneriffe. 

Prob. 20. If the square of a certain number be taken from 
40, and the square root of this difference be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is the 
number t Ans, 6. 

Prob. 21. A person being asked his age, replied. If yoa 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was his age 1 

Ans. Iff years. 

Prob. 22. Two casks of wine were purchased for 58 dol« 
i^ars, one of which contained 5 gallons more than the other^ 
and the price by the gallon, was 2 dollars less than } of the 
number of gallons in the smaller cask. Required the num- 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and uie price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen 1 «^ Ans. 16. 

SUBSTITUTION. 

321. In the reduction of Quadratic Equations, as well aa 
in other parts of Algebra, a complicated process may be ren- 
dered much m<»e simple^ by introducing a new letter which 
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ehaH be made to represent several others. This is i^fmed 
BUbsiitution, A letter may be put for a c<mipound quantitf 
as well as for a single number. Thus in the equation 

a;*-. 2ar=i+V86 - 64+A, 
we may substitute 6, for f + V®6 - 644-ft. The equation 
will then become i* - 2ax=hy and when reduced 

will be a?=a±V«*+*- 

After the operation is completed, the cc»np(»ind quantitf 
for which a single letter has been substituted, may be restcr 
ei. The last equation, by restoring the yalue of 6, will b#* 
come 



Reduce the equation oo; - 2:r - d=z hx^a^-x 
Transposing, &c. ^+{^ - * ~ 1) X»=<* 

Substituting & for (a- ft- 1), aj*-f-Aar=il 



Therefore ^^J^^^^^i 



Restoring the value of /^ «= -izili+^ifLZ* ri>!+d 



SECTION XL 



SOLUTION OF PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OP THEOREMa 

AnT. 332. IN the examples which hav^e been given of the 
resolution of equations^ in the preceding sectionef, each pro- 
blem has contained only one ui^nown quantity, (jt if, in 
some instances, there have been two^ they have been so re- 
lated to each other, that they have both been ejtpreitred bj 
means of the same letter. (Art 195.) 

14* 
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But cases finequently occur, in which severdf unknown 
quantities are introduced into the same calculation. And if 
the problem is of such a nature as to admit of a determinate 
answer, there will arise from the conditions, as many equa- 
tions independent of each other, as there are xmknown quan- 
tities. 

Equations are said to be independenty when they express 
different conditions; and dependent^ when they express the 
same conditions under different forms. The fonnw are not 
convertible into each other. But the latter may be changed 
from one form to the other, by the methods ot reduction 
which have been considered. Thus 6 -a;=y, andfc=y+ap, 
are dependent equations, becausjs one is formed from the 
other by merely transposing or. 

323. In solving a problem, it k necessary first to find the 
value of one of the unknown quantities, and then of the 
others in succession. To do this^ we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

or jf be transposed in each, they will become 

1. flir=14-y 

2. a?=2+y. 

Here the first member of each of the equations is a?, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities, which are respectively equal to any 
other quantity are equal to each other ; therefore, 

24-y=14-y. 

Here we have a new equation, which contains only the 
unknown quantity j/. Hence, 

324. Rule h To exterminate one of two unknown quan-^ 
titles, and deduce one equation from two; Find thSs value 

OP ONE OF THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, ANB FORM A NEW EQUATION BT MARINO ONE OF THESE 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 



^\;l 
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For the ccmyenience of referring to different parts of a so- 
kitioQ, the several steps wiU, in future be numbered. When 
iin equation is formed fnnn one immediately preceding^ it will 
be unnecessary to specify it* In other cases, the number of 
the equation or equations from which a new one is derived, 
will be referred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 

Let jr=:the greater; And ysthe less. 

1. By the first condition, x4-y=24 
^. By the second, x=5y 

S. Traasp. y in the first equation, x=24 ->y 

4. Making the 2d and 3d equal, 5^3=24 - y 

5. And jf =5 4, the less number 

Prob. 2. To find one of two quantities. 
Whose sum is equal to h; and 
The difference of whose squares is equal to d. 

Let 0?=: the greater quantity ; And y= the less. 

J. By the first condition, x-^-y^h > 

2. By the se^cond, «*-y*=d 3 

S. Transp. y* in the 2d equation, a^=rj--f -y* 

4. By evoluti(Mi, (Art. 2^1 ) x=z^d+y* 

5. Trans, y in the first equation, x=xA-y. 

6. Making the 4th and 5th equal, ^d+y'^A-y 

7. Therefore y=^-^. 

^ 2fc 

Prob, S. Given ax+by^h ) ^ ^^ ^ y^tl^J. 
And x+yz=:d J ^ ^ 6-a 

325 The rule given above may be. generally applied, for 
the extermination of unknown quantities. But there are 
cases in which other methods will be found more expeditious. 

Suppose x:=:hy > 
And ax^bx=y* J 
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r 

m 

As in the first of these equations x is equal to hyy we may 
in the second equation sybsiUute this value of x instead m 
X itself. The second equation will then be ccmverted-into 

The equality of the two sides is not affected by this alter* 
ation, because we only change one quantity a; for anoth^ 
which is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. H^ice, 

326. Ride II. To exterminate an unknown quantity, find 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and then in the other eqiuation SUBSTI- 
TUTE THIS value for THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant^ 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship 1 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which thd 
ship sails in the same time, as 8 to 7V 

. Ijet x= the distance which the privateer sails : 

And y= the distance which the ship sails. 
1. By the supposition, ff=sy-|-.20 > 

3. And also, xiyiiSily 

5. Art. 188, j/=|a? 

4. Substituting -riot y, in the 1st equation, a?=fa?-}*20 

6. Therefore, a:=ieO. 

Prob. 5. The ages of two persons, A and £, are such that 
seven years ago, A was thiee times as old as B; and seven 
years hence, A will be twice as old as B. What is the age 
of J?? 

Let x=i the age oi A; And jf=ithe age of B. 

Then a? - 7 was the age of w3, 7 years ago ; 
And jf - 7 was the age of B, 7 years ago ; 
Also x-|-7 will be the age of A^ 7 years hence ; 
And y'\-i will be the age of B, 7 years hence. 

1 . By the first condition, a: - 7=3 x (y - 7) =3y - 21 > 

2. By the second, «+7=2x(y+7)=2y+14 J 
S. Transp. 7 in the 1st equa. ap=:3y - 14 

4. Subst. 3y - 14 for ar, in the 2d, 3y - 14-f 7=2y+14 
0. Therefore, jf=21, the age <^ J3. 



Pfob« 6. There are two numbenfi of whkby 

The greater is to the less as 3 to 2 ; and 
Their sum is the 6th part of their product. 

What is the less number t Ans. 10. 

327. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceding. 

Suppose that x-^-Sy^^a > 
And ar-3y=*) 

If we add together the first members of these two equa- 
tions, and al^o the second members, we shall have 

2ap=a4-6, 

an equation which contains only the unknown quantity x. 
The other, having equal co-eiBdients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 

Again, suppose 3^-(~]jf=A 
And 2ar- 






If we subtract the last equation from the first, we shall have 

x^h-d 

where y is exterminated, without aj^ttng the equality of 
the sides. 

Again, suppose a;-2y=:a > 

And x+4^=bl 

Multiplying the 1st by 2, 2a? - 4y=2a 

Then adding the 2d and 3d, 8ar=6+2a. Hence, 

328. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the £Q>t7ATIONS, if KfiCESSARr, 
IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OF THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH, 

Then SUBTRACT one equation prom the other^ 

IF THE SIGNS OF THIS UNKNOWN QUANTITY ARE ALIKE, 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa- 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art 170.) 
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Prolb. 7. The numbers in two appomag atoiies are such, 
that. 

The sum of both is 21110 ; and 

Twice the number in the greater army, added to tluree 
times the number in the less, is 52219. 

What is the number in the greater army ? 

Let a?= the greater. And y=: the less. 

1, By the first ccmdition, ap4.y=21110 > 

2. By the second, 2*+%= 5221 9 J 
S. Multiplying the 1st by S, 8af+%=5:63330 

4. Subtracting the 2d from the 3d, 0^= 1 1 1 1 1. 

Prob. 8. Given 2a?4.y=16, and 3a?-3j/=6, to find the 
value of ^. 

1. By supposition, 2a?+y=16 > 

2. And 80? -.3y=6 5 

5. Multiplying the 1st by 3, 6a?+32/=48 
4. Adding the 2d and 3d, 9x=54 

6. Dividing by 9, a?=6. 

Prob. 9. Given a;4-y= 14, and ar-y=?2, to find the value 
of y. Ans. 6. 

In the succeeding problems, either gf the three rules 
for exterminating unknown quantities will be made use of, as 
will in each case be most convenient 

829. When one of the unknown quantities is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
uf^r part, is equal to 28 ; and. 

Five times the lower part, diminished by six times the 
upper part, is equal to 12. 

What is the height of the mast 1 
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Lei «= the lower part ; And y = the upper part. 

1. By the first condition, i«+iy=28 ) 

5. By the second^ 5x^6yz=12 y 

8. Multiplying the 1st by 6, 2ar4-y=168 

4. Dividing the 2d by 6, jar-y=2 

& Adding the 3d and, 4th, 2«-fiar=3l70 

6. Multiplying by 6, 12ar-f 5a?=1020 

7. Unitingtennsanddividingby 17,a:=:60, the lower part* 

Then by the 8d step^ ^^+y =: 1 68 

That is, substituting 60 for «, 1 20+y = 1 68 [per part 

Transposing 120, y=168- 120=48, the up- 

Prob. IL To find a firaction siteh that. 

If a unit be added to the numerator, the fraction will be 
equal to j ; but 

If a unit be added to the denominator, the fraction will be 
equal to }. 

Let xss the numerator, . And ysa;.the denominator, 
1. By the first condition, *+l— j. 

> 
s 

By the Second. 

3. Therefore x=4, the num^Brator. 

4. And y=:15, the denominator. 
Prob. 12. What two numbers are those, 

Whose d^ercnce is to their sum, as 2 to 3 ; and 
Whose sum is to their product, as 3 to 6 1 

Ans. 10 and 2. 

Prob. 13. To find two numbers such, that 

The product of their sum and difference shall be 5, and 
The product <^ the sum of their squares and the differ 
ence of their squares shall be 65. 

Let 9SSS the greater number ; And y =5 the less. 
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■ 

1. By the first condkim, («4-y)X(«-y)==5 > 

2. By the second, (a?+y*) X (ar - j/0 = 65 < 
S. Mult, the factors m the 1st, (Art. 236,) a? -^'=5 

4. Dividing the 2d by the Sd, (Art. 1 18,) a?+j/»= IS 

5. Adding the 3d and 4th, 2a;^= 18 

6. Therefore a?=3, the greater number,. 

7. And y=^» the less. 

In the 4th step, the fixst member of the second equation ia 
divided by«*-y*, and the second member by 5, which is 
equal to s^^y^ 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 15. To find two numbers, 

Whose difference shsdl be 12, and 
The sum of their squares 1424. 

Let x= the greater ; Aiid yr= the less. 

1. By the first condition, jc - y =r 12 > 

2. By the seccmd, a^-fy'=:1424 > 

5. Transpo^g y in the first, xtszy-{'\2 

4. Squaring both sides, a;'~yS-]-24y-|-144 

6. Transposing y* in the second, s^=z 1424 - y* 

6. Making the 4th and 5th equaH y''+24y4- 1 44 = 1 424 - y* 

7. Therefore y := - 6±V(676) = - 6±26 

8. And «=y-fl2=:204-12=32. 

EaUATIONS WHICH CONTAIN THREE OR MORE 

UNKNOWN aUANTITIES. 

'330. In the examples hitherto given, each has contained 
no more than two unknown quantities. And two indepen- 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution cm 
many independent equations. 

8u[KK)se a?+y-}-3r =12 ^ 

Ana x-^-^y - 2z== 10 S are given to find, x, y, and r, 

And »+y-«=4 > 
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From these thr^e equations, two others may be derived 
which shall contain only two unknown Quantities. One of 
the three in the orisrinal equations may be exterminated, in 
the same manner as when there are, at first, only two, by the 
rules in Arts, 324, 6, 8. 

In the equations given above, if we tranqxxe y and s, we 
riiali have. 

In the first, arsslS-jf-z 
la the second, j?=r 10 - 2y4-22 
In the third, «= 4 - y+« 

From these we may deduce two new equations, from Which 
9 shall be excluded. 

By makings the 1st and 2d equal, 12 -y-t=10- 2y+2ar > . 
By making the 2d and 3d equal, 10 - 2y+22=4 - y+z J 

Reducing the first of these two^ y=r3d - 2 > 
Reducing the second, y=r-4-6 ) 

From these two equations one may be derived containing 
only one unknown quantity 

Making one equal to the other, iz^ 2r=2:4-6 
And z=z4. Hence, 

331. To solve a problem containing three unknown quaii 
tities, and producing three independent equations. 

First, from the three equations deduce two cok* 
ta1nin6 only two unknown quantities. 

Then, from these two deduce one, coNTAiNiiia onlt 

ONE UNKNOWN QUANTITT. 

For making these reductions, die rules already given are 
•uflicient. (Art. 324, 6, 8.) 

Prob. 16. Let there be given, 

1. The equation jp4*5y-(-6zss53 ^ 

S. And ar-fSy+32:=:30 S To find s^ y, and s. 

8. And r+j4-»=sl2 ) 

From these three equations to derive two^ contaming only 
two unknown quantities, 

4. Subtract the 2d from the 1st, 2y^.3z=2S > 

5. Subtract th^ Sd from the 2d9 2y4-^=13) 
From these two, to derive one, 

6. Subtract the 5th firom the 4th, zssS. 

15 



=13 ^ 

z=6 ) 
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To did j: and f, we Iiave only to fake thdr Tahm fien 
Itie Uikd and fiflh equations. (ArL 329.) 

7. Reducing die fifth, 9=9-^=9-5=r4 

8, Trafbipoeingiji tlie third, x=12-2-3f=:lf-fi-4=rS 

Prob. 17. To find x, y, and ^ from 

h The equation s-f-y^-z^lS 

f. And »+«y+Si 

8. And iH-iy+' 

4. MuUiplyinf the Ist by S, Sa^fSy-|-Sz=:36 

5« Subtracting the 2d from the 4th, ftx+y^l6 

6. Subtracting the Sd from the 1st, af-i^+J"- «y=6 

7» Clearing the 6th of fractions, 4ar+3y=S6 ) 

8. Multiplying the 5th by 8, 6ar+3y=48 J 

9. Subtracting the 7th from (he 8th, 2jr=12. And j:=6. 

10. Reducmg the 7th, j^=:5izif =?izlf =4. 

3 3 

11. Reducing the 1st, z=:12-x-y=12-6-4=:2. 

In this example all the reducticms have b^en made accor- 
ding to the third rule for exterminating unknown quantities.— 
(Art 828.) But either of the three may be used at pleasure. 

832. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli-* 
(\Mng fractional expressions, in avoiding radical quantities, 
&c. The skill which is necessary for this purpose, however, 
is to be acquired, not from a system of rules, but from prac- 
tice, and a habit of attention to the peculiarities in the c<m- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, &c. In many of the examples 
In this and the preceding sections^ the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here giveni or substituting others in their stead. 
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Prob. 18, Given < 2. x-^-z^b > To find ar, J^ and ar. 

(3. y-\-z=e ) 

AnSii »s= s — And y= 1 — And 2f=± g' — • 

Prob. 19. Three persons tfl. By and C, purchase a horse 
for 100 dcJIars» but neither is able to pay for the whole. 
The payment would require, 

The whole of .^s money, together with half of JB's ; or 

The whole of jB's, with one third of Cs ; or 

The whole of (?s» with one fourth of ^s. 

How much money had each t 



Letar=w?'s 




Z-C9 


y-B^s 




a=tOO 


By the first condition^ 




x+iy=a 


By the second. 




y^iz=za 


By the tfiird, 




z+ia;=:a 


Therefore ar=64. y= 


=72. 


z=^S4, 



333. The learner must exercise his own judgment, as to 
the choice of the quantity to b^ first exterminated. It will 
generally berbest to begin with that which is most free from 
eo-efilciafxts, fractions, radical «igns, &c. 

Prob. 20. The sum of the distances which three person^ 
Jly J?, and C, have travelled, is 62 miles; 

■^s distance is equal to 4 times <7s, added to twice B*s ; and 
Twice •5's added to 3 times JJ's, is equal to 17 times Cs. 

What are the respective distances'! 

An& ^s, 46 miles ; JB's, 9 ; Cs 7. . 

Prob. 21. To find a?, y, and ar, from ' 

The equation i^+ 3I/+ Jz = 62 

And iiP+Jy+i«=47 

And i^+iy+iz^SS 

Ana. «ss24. y=60. ar^l20. 

r ay 5=800 ^ 
Prob. 22. Given < ;r;='300 > To find ar, y, and «. 

(y7s200) 

Ana. xsSO. ys20. jr=sia 
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SS4. The same method which is employed for the reduc* 
tion of three equations, may be extended to 4, 5, or any num** 
ber of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two^ &c. 

Prob. 23. To find if, x, y, and r, from 
1. The equation ily+«4-it^=8 \ 

4. And 9'^U'^Zs::lO J 

5. Clear, the 1st of frac. y-fSif+if ^16 1 

6* Subtract. 2d from 3d, r- if>=3 > Three equatic»s. 

7. Subtract. 4th from 3d, y - v=2 ) 

a Adding 5th and 6th, y-f.3z= 19 > ^^^^ ^„oi;^«^ 
9. Subtriiu 7th from 6th, - y+z= 1 I ^^^ ^^^^'ons. 

10. Adding ath and 9th, 4r=r20. Or zr=5 ) 

11. Transp. in the 8th, y=19 -32:=4 f Quantities 

1 2. Transp. in the Sd, 0?= 1 2 - y - z= 3 I required. 
IS. Transp. in the 2d, w=9 -x-y=2 ) 

Sw-f-50=a? ^ 
JlIl20=S [ To find », X, y, and z. 
z+ld5=zSw J 

Answer. t0=:lOO ysr90 

a:=150 5=105. 

Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
himd digit ; and if twelve be subtracted from the number 
itself, the remainder will be equal to the squaie of the left* 
band digit. What is the number 1 

Let :p= the left-hand digit, and yr=: the right hand digit. 

As the local value of figures increases in a ten-*fold ratio 
from right to left ; the number required == lOv-f-y 

By the conditiona of the problem x=3y > 

And 10:r+y-.12=/> 

The required number is, therefore^ 93. 



i 
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PnA. 26. If a certain number be dtridecl by the product 
€i its two di^ts, the quotient will be 2 ; and if 27 be added 
to the number, the digits will be inverted. What Jb the 
number 1 Ans. 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 3^ ; 
and if 4 times the greater be divided by 3 times the les9 +^> 
the quotient will be equal to the less. What are the numbers t 

Ans. 13 and 4« 

Prob. 28. There is a certain fraction, such, that if 3 bd 
added to the numerator, the value of the fraction will be f ; 
but if 1 be subtracted ^om the denominator, the value will 
be i. What is the fraction 1 *^ 4 

*2r- . 

Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on IheArH horse, 
the value of both will be doitble that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
will be less than tnat of the first horse by 13 guineas. What 
is the value of each horse 1 

Ans. 56 and 33 guineas* 

Prob. 30. Divide the number 90 into 4 such part% that thd 
first incre€i9ed by 2, the second diminished by 2, the third ffitt2» 
UfUed by 2, and the fourth divided by 2, shall all be equal. 

If Xy y, and z^ be three of the parts, the fourth will be 
90 - « - y - z. And by the conditions, 

ar-f2=y-2 

ar4-2=2« 

2z=?2rfzJLlL 

2 

Tlie parts required are 18^ 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with \ 
the sum of the second and third shall be 120 ; the second with 
\ the difference of the third and first shall be 70 ; and \ the 
smn of the three numbers shall be 95. 

Prob. 32. What two numbers are those, whose difference^ 
sum and product, are as the numbers 2, 3, and 5 1 

15* •A^'^- ^^ ^^'^ ^* 
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Prob 33* A viatn^ sold at one time, 20 dozen of port 
wine, and 30 doTsen of sherry ; and for the whole received 
120 guineas. At another time, he sold 30 dozen of norland 
25 dozen of sherry, at the same prices as before ; ana for the 
wliole received 1 40 guineas. What was the price of a dozen 
of each sort of wine ? 

Ans. The port was 3 guineas, and the sheny 2 guineas a 
dozen. 

Prob. 34. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix t 

Ans. 78 gallons of brandy and 66 of water. 

Prob. 35. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume* 
rator increased by 2, the value becomes f 1 Ans. f. 

Prob, 36. A person expends 30 cents in apples and pears^ 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears, 
the cost of which was 13 cents. How many did he buy of 
each 1 Ans. 72 ajqdes and 60 pears.^ 



335. If in the algebraic statement of the conditions of a 
problem, the origind equations are more numerous than the 
unknown quantities ; these equations will either be contra^- 
dietonfy or one or more of them will be svperjhtoua. 

Thus the equations J i Zgol a^e contradictory. 

For by the first ar=20, while by the second, a? =40. 
But if the latter be altered, so as to give to x the same value 
fi3 the former, it will be useless, in the statement of a 



♦ For more exampltaof the solution of problems by ec|uations, sec £uter*fl 
Algebra, Part I, See 4 ; Simpson's Algebra, Sec II ; Suaripson'a Elxercises 5 
Waciaurin's Algebra, Part I, Chap. 3 and 13 ; Emerson's Algebra, Book I!, 
Sae. I ; Saunderson's Algebra, Book II and UI; Dodapn^ MMiiermtifAl Ro< 
ponlory, and Bland'a Ajgebraical Problema. 
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problem. Far nothing can be determined from the one» 
which cannot be from the other. 

Thus of the equations j i^^ i q ( <mi© is fluperfluous. 

For either of them is sufficient to determine the value of x. 
They are not igyiepende'nt equations, (Art. 3^2.) One is 
convertible into the other. For if we divide the 1st by 6^ it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first* 

* 

3S6. Bui if the number of independent equations produc-* 
ed from the conditions of a problem, is Us§ than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question* If, for instance, in 
the equation 

a?+y=100, 

« and y are required, there may be fifty different answers. 
The vaiues of ar and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equadon 
which determines one of these quantities, the other may then 
be found from the equation already given* As a7-|-y=100, 
if 0^=46, y must be sucli a number as added to 46 will make 
100, that is, it must be 54. No other niunber will answer 
this cpndition* 

837. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. M we put x for the greati^, the leps will be 100 - x. 
(Art. 196.) 

Then by the supposition, o^rsSOO *- 3^ 

Transposing and dividing;, a;= 75, the greater. 

And 100- 76=25, the lesBL 
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Here, two unknown quiintities afe found, although there 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let z=z the 
greater number, and y=r the less. 

1. Then by the suppodtion, ap-f-y=100) 

«. And Sy^a? J 

8. Transposing x in the 1st, y = 100 - x 

4. Dividing the 2d by 3, y^Ja: "^ 

5. Making the 3d and 4th equal, jar=100- a; 

6. Multiplying by 3, a?=300-S« 

- 7. Transposing and dividing,' ar=: 75, the greater. 

8. By the 3d step, y=: 100 -a?=25, the less. 

By comparing these two solutions with each other, it will 
he seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formality of writing down. 

Prob. To find two numbers^ whose sum is S0,^md the dif* 
ferenee of their squares 120. 

Leta=S0 b^UO 

0?= the less number required. 

Thenc-ar= the greater. (Art. 195.) 

And o'- 2ax+3i^= the square of the greater* (Art. 214.) 

From this subtract d^, the square of the l^ss, and we shall 
have a'-2aa?=: the difference of their squares. 

Therefor, ,=(^=l?§!z^=13. 

2a 2x90 

338. In most cases also, the solution of a problem which 
ciMitaius many unknown quantities, may be abridged, by par- 
ticular artifices in substituting a single letter for severaL 
(Art, 321.) 

* Suppose four numbers, tf, :r^ y and z, ace required, of which 

The sum of the three first is 13 

The sum of the two first and last 17 

The sum of the first and two last 18 

The sum of the three last 21 



* lMdlaa?» Algohra, Art. 161. c 



Then I. v+^x^-jsrlS 

Lei jS be substituted for the sum of the four numlH^rs^ that 

i$y for ti-f-'+Sf'f f " I^ ^^^ ^ ^^" ^'^^^ ^^ these four equa- 
tions, 

Tlie first contains all the letters except r, that is, ^9~ «ra IS 
The second Contains all except y, that is, iS-y=t7 

The third contains All except x, that is, iS- ir=tl8 

The fourth contains all except u, that is iS- uri^Sl. 

Adding all these equations together, we have 

Or 4iS- (z-f y+x+«)=69 (Art. 8a c.) 

But 4Sr= (z-f-y+^+**) by subslitution- 
Therefore, 4S - S= 69, that is, SS=: 69, and iS= 23. 

Then putting M for iS, in the four equations in which it 
is first introduced, we have 

aS-zrrlSl rr=23 -13=10 

!!-y=i!lTherefore r^MI=« 



2S-a?=18 
23-1*3=21 



:t=28-18==5 
vr=23-21=2. 



Contrivances of this sort for facilitating the poluti<to of 
particular problems, must be left to be furnished for the occa- 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

339. In the resoluticm of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notation. 

The co*efi]cient8 of one of the unknown quantities are 
represented, 

In the first equation, by a single letter, as a. 

In the 8ec(fndy by the same letter marked with an accent, as of. 

In the thirds by the same letter with a double accent, as af\&c. 

The co-eiiicients of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as are 
also the terms which consist of Jburwn quantities only. 
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Two equations containing tha two unknown quaatkies s 
and y may be written thus, 

T%ree equations containing x, y, and ar, thu% 

ax-^-by-^cz^id 

Four equations containing op, y, z, and u, tbua^ 

ax+by+cz+iuz=e 
afx+b'y+Cz+d'u-e" 
a''x+b''y+c''z+d''uz=e'^ 
a'''x+b'''y+c''^z+d'''u=: e'^\ 

The same letter is made the co-efficient of the same un- 
known quantity, in different equations, that the co-efficienta 
of the several unknown quantities may be distinguished, m 
any pait of the calculation. But the letter is marked vitk 
different aceeiUB^ because it actually stands for different quan* 
titles. 

Thus we may put a=4, a'=6, tt''=10, a''^=:2tf, &c. 

To find the value of x and y. 

1. In the equation, ax-^hyr^e > 

«. And a'x+Vyr=^i/S 

S. Multiplying the 1st by i^(Art. i.%S.)ab'x+bVy-cV 

4. Multiplying the «d by 6, ba'X'\^bVy^b(/ , 

5. Subtractuiff the 4th frcnn the 3d, ab'x - bmfx^d/ ^ W 

6. Dividing by aV - ba\ (Art. 121.) ^^^t^^j I 
By a similar process, yc=-— -_ 

The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each terni. But the par- 
ticular advantage of this method is, that the expressions nere 
obtained may be considered as general sohliomy which give 
the values of the unknown quantities, in other equations, of 
a similar nature. 
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Thusif lOsr+CysrlOO) ^ 
And 40a;4-4ys:20Q ) 
Then putting a— 10 6=6 crslOO 

a'=40 6'=4 c'sz^OO 

We have :r=f^=^?QX^-6><^^=4 

a6'-6a' 10x4-6x40 

And oc^-cg^ ^ 10X200- 100x40 ^^^ 

^ a6'-ia^ 10x4-6x40 

The equations to be resolved may, originally, consist of 
more than three terms. But if they are of the first degree, 
and have only two unknown quantities^ each may be reduced 
to three terms by substitution. 

Thus the equation dx - 4a?-f Ay - 6t/ =tH-|-8 

Is the same, by Art 120, as (d- 4)ar4-(A - 6)y =m-|-8. 
And putting a=d-.4, 6=:A-6, c=sm-{-8 

It becomes a.T-|-6y=c.* 

DEMONSTRATION OF THEOREMS. 

S40. Equations have been applied, in this and the preced- 
ing sections, to the solution of 'vrohUiin$\ - They may be em- 
ployed with equal advantage, m the demonstration of thto^ 
rwM, The principal difference^ in the two cases, is in the 
order in which the steps are arranged. The operations them* 
selves are substantially the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) Thiis is effected, in the re 
ductioaof equations, by adhering to the general rule, to make 
no alteration which shaU affect the value <^ one of the mem- 
bers, without equally increasing or diminishing the other. 
In applying tliis principle, we are guided by the axioms laid 
down in Art. 63. These axioms are as applicable to the de- 
monstration of theorems, as to the soluticm of problems. 

But the order of the steps will generally be different. In 
flcdving a problem, the object is to find the value of the im- 
known quantity, by disengaging it from all other quantities. 

But, in conducting a demonstration, it is necessary to bring 

.■ . ■ I ■ . I . i»ii 1 .1 1 1.. I ■ I ■ 

* For the application of this plan of notation to Che sohition of equation* 
wliich contain more than two unknown quantities, see LaCroix^s Algebra, Art. 
8$ ; Maclaurin*s Algbbra, Part. L CWp. 12 ; Fenn*s Algebra, p. 57 ; and a 
p^per of {^plac^ in the Memotn of the Academy of Sciences for 177S* 
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the eqnatioQ to that particular form which trill express, io 
algebraic Icrma^ the proporition to be proved. 

Ex, 1. TheiH-enL Four times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let ar= the greater number, «=s their sum, 

y=s the less^ rf = their difTerence* 

VemoMtraiion. 

1. By the notation x4-y=« ) 

5. And x^y^d ) 

3. Adding the two, (Ax. 1.) 2a:=f-f-rf 

4. Subtracting the 2d from the 1st, 2y=f-d 

6. Mult. Sd and 4th, (Ax. S.) 4xy = (»+<*) X (« -rf) 
6. That is, (Art. 235.) ' 4a;y =*« - <P 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally ap(dicable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus 4x8x6=(8+6)*- (8-6)«=192. 
And 4xlOx6=(10+6)«- (10-6)»=240. 
And4xl2XlO=c:(12+10)*-(12-10)*=480. 

Theorem 2. The sura of the squares of any two nimiben is 
equal to the square of their diflerence, added to twice their 
producL 

Let xzsi the tfreater, ds their difference. 

9=5 the less, p= their product 

Demottii&wljoii. 

1. By the notaticm «-3f=<(> 

2. And ^r^P ) 

3. Squaring the first «'-2«y4-y*5=«P 

4. Multiplying the second by 2 2xysz2p 

6. Adding the third and fourth ar'-j-y*=iP-j-2i>. 

Thus 10»+8*=(10-8)«+2xl0x8=164. 

341. General propositions are also discovered^ in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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of w«yB by the mveml obuiges through whieh a giym eqaa* 
tion may be made to pass. Each step in the process will 
contain a distinct proposition. 

Let i and d be the sum and diflerence of two quantities J 
and y, as before. 

1. Then «=r«4.yl 

S. And dssX'^yS 

S. Dividing the first by IB, |«si«+iy 

4. Dividing the 2d by 2, id^lx-^ly 

5. Adding the 3d and 4th, |54-|i2=r|x4-}a;=« 

6. Sub. the 4th from the 3d, i«-i<''=iy+jy=y- 
That is» 

Half the difference of two quantities, added to ha^ their sum,, U 
efual to the greater; and 
Half their difference subtracted from hai^ their sum, is equal ts 



.J. 1" 
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SECTION XIL 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations^ is 
to arrive at the knowledge ijS particular quantities, by com* 
paring them with other quantities, either equal to, or greater 
or less than those which are the dbjects of inquiry. Tue end 

1 

^Eodid'fl Elements, Book 5,7,8. Euler*! Algebra, Put L Seal Ehmthm 
on Proportion. Camoi' Geometry, Book HI. Ludlam's Mathematici. Wftlliif 
Algebra, Chap. 19, 80. Saunderson'e Algebra, Book 7. Barrow*s Mathemftv 
ticai Lecturea. Analyit for March, 1814. Port Royal Art of ThinkiiMb ^^^^ 
IV. Ch. it. 15 
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k ino8t cQninionly attaiDed by means of a series of equatimf 
and javportUmi. When we make use of equations^ we deter- 
mine the quantity sought, by discovering its equcdity with 
some other quantity or quantities ahready known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either kow mudi one 
of the quantities is greater than the other ; or how many times 
the one contains the other. In finding the answer to either 
oi these inquiries, we discover what is termed a ratio of the 
two quantities. One is called aritlvmeticai and the other geo- 
metriccd ratio. It should be observed, however, that both 
these terms have been adopted arlntrarily, merely for. dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of tliem applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 

be cleaily and fully understood. 

/» 

343. Arithmetical ratio t^ tite difference between two 
quantities or sets (^quantities. The quantities themselves are 
called the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 3. 
This is sometimes expressed, by placing two points between 
the quantities thus, 6 ... 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference^ and the other for the sign -. 

344. If both the terms of an arithmetical ratio be multiplied 
or divided by the same quantity, the rcMo will, in effect, bo 
multipUed or divided by that quantity. 

Thus if ^ a-b=:r 

Then mult, both sides by A, (Ax.*3.) ha-hb-^kr 

a b r 
And dividing by A, (Ax. 4.) r - ^=:^ 

» 

345. If the terms of one arithmetical ratio be added to, or 

subtracted from, the corresponding terms of another, the ratio 
of their sum or difference will be equal to the sum or differ- 
ence of the two ratios. ' 
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A J i", > are the two ratios, 

Then (o+rf) -{6+A>= (a^6)+(d-A). Foreach x=a4.d-6-4 
And (a-d) - (6- A) =; (a-t) - (d- A). For each ==a-^-i4-A. 
Thus the arith. ratio of 11 . ,4 is 7 ( 
And the arith. ratio of 5 . . 2 is 3 ) 
The ratio of the sum of the terms 16. .6 is 10, the sum <rf 

Che ratios. 
The ratio of the difference of the terms 6. .2 is 4, the differ^ 
ence of the ratios. 

840. GEOMETRICAL RATIO is that relation be- 
tween (QUANTITIES WHtCH IS EX1»RESSED BT THE Q,UO^ 
TIENT OF THE ONE DITIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is i or S. For this is the quotient 
of 8 divided by 4. In other words, it shows how often 4 iH 
contained in 8. 

In the same manner, the ratio of any quantity to another 
may be expressed by dividing the former by the latter, or» 
which is the same thing, making the fonner the numerator 
of a fraction, and the latter the denominator. 

a 
Thus the ratio of a to 6 is r* 

d+h 
The ratio of d-^h to fc+^> ^^ Tmc 

347. Geometrical ratio is also expressed by placing two 
points, one over the other, between the quantities compared. 

• Thus a : b expresses the ratio of a to 6; and 12:4 the ratio 
of 12 to 4. The two quantities together are called a couplet^ 
of which the first term is the. antecedent, and the last, the 
ctmsequent, 

348. This potation by points, and the other in the form of 
& fraction, may be exchanged the one for the otlier, as con^ 
lEenience may require ; obserx^ng to make tlie antecedent cp — 
the couplet, the numerator of the fraction, and the consequent 
the denominator. 

Thus 10 : 5 is the i^ame as V^ and & : d, the same as 2* 

349. Of thesei three, the antecedent, the consequent, and 
the ratio, any two being given, the other may be found. 

«SMXiotdH. 
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Let a= the antecedent^ gs= the conseqncfit, rs the tatio. 

a 
By defimtion r^- ; that Uh the ratio is equal to the anteee- 

deiitdivided by the consequent. 

Multiplying by <J, a=<Jr, that is, the antecedent is equal to 

tne consequent multiplied into the ratio. 

a 
Dividing byr» cc=-% that is, the consequentis equal to the 

antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equals aiid 
dieir consequents equal, their ratios must be equal.* 

Cor. 2. Ify in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal.f 

350. If the two quantities compared are equaiy the ratio is 
a unit, or a ratio of equality. The ratio of Sx^ : 18 is a 
unit, for the quotient of any quantity divided bjr itself is 1. 

If the antecedent of a couplet is greater than the conse- 
quent, the ratio is greater than a unit. For if a dividend is 
¥ eater than its divisor, the quotient is greater than a unit, 
bus the ratio of 18: 6 is 3. (Art 128. cor.) This is called 
a ratio of greater inequalUy. 

On the other hand, if the antecedent is less than the con« 
sequent, the ratio is less than a unit, and is called a ratio of 
less nuquality. Thus the ratio of 2:3, is less than a unit, 
because the dividend is less than the divisor. 

851. INVERSE or RECIPROCAL ratio is the ratio 

or THfi reciprocals of two qxjantities. See Art. 49. 

Thus the reciprocal ratio of 6 to 3, is i to i, that is i-f-i; 

a 
The direct ratio of ^ to i is rt that is, the ameeedent divi<kd 

by the consequent. 

ff^ ,..111114* 

The reciprocal ratio is - • r or *--j-t==:-Xt =="•• 

*^^m ^^ %^^ ^^ ^1^^ ^» ^^9 

fiiat is the consequent h divided by the antecedent o. 



«£ac&d7«.5. t£ue»9^^ 
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Hence a recipocal ratio is expressed by irvoeriing the Jrac^ 
turn which expresses the direct ratio ; or^ when the notation 
is by points, by mDtrtmg the order of the terms* . 

Thus a is to fry inversely, as b to a. 

352. COMPOUND RATIO is the ratio of the PRO- 
DUCTS, of the corresponding terms of two or mors 

SIMPLE ratios.^ 

Thus the ratio of : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6. 

Here the cotnpound ratio is obtahied by mtdiiplj^ng 
together the two antecedents, and also the two ocmsequents^ 
of the simple ratios. 

So the ratio compounded^ 

Of the ratio of a: b 

And the ratio of c : d 

" And the ratio of h:y 

Is the ratio of ach: bdn=z^^ 

bdy 

Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio, m 
particular cases. 

Cor.^ The compMnd mtio is equal to the product of the 
simple ratios. 



The ratio of 


a : by IS J, 


The ratio of 


c : a, IS -J 
d 


The ratio of 


h : Vj is - 



y 

arh 

And the ratio compounded of these IS — , which is' the 

bdy 

froduct of the fractions expressing the lample ratios» (Art 
55.) 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 



mmn^mnmmt^ 
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ratio of the first itnteeeientio the kut.eoMefiteiUi is eywd to fheA 
uhkk %9 compomded of all the mtervtmng ratios.* 

Thus, in the teries of ratios aib 

b : c 
€ : d 
d:h 

the ratio of a : A is equal to that which is compounded of the 
ratios of a : 6, of 6 : c, of c : li, of <{ : A. For the compound 

ratio by the last article is ^!-l z=i. or a : A. (Art. 145.) 

htdh A 

In the same mannerj all the quantities which are both 
antecedents and consequents will aisaffsor when the frac- 
tional product is reduced to its lowest tenns^ aixd will leave 
the compound ratio to be expressed by the first antecedent 
and the last consequent. 

S54. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itstlj^ or into another txpud 
ratio. These are termed iofHifiait^ triplicate^ quadruplicate^ 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the ^^icore 
of the simple ratio, is called a duplicate ratio. 

One compounded of thresy that is, the cube of the simple 
ratio, is called triplicate, &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subdvpUcate ratio ; that of the cube 
roots a subtr^flicate ratio, &a 

Thus the simple ratio of a to i, is a : 6 

The duplicate ratio of a to ft, is a* : ft* 

The triplicate ratio of a to ft, is c^ : ft^ 

The subduplioate ratio of a to ft, is \/a : d^b 

The subtriplicate of a to ft, is J^d : ^ft, &c. 

The terras dupliaOe, triplicate^ &c. ought not to be con* 
founded with double^ triple^ &c.f 

The ratio of 6 to 2 is 6 : 8=5 

Double this ratio, that is, twice the ratio, is 12 : 2=s6 > 
Triple the ratio, L e. three times the ratio, is 18 : 2=9 ) 



* This w the particular caae of compoand ratio which is treated of ia ths 
ilklMwk^Eudid. Sm Um •dkioM of SimMNi aoad Playftir. 

tSeaNotelL 
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But the dupUeaUratioyLe^thxi squwe of the mtksis ff* : 3^=9 > 
And the triplicaU ratio, ue; the eufre of the ratio^ is ff : 2!=:^S7 > 

355. That quantities may have a ratio to each other, it is 
occessaiy that they should be so fttr of the same nature, as 
that one can properly be said to be either eqtial to,CHrgreater» 
or less than the other. A foot has a ratio to an inch, for one 
is twelve times as great as the other. But it caraiot be said 
that an hour is either shorter or longer than a rod ; or that 
an acre is greater or less than a degree. Sttll if these quan- 
tities are expressed by numbers^ there may be a ratio between 
the numbers. There is a ratio between the number of min- 
utes iit an hour, and theliumber of rods in a mi!e. 

356. Having attended to the nattare of ratios, we have next 
to conrider in what mamler they will be affected, by varying 
mie or both (^ the terms between which the comparison is 
made. It must be kept in mind that» when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numerator^ and the conseqttent the denominator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the qimntities 
comparea. For the ratio of the two quantities is the same as 
the value of the fractions, each being the quotUTtt of the 
numerator divided by the dencmiinator. (Arts 135, 346.) 
Now it has been shown, (Art. 137,) that multiplying the 
numerator ci a fraction hy any quantity, is multtpl3ring the 
value by that quantity ; and that dividing the numerator is 
dividing the value. Hence, 

357. MuUiptymg the antecedent of a couplet by any qnantitg^ 
k muUiplwng the ratio by that quantity ; €md dvmmg the mile- 
^dent U aioiding the rcUio, 

Thus the ratio ot 6 : 2 is 3 
And the ratio of 24 : 2 is 12. 

Here the antecedent and the ratio, in the last couplet, are 
each four times as great as in the first. 

The ratio of a : 6 is ^ 

d 

And the ratio ofnatbis^ 
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Cor. With a gfren consequent, tbe greater the (mieeedenl^ 
tlie ^ater thero^io ; and on the other hand, the greater the 
ratio, the greater the antecedent.* See Art. 137. cor. 

358. MuUiplying the eensequent cf a couplet by any quanHig 
js, m effecty dividit^ the ratio by that quantity ; and d'mding thk 
consequent is multiplying the ratio. For multiplying the denom- 
inator of a fraction, is dividing the value ; and dividing the 
denominator is muUipiyiDg the value. (Art. 138.) 

Thus the ratio of 12: 2, is 6 
And the ratio of 12 : 4, is 3.^ 

Here the ccmsequent in the second couplet, is twice as great, 
and the ratio only half as great, as in tlie first 

The ratio of a : 6 is - 

o 

And the ratio of a : n&^ is -^. 

no 

Cot. With a given antecedent, the greater the consequent, 
the less the ratio ; and the greq.ter the ratio^ the lees tlie con- 
sequent.! See Art. 138. cor. - . 

359. From the two last articles, it is evident that mubtply^ 
ing the antecedent of a couplet, by^any quantity, will have the 
same effect on the ratio, as dividing the consequent by that 
quantity; and dividing the antecedenty will have the same 
effect as multiplying the consequent. See Art. 139. ' 

Thus the ratio of 8 : 4, is 2 . 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8:2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the cons<equent, or from the conse- 
quent to the anteceaent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
from one term to the otlier, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6:9=2>,, ^ 

Tranrferring the fector 3, 6 : f =2 j ^^® ^^^^ ^^^ 



4* Euclid 8 and Id. 6. The first part of the propositkma. 
t£ttclidaaiul 10. 6. The last part of the propoaitioiM. 
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' , ^ WW , Ilia, _ nw 

The rauo of - : i=y-^6=-^ 

Transferring y ma: 6y =ma-5-6y= t^ 

hy by ma 

Transferring m, a:-«a-^^=-^ 

360. It is farther evident, from Arts. 357 and 358, that if 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTIFLlEDj 
OR BOTH DIVIDED, BV THE SAME QUANTITY/ THE RATIO WILL 

KOT BE ALTERED.* See Art. I4Q. 

Thus the ratio of 8:4=21 

Mult, both terms by 2, 16 : 8=2 > the same ratio. 

Divid. both terms by ^ 4: 2=2 J 

a 
The ratio of a : h^T 

Multiplying both terms by m, ma : mbz:z'-^=^r 

Dividing both tenna by «, ^^=^4 

Cor. 1. The ratio of two fractions which have a conunoa 
denominator^ is the same as the ratio of their numerators. 

ah 
Thus the ratio of -- *-, is the same as that of a : 6. 

Cot. 2. The Unci ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their denomvMUors. 

a a 11 

Thus the ratio of — J -, is the same as :- • -, orn : m. 

m w m w 

S61. From the last article, it will be easy to determine the 
ratio of any two fractions. If each term be multiplied by 
the two denominator^ the ratio will be assigned in integral 
expressions. Thus multiplying the terms of the couplet 

o c abd bed , . . , , * ^ i 

r : -J by M, we have -r- • -j-, which becomes oa : oc, by can 

celling equal quantities from the numerators and denomi 
nators. 



* Euclid, 15. 5. 
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S61. 6. A ratio of greater uuquaUfy^ compounded mth 
another ratio, mereaaet iu 

Let the ratio of greaterinequality be that of l-)-n ; 1 

And any given ratio, that of a: b 

The ratio compounded of these, (Art. 352,) is a-^na : i 
Which is ^cater than that of a : 6 (Art. 356. cor.) 
But a ratio of leeser mequalUyf compounded with another 
ratio, diminishes it. 

Let the ratio of lesser inequality be that of 1 -n : 1 

And any given ratio, that of a : & 

Th< ratio compounded of these is a - tia : 6 

Which is less than that of a : k 

362. If to or from tiu terms of any cotqdetf there he aoded or 
suBTaACTED two Other auantUies havu^ the same riUto^ the sums 
or remainders voill abo have the same ratio.* 

Let the ratio of a : 6 > 

Be the same as that of eid) 

Then the ratio of the sum of the antecedents, to the sum 
of the consequents, viz. of o-f-c to b^dy is also the same. 

a^e e a 



That is 



DenumstrcUion, 



a c 
1. By supposition, j=5 

ft. Multiplying by 6 and d, ad=6e 

5. Adding cd to both sides, ad^cdszbc-^cd 

b c+ed 
4. Dividing by d, a-\-ez=: — g— 

a^c c a 

6. Dividing by 6+d, j-p=2=g- 

The ratio of the difference of the antecedents, to the diflfer- 
ence of the consequents, is also the same. 

Tliat is iZi «.f._l 
'^b^d'^'d-b 



« Euclid. 6 and 6« 5. 
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1. By 8U{4K)6ition, ds before, r^j 

S. Multiplying by b and il, ads 6c 

5. Subtracting cd from both pideei, od - ci{= 6c - cd 

4. Dividing by (i, a - c= ^"T . 

a 

6. Dividing by 6 - <l il4=^=f. 

6 — a a 6 

Thus the ratio of 15 : 5 is 3 

And the ratio of 9 : 3 is 3 

Then adding and subtracting the terms ^ the two coupletSy 



The ratio of 15+9 : 5+S is 3 

And the ratio of 15- 9 : 5-3 is 3 



I 



Here the terms of only two couplets have been ^ded to^ 
gether* But the proof may be extended to any number ol 
couplets where the ratios are equal. For, by the addition of 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be added, a fourth, &c. Hence, 

363. If, in several couplets, the ratios are equal, the bum 

OF ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE 
•UM OF ALL THE CONSEQUENTS, ^HICH ANY ONE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.^ 

1!^: 6=2 
Thus the ratio ^^3 : 5=1 

6 : 3=2 

Therefore the ratio of (I34.JO+84.6) : (64-5+4-f S)=2. 

363, 6. A ratio of greater inequality is dimnisfud, by adding 
the same quantity to both the terms. 



Let the given ratio be that of €i-(-6 : a or 



a+b 



a 
Adding x to both terms, it becomes a-|-64-^ : d^x or ^"^ ' * 



>» Euclid, 1 and 12, 5. 
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Reducing them to a commoii deiKsiuiiator, 

The first becom«i a'+ab+ax+bx 

And the latter €±ftt^. 

a{a+x) . 

As the latter numerator is manifestly less than the other, 
the rcUio must be less. (Art. S56. cor.) 

But a ratio of lesser inequaUtg is increased^ by adding the 
same quantity to both terms. 

Let the given ratio be that of a- fr : a, or IZz 

a 

Adding X to both teraH^ it becomes a - b+x : a^x or 



a-^x 
Reducing them to a common denominator. 

The first becomes d'-ab+ax^bx 

«(a-f-a;) 

And the latter, ^^^+^^ 

As the latter numerator is greater than the other, the rix/ta 
is greater. ' 

If the same quantity, instead of being added, is siAtracted 
firom botli terms, it is evident the efiect upon the ratio must 
be reversed. 

Exauifitei. 

1 . Which is the greatest^ the ratio of 1 1 : 9, <»: thajL of 
44:85! 

2. Which is the greatrat, the ratio of a+S : id, or that of 
2a+7 : 'a ? 

5. If the antecedent of a couplet be 65, and the ratio IS, 
what is the consequent t 

4. If t)ie consequent of a couplet be 7, and th6 ratio 18, 
what is the antecedent. 

6. What is the ratio compounded of the ratios of 3 : 7, and 
ta : &b, and 74H-1 : % -2 1 

6. Wliat is the ratio compounded of x-^-y : b, and 
X'-^y lOr^b^wAa+b: hi Ana. s^-^j^ : bh. 
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7. If the ratios of 5*4-7 : 2x - S^ an*j?+8 : |«+* be com*. 

Cundedy will they produce a ratio of greater inequality, or irf 
iser inequality 1 Ans. A ratio of greater inequality. 

8. What is the ratio compounded of ^+y : a, and x-^y : b^ 

aod b : — - — - 1 Ans. A ratio of ecpiality. 

9. What is the ratio compounded of 7 : 5^ and the dupli- 
cate ratio of 4 : 9, and the triplicate ratio of 3 : 2? 

Ans. 14 : IS. 

10. What is the ratio compounded of 3 : 7, and the tripliv 
caie. JEatio of x i y, aod the siuMiuplicate tatio of 49 : 9 ? 

Ans. X* : y*. 

PROPORTION. 

. 363. An accurate and familiar acquaintance with the doc* 
trine of ratios, is necessary to a ready und^irstapEiding of the 

Crinciples of proportion^ one of the most important of all the 
ranches of the ixiathematics. In oooasideHng ratios, we 
com}^Hre two 'quasUUus, for tlie purpose of finding either th^r 
difference, or the <]^uotient of the one divided by the other. 
But in proportion, the comparison is between two ra^5« 
And tliis comparison i» limited to such ratios as ' are ^liol^ 
We do not inquire how much one ratio is greater orhss thaii 
another, but whether they are the same. Thus ttie mimbere 
12, 6; 8, 4, are said to be proportional, because the rntio of 
12 : 6 is the same as that of 8 : 4. . 

364. PaopORTiQN, then, is dn equality cf ratios^ It is ei- 
ther aritkmetical or geometrical. Arithmetical proportion is 
an quality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers ^ 
4, 10, d, are in arithmetical proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geometrical prppc»« 
tion, because the quotient of 6 divided by 2, is the same ae 
the quotient of 12 divided b^ ^ 

365. Care must be taken not to confound proportion with 
ratio. This- caution is the more necessary, as hi common 
discourse, the twa terms are used indiscrimmately^ or rather, 

*SeeNbteLk 

17 
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proportion i$ used for both. The expenses of one man are 
eaia to bear a greater proportion to his income, than those of 
another. But according to the definition which has just been 

Plven, one proportion is neither greater nor less than another, 
or equality does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to propartian^ when the term Is 
used in its technical sense. The loose signification which is 
80 frequently attached to this word, may be proper enough in 

6 miliar language : for it is sanctioned by a general usa^ 
ut for scientific purposes, the distincticni between proportion 
and ratio should be cleady drawn, and cautiously observed. 

866^' The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of t;erms among which this equality of ratios exi^jts. 
Thus the two cou[^ets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

867. Proportion may be expressed, either hf the common 
fign of eqnality, or by four pomts between the two couplets. 

rp. C 8 •• 6=4 •• 2, or 8 •• 6 : : 4 •• 2 > are arithmetical 

^® (a - b=zc " rf, or a •• 6.: : c •• rf ) pioportions. 
A , ( 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
( a : b=zd : A, or a: b::d:h) proportions. 

The latt^ i& read, * the ratio of 4i to 6 equals the ratio of d 
to A;* or more concisely, ^a is to 6, as d to A.* 

368. The first and last terms are called the extfemes^ and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. . .Analogous terms 
are the antecedent and consequent of the same couplet 

369. As the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first. 

If a * b : : c : iL then cidiiaib. Fxnt if 7=^then .= ^^ 

b d d b 

370. The niunber or terms must be, at Jeast, four. For 
the equality is between the ratios of iufo couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, howeverj among tlu;ee qwrniHisB. For 
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mi» of the. quantities may be TtptuHd^ so as to form two 
terms. In this case the quantity repeated is called the lmd» 
(Ue lefTfiy or a mean proporiiofiai between tiie two other quan* 
titles, especially if the proportion is geometri<^al. 

Thus the numbers 8^ 4^ 2, are proportional. That is, 8 : 
4 : 7 4 : S. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro- 
.portioned between 8 and 2. , 

The last term is called a third pr4q)orHonal to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

37 L Inverse or rec^proe«tZ proportion is an equality between 
a MretA ratio, and a redproccU ratio. 

Thus 4 : 2 : : i : i ; that is, 4 is to 2, rectprocdUy^ as 3 to 6* 
Sometimes also, the order of the terms in one of the couplets, 
is inverted, without writing them in the fonn of a fraction. 
—(Art. 351,) 

Thus 4 : 2 : ^3 : 6 inversely. In this case, the first term 
is to the second^ as the fourth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

372.. When there is a series of quantities, such that the 
ratios of the first to the second, of tiie second to the third, of 
the third to the fourth, &c. are all egwd; the quantities are 
said to be in cantinated propcrtUm. The consequent of each 
preceding ratio is, then, the antecedent of the following 
one.— Continued proportion is also called progressitm, as will 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued aiithme'^ 
tkcd proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. For 64 : 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If 0, 6, e, dy hy &c. are in continued geometrical proper* 
tion ; then a:b: :b:c::c:d::d: hy &c. 

One case of continued proportion is that of three proper* 
tional quantities. (Art. 370.) 

373. As an caithmeticdl proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a,.b::c. . d 

Is the same as the equation a-b=c-4L 



IQB ALGEBRA. 

It will be proper, however, to observe that, if fawr tfom^u 
ties are in artihiiieiical proportion, tiu stem of the extremes u 
equal to the suni oftlie means. 

Thus if a . . 6 : : A . . m» then a^ms^h-i^h 

For by supposition, a - 6= A - m 

And transposing - b and - m, a-4*m=:64-A 

Sointheproportion,12..10::11..9,weliavel24.9ss:I04.11. 

Again if three quantities are in arithmetical proportion, the 
ficm of the extremes is equal to double the mean. 

If a. .6::6..e, then, ii-fr=i-e 

And transposing - b and - c, a-4-«=Si* 

GEOMETRICAL PROPORTION. 

S74. But if four quantities are in geometrical proportiol^ 
ihe PRODUCT of the extremes is equal to the product of the 
means. 

l[a:b::c:df ad=^be 



For by supposition, (Arts. 346, S64.) 



abd cbd 



Multiplying by bd, (Ax. S.) 

b d 

Reducing the fractions, adssbe 

Thus 12:8:: 15: 10, therefore 12x10=8x15. 
Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If a : mfr : : :r : y, then a :b::mx:y. For the 
product of the means is, in both 6ases the same. And U 
na:b::x:y^ then a:b::xiny. 

875. On the other hand, if the poduct of two quantities 
is equal to the product of two others, the four quantities will 
fonn a proportion, when they are so arranged, that those on 
one side of the equation shall constitute the means, and those 
on the other side, the extremes. 

If fny::=:nA, then m : » : : A : j^ that is, ZTs. 

For by dividing my=znhhy ny, we have I^^_ 

ny ny 

And reducing the fractions, Zsz!t 
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Cor. The sedne^musthe ixuQ of anyjadors which form th« 
two sides of an equaiicia. 

If (a+fc)x^==(rf-wi)xj/> thena+6 : d-tn: :y :e. 

. S76. If lAr€« quantities are proportional, the product of the 
extremes is equal to the sqtiare of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last, J Art. 370.) It is 
therefore to be multiplied ifUo iisdfj that is, it is to be squared. 

If a: b::b : Cf then mult extremes and means, ac=6*. 

Hence, a mean proportional between two quantities may be 
found, by extracting the. square roat of their product. 

If a : x::x: Cy then ^z^aCy and a?ss\A»c* (Art. 297.) 

877. It follows, from Art. 374, that in a proportion, eithei 
extreme is equal to the product of the means, divided by the 
other extrenote ; and either of the means is equal to the pro', 
duct of the extremes, divided by the other mean. 



1. If a : 5 : : c : d, then 

V, 

2. Dividuig by (f| 




3. Dividing the first by c, 

4. Dividing it by J, 


6-^ 
c 

,^ ad . 


5. Dividing it by a. 


d-^; that is, the 



a 

fourth term is equal to the product of tlte second and third 
divided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Rule of Three. Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the secondhand third, and dividing by 
the first. 

378. The propositions respecting^ the products of tlie 
means, and of the extremes, furnish a very sim^rfe and con- 
venient criterion for determining whether any ibur quantities 
are proportional. We have only to multiply the mean* 
together, and also the extremes. If the poducts are equals 
the quantities are proportional If the products are not equals 
the quantiti^e are ;aot proporti(»ial. jy^ 
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379 In mathematical investivations, when the rdations 
of several quantities are given, they are frequently stated m 
the fonn of a proportion. But it is commonly necessary that 
ihis first proportion should pass through a number of trans- 
formations before it brings out distinctly the unknown quan- 
tity^ or the proposition which we wish to demonstrate. It 
may luidergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the product of the extremes. 

It is evident, in the first place, that any alteration in the 
arrangement^ which will not affect the equality of these two 
products, will not destroy the proportion.. Thus, if a : A ; : c : d, 
the order of these four quantities may be varied, in anyway 
which will leave adszbe. Henc^ 

380. If four quantities are proportional, the order of 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS, MAT B|& IMVERT]gJ>.Ji|riTHOUT DESTROTIKO 
THE PROPORTION. 

If a: b::c : d} ^ 

And 12:8::6:45"^^°» 

1^ Inverting the meane,* 

:b:d} ^y^^^ . ( The frw is to the thirds 
: S : 4 y ^ ^ As the second to the fowiJL 

In other wfH-ds, the ratio of the amU^eedenti is equal to the 
ratio of the conseqtLenis. 

This inversion of the means is frequently referred to by 
geometers, under the name of ^Hem€Uion.i[ 

2. Inserting the extreme$i 

d : b::c : a > ., . . C The fourth is to the afcomf, 
4 : 8: : 6 : 12 r^'^^ ^^' I As the /Ami to the first. 

3. Inserting the terms of each covplet, 

b : a ::d : c } , . C The second is to the firsty 
8 : 12 : :4 : 6 i "**^ *^ i As the fourth to the third. 

Tliis b technically called Inversitm- 
Each of these may also be varied, by chang^g" the ord^ 
of the two couplets. (Art. S69.) 

Cor. The order of the whole proportion may be inverted. 

If a:b::e:dj then d:c::b: a. 



a :c 
12:6::S 
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In each of these cases, il will be at once seen that, by 
taking tlie products of the means, and of the extremes, we 
have ad=^bcy and 12x4=8x6. 

If the terms of only one of the couplets are mvertcd, the 
proportion becomes reciproccU. (Art 371.) 

If a : b : : e : <{, then a is to fr, reciprbcally, as d to e. 

$8\^ A difference of arrangement is not the tmly alteration 
which we have occasion U> produce, in the terms of a pto- 
pcHlion. It is frequently necessary to multiply, divide, involve, 
«c. In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality^ between the ratio of the two first terms^ 
and that of the two last. As in resolving an equation, we 
must see that the rides remain equal ; so in varying a pro^ 
iKMrtion, the equality of the ratios must be preserved. And 
ihis is effected either by keeping th^ ratios the samey while 
the terms are altered ; or by increasing or diminishing one of* 
the ratios iis much asf the other. Most of the succeeding proofer 
are intended to bring this princi(de distinctly into view, and 
to make it ftimiliar. Some of the propositions might be de* 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. Byt this would not give so clear 
a view of the nottfre.of the several changes in the proportions. 

It has been shown that, if both the terras of a couplet be 
multiplied or divided by the same quan^y, the ratio will re. 
main the same ; (Art. 360.) that multiplying the cmttcetkM 
is, in effect, multiplying the ratio, and dividing the antece«* 
dent, is dividing the ratio ; (Art. 357.) and fiurther, that mul- 
tiplying the eonseqy^eftdy is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are equal, if they are both 
multiphed, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or diminished 
as nHich as the other. Hence, 

382. If four quantities are proportional, two analogous 

OR TWO homologous TEIIMS MAT BE MULTIPLIED OR DI- 
VIDED BT THE SAME Q^UANTITT, WITHOUT DESTROYING THE 
PROPORTION. 

If onalogmw terms be midti[died or divided, the ratios will 
not be altered. (Art. 360. ) If lumelogem terms be multi* 
nhed or divided, both ratios will be equally increased or 
diminished, (Arts. 357| 8.) 
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If a: b::c : dj then, ' 

1. Multiplpng the two first terms, ma: mb: :ci d 

2. Multiplying the two last terms, a : bi:mc : md 

3. Multiplying the two antecedeDts,* ma: b::mc: d 

4. Multiplying the two consequents, a:mb::c ; md 

5. Dividing the two first terms, S! : ^::c : d 

m m 

6. Dividing the two last terms, a : ft : : f. : — 

m m 

7. Dividing the two antecedents, f. : ft : : £ : rf 

mm 

8. Dividing the two consequents, a : _ : : e : ^. 

m m 

Cor. 1. Ml the terms may be multiplied or divided by the 
• same quantity.f 

ma:mh:imc r-md, £ : ^ : : £ : — . 

in m m m 

Cor. 2. In any of the cases in this article, multipIiciKtioii 
of the consequent may be substituted for division of the ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent. (Art. 869, cor.) 

^ fma:ft::mc:dl i fa;— rrmcdl \ma:b::c : fi. 
ThuBJ l^J m >or< ^ 

] £ : ft : : f. : d I •^ I a:m6::£.:i ( ] ^:b::e:md 
Lm m J ^ \^ m J Lm 

383. It is often necessary not only to alter the terms of a 
proportion, and to vaiy the arrangement, but to compare one 
pn^fportum wUh another. From this comparison will fi^equently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the iome with two in 
the other. The similar tenns may be made to dUappmr^ 
and a new proportion may be formed of the four remaming 
terms. For, 



Wi.> 



«£ilcUd3.5. t£iiolid4.5i 






PBOTcm'noN. .10} 

' S84. 1r TWO EATfOS ARS Si»^EGTITEtf £^^0^1- VO A THIJU^ 
TRBT ARE E^AL tO EACH OTHER.* 

This is nothiag more than the 1 1th axiom applied to ratios. 
And c:a: iminy ^ ' 

*'F, ^•*--^-2hhena:6::c:rf,ora:e::l:A 
Andm:n: :e : a 5 - 

•*-^*"-2^hena:6>c:rf.t 
:n>c::tf) ^ * 



Cor. If a: ft:: m:n 
m 

For if the ratio of m : n is greater than that of c : i{> it is 
manifest that the ratio of a : 6, which is ^tpuX to that of m : n» 
is also greater than that of c : d. 



S85w In these instances^ the terms which are alike in the 
iwo proportions are the two fir^i and the two Ja9^ But this 
arrengenient is not essc^ntiaL The order of the terms may 
be changed^ in various ways, without affecting the equality 
of the ratios. 

1, The similar terms may be the two ofUecedeiifr, or tiip 
two coiUtfftKn/ty. in each proportion. Thus, 

If in : a : : n : 6 > ,u^j. J By alternation, mmwaxh 
And m ; c : : ft : d ) \ And vixn\\t\ i 

Therefore a-: 6::c:d, ora:c::ft:d,by the last article. 

2. The antecedents in one of the jHroporlions, may be the 
seme as the c&nsequmts ia the other. , 



If m : a : : n : fr ) ^j^ C By inver. and altem. a: hum: 
And c : m T : d : n 5 < By alternation, e:d::m: 



n 
n 

Therefore a : 6, &c. as before. 



3. Two homologom terms, in one ot the proportims, may 
{^ the .same, as two analogimi tenns in the other. 

If a:in::ft:n) , (Byaltemfttion, ii:6::m:n 
Andc:d::m:n5 ( Aiid €:d::iii:ti 

Therefore, a : i, &c. 

All these are instances of an equaUty^ between the ratios in 
one proportion and those in another. In geometry, the 
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proposHioii to which they belong is nsoafly cited by the 
words ** ex atquOj** or ** ex aequalL^^* The 8ec<«)d ease in 
this article is thai which in its form, most obviously answers 
to the explanation in Euclid. But they are atl upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

386. Any number of proportions may be compared, in the 
same manner, if the two first or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last in the following one.* 

Thus if a:6::c:d1 

And c : (2 : : & : { I .Y. l 

And A:I::m:«f**°'''*''*'y- 

And fn:n::x:yj 
That is, the two first terms of the first proportion have the 
same ratio, as the two last terms of the last proportion. Fax 
it is manifest that the ratio of aU the couplets is the same. 

And if the terms do not stand in the sanie order as here, 
yet if they can be redticed to this form, the same principle is 
applioal^. 

ITius ifa:c::h:dl fa:h::eid 

a"J Vt'-V^ UhenbyaltemaUonUif.viii 
And h:m::l:n( ^ ^h:l::min 

And m: x::n:yj \^m:n::x:y ^ 

Therefore a : 6 : : or : y, as before. 

In all the examples in this, and the preceding articles, th6 
two terms in one proportion which have equals in another, 
are neither the two meansy nor the two extremes^ but one of 
the means, and one of the extremes ; and the resulting pro- 
porti<m is uniformly direct. 

887. But if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in 
another, the four remaining terms will be rec^^caUy pr9por* 
tiorud. 

If a:m::n:6>., II ,. 

And ^=S \ ^^^- ^""^-^ Therefore ab=ed, and a : c : : <l . 6. 

♦EucKd2S.5. 



> then a:c::d:b. 



In this exampte, the two means in one proportibn, aie I3:e 
thoBe in tiie other. But the princifHe will be the same, if the 
^xtrmnes are alike, or if the extremes in one proportion are 
like the means in the other. 

If iii:a::6:ii) then «:c: idrk. 

Orifa:ifi::ii:6 
And m: e iidin 

The proposition in geometry which applies to this case, is 
UBHajily cited by the words ^* ex aequo pertwbate.^* 

S88. Another way in which the terms of a proportion may 
be varied, is by adJUHon-Oi xtAtractian. 

Ir TO OR FROM TWO ANALOGOUS OR TWO HOMOLOGOUS 
TERSfS OF A PROPORTION, TWO OTHER QUANTITIES HAVING 
THE SAME RATIO BE ADDED OR SUBTRACTED, THE PROPORTION 
WILL BE PRESERVED-t 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio* (Art. S62.) 

If a : 6 : : c : d ) 
And a:b:im:n) 

Then by adding to, or subtrieicting from a and 6, the terms 
«f the equal ratio m : n, we have, 

a4-m:ft-4-ti: leii^ and a-^mib'-n: :e:d. 
And by adding and subtracting m and n, to and fr<»n e and 
d we have. 

Here the addition and subtraction are to and from analo* 
fous terms. But by alternation, (Art. S80,) these terms wtti 
become Aomoiogoti^, and we shall have, 

^ a4-m:c: :fi4-*^:d, and a-m:c::6-n:ii. 

Cor. 1. This addition may, evidently, be extended to any 
number of equal ratios, f 

{t: d 
fii:ii 
x:y 

Then a : 6 : : t-^-h+m+x : d+l+n+ff. 
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For by alternation a:e:ib:d'> there- ( a+m : c-f n ::hzi 
And m:ni:b:dl fore ( ora-(-m:^::c-4-n:dL- 

389. From the last article it is evident that if, in any pro* 
portion, the terms be added to^ or subtracted &iXAj$meh otiur, 
that is, 

Ip two AKALOOOUS or HOMOLOeaVt TERMS BE ADOEO TO, 
OR SUBTRACTED FROM THE TWO OTHERS, THE PRaFORtlOH' 

WILL BE PRESERVED. 

Thus, ifa:6::c:d, and 12:4: :6: 2, then, 

1. Mding the two last terms, to the two first 

a+e:h+d\:a:h 124-6: 4+2:: 12: 4 

BxA€^c\h+di:c:d 12+6: 4 + 2:: 6:2 

ora+c:a::6+tf : 6 12+6: 12:: 4+ 2:4 

and <^.c : c : : 6+^ : ^ 12+6 : 6 : : 4+ 2 : 2. 

2. Adding the two anteeedaUSf to the two canse^ttenU. 

a+b:b::c+d:d 12+4: 4:: 6+2: 2 

11+6 : a : : c-^-d : c, Lc. 12+4 : 12 : : 6+2 : 6, Slc 

This is called ComparittOfi.t . 

S. Subtraei^ the two jlrW terms, from the two laH. 

c-a: a: :cl-fc:6 
e-a: c : :d-ft : (^ &c. 

4 Svbtracimg the two {luf terms from the two first. 

a^e: b^d: :a:b^ 
a^c: b^d: teidf &c. 

5. 8ubtracti$ig- the consequents from the (mUctdeiUs* 

a-fc : 6::c-d: d 

a : a-6 : : c : c-d, &c. 

The alteration expressed by the last of these forms is called 
Cinwerswn. 

6. Subtradmg the antecedents bom ^e cofifef ucnto. 

b'-a: a::d^e: e 
b : b-^ctd: d^Cyiic. 



mm^» m 
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That 18^ th9 sum of tbe two finiC terfns, is to th^iir differ- 
meep as the sum of the two Last, to their differenoe. 

Cor. If aay compound tjuantitiec^ arranged as in the prece* 
4ing examples, are proportional, the simple quantities of which 
they are compoun<fed are proportional also. 

Thu% if a+b :b:: t-^ : d^ iixen a:b::c: d. 

This is called JDttrwion.* 

_ » 

S90. If the correspondino terms of irwb or morb 

RANKS OF PROPORTIONAL QUANTITIES BE MULTIPLIED 
TOGETHER, THE PRODUCT WILL BE PROPORTIOMAl.. 

This is compoiindisigf. ratios, (Art. 352^) or compounding 
proportions. It should be distinguished fix)m' what is callea 
campositwn, which is an a/ddkion of the terms of a ratia (Art. 
889. 2.) 

If aibizeid} 13:4::6;2> 

And' ^: I ::m:n 5 10; 5::aj4) 

Then ah:bl::cm:dn 12Q : ^0: : 48 : & 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank. 
And multiplying the corresponding terms is multiplying th^ 
ratios, (Art. 357. con) that is, multiplying equab by equid$ ; 
fAx. S.) so that the ratios will still be equal, and therefore 
Uie four products must be pi-oportional. 

The same proof is applicable to any number of proporti<ms» 

(a: b::c:d 
It }k: l::m:n 

ip:q::x:y 
Theaal^zblqizcmxidtuf. 

From tills it is evident, that if the terms of a'proportion be 
nmltiplied, each into itself^ that is, if they be raised to Mg 
pawcTf they wiH still be proportion&L 

Uu:b::e:d «:4::6:1» 

azbiicid t:4;:6: IS 



I' »4 



Tbea A* : 6* : : (^ : ((* 4: 16:: 36: 144 
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Proportionals wSl also be obtiuned^ ij rovemng QSm pm* 
cess, that is, by extracting the roots of the terms. 

If a : 6 : : c : d^ then ^a : V^ ^ « V^ • V^ 

For taking the product of extr. and meanc^ adsrbe * 

And extracting both sides, ^adr=.^ht 

That is, (Arts. 259, 375.) Js/a\ ^/h\\^/c\ yi 

Hence, 

89 1. If several quantities are proportional, th£ir like 

rOWCAS OR LIKE ROOTS ARK PROPORTIONAL.* 

p 

If a : 6 : : c : £l 
Then «r : fr* : : c* : d", and S^a : V* • • V^ • "K/^' 

And lijfC : y/V\ : y/d" : v'*'* that is, cT : i* : : ^ : iF. 

S92* If the terms in one rank of proportionals be divided 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the resolution of ralios. 

If a:b::c:d} IS : 6:: 18: 9> 

And h:l::m:nl 6:2:: 9:3) 

Then?:f::i:^ 1!:?::1^> 

A I m n 6 2 9 S 

This is merely reversing the process in Art. 390, and may 
be demonstrated in a similar marmer. 

This should be distinguished from wliat geometers call 
division^ which is a subtraction of the terms of a ratio. (Art. 
889. cor.) 

When proportions are compounded by multiplicaUon^ it 
will often be the case, that the same faUor will be found in 
two analogous or two homologous terms. 

Thus it a:b::e : d 



And m 



:b::e: d} 
: a::n: el 



am: abiim : cd. 

Here a is in the two first terras, and c in tlie tw^ last Di- 
Wding by these, (Art. 382,) the proportioto becomes - 

mi b::n:d. Hence, 



* It must not be mferred inm this, thai fiuantitief have the wune rtiti^ «•* 
tbeir Uke powen or like roots. See Ari. 354. 
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S99. In compoundhi^ proportions, eqttal fMcrs or dwisori 
in two analogous or homologous terms, may be r^ecied. 

d 12 :4::9 :S 

I 4:8;:3:6 

n 6:20::6:15 



Cd:b::e: 
If Uihiid: 



Thena:m::c:n 12:20::9:15 

This rule. may be applied to the cases, to which (he terms 
** ex aequo" and " ex aeqtio perturbate^ refer. See Arts. 385 and 
387. One of the methods may serve to verify the other, 

394. The changes which may he made in proportioni^ 
without disturbing the equality of the ratios, are so nume- 
rousy that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, 

1. By inverting the order of the terms, Art. 380. 

S. By multiphimg or dwit^g by the same qtuaUUyy Art« 383* 

3. By comparing proportions which have like terms j Art. 384^ 

5,6,7. 

4. By adding or subtracting the terfns of equal ratios, Art. 

388, 9. 

5. By multiplying or dimding ooa prdportion by another, Art. 

390, 2, 3. 

6. By involving or extracting the roots oi the terms. Art. 391. 

395. When four quantities are proportional, if the first be 
greater than the second, the third will be greater than the 
fourth ; if equal, equal : if less, less. 

For, the ratios of the two couplets being the satne, if one is 
a ratio of equcdityy the other is also, and therefore the ante- 
cedent in each is equal to its consequent ; TArt. 350,) if oiie 
18 a ratio of greater inequality ^ the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequaUtyy the other is also, and 
therefore the antecedent in each is less than its consequent. 

o=ft, c=rf 
Let a:hi:c: d; then if { a>ft, cy4 

a<^b, e<dm 
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Cor. L If the jbvl be greater than the thirds the mcomI 
will be greater than the/ourtA ; if equal, equal ; if le«% lees.* 

For by altematioD, a:b::e : d becoinea aicizbii^ with- 
mit any alteration of the quantities. Theref<»e^ if atsh, 
csssdf &c. 08 before. 

Cor. 8. If a : m : : c : n ) ., . - , , . . 
and m : J : :« : d r*^ "^ «=V*='^ *«-t 

For, by equality of ratios, (Art. 385. 2.) or compqninding 
ratios, (Arts, 390, 393.) 

a : i : : c : d. Therefore, if a=i, c=d, &c. as before. 
Cor. 3. If a:m::%: d) .^^^ *f ^ 1; *-_^ a^ + 

For, by compounding ratios, (Arts. 390, 393,) 
a: b:i€ : d. Therefore, if azsbj c=zdf See* 

395. b. If four quantities are proportional, their rec^^rocab 
are proportional ; and ¥• v. 

It a:b::c:dy then 1 : 1 j : 1 : * 

abed 

For iii each of these proportionsr we have, by reduction^ 
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896. When quantities are in continued proportion, aU the 
ratios are ep^oL (Art. 372,) If 

a:b::b :e::c: d: :d: ty 

the ratio of a : b is the sam^, as that of i : c, of e : d^ or erf 
d : e. The ratio of the fast of these quantities to the last^ is 
equal to the product of all the intervening ratios ; (Art. 35S») 
ihat is, the ratio of a : e is equal to 

abed 

b e d e 

But as the intervening ratios are all equdty instead c^ multi* 
plying them into ea(^h other, we may multiply any one of 
them into itself; observing to make the number of factors 
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equal to the number of intervening ratios. Thus the raao 
of a : e» in tlie example just given, is equal to 

a^ a a a a^ 

y V -'V -^ 

When several quantities are in continued proportion^ the 
number of couplets, and of course the number of ratios, ia 
one less tlian the number of quantities. Thus the five pro- 
portional quantities a, A, c, dy e, form four couplets containing 
four ratios ; and the ratio of a : 6 is equal to the ratio of 
a* : 6^ that is, the ratio of the fourth power of the fiist quan* 
tity, to the fourth power of the second. Hence, 

397. If three quantities are proportional, the first is to the 
thirds as the square of the firsty to the square of the second; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, K' duplicate xtxXo of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the ihree quantities are proportionaL 

If aihwh I Cy then a : c : : a* : 6*. Universally, 

398. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the intervening 
ratios raised to a power whose index is one less than the num* 
ber of quantities. 

If there are four proportionals a, i, c, rf, then a: dixcf :b* 
If tliere are fwe a, 6, c, df, e ; a : e : : a^ : &^ &e« 

399. If several quantities are in continued prq)ortion, they 
will be proportional when the order of the whole is inverted. 
This has already been proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num* 
ber of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are 2, 2, 2, 2, 

Between the same inverted 4, 8, 16, 32, 64, 

The ratios are i^ v ?' r 

So if the order of any proportional quantities be invertec}, 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion, each antecedent becomes a con> 
sequent, and o. «. and tlie ratio of a consequent to its anteccs 
dent is the reciprocal of the ratio of the antecedent to thi 
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consequent. (Art S51.) That tbe reciproeabof equal quaa- 
tittea are themselves equal, is evident frcnn Ax* 4. 

400. Harmonical or Musical Proportioii may be coa« 
fldered as a species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or more of the 
terms is the d^erence between two quantities. 

niree or four quantities are said to be in harmordcal propor^ 
Hofij when the first is to tlie laatf as the difference between 
the two firatj to the difference between the two huL 

If the three quantities a> by and c, are in hannonical pro- 
portion, then a: c:: a-b : 6-c. 

If the four quantities a, 6, c, and d^ are in harmonical pro* 
portion, then aid:: a-6 : c-cl. 

Thus the three numbers 12, 8, 6, are in harmonical pro* 
portion. 

And the four numbers 20. 16, 12, 10, are in haimonical 
proportion. 

401. If, of four quantities in harmonical proportion, any 
three be given, the other may be found. For from the {nro- 
portion, 

a: d:: a-b : c-dt 

by taking the product of the extremes and the mean% we 
have oc - a<{ = ad - bd. 

And this equation may be reduced, so as to give the value 
of either of the four letters. 

Thus by transpomng - ady and dividing by d, 

2ad^bd 
c= — . 

a 

ExampleSy in tohkh the tninciples of proportion art applied to ih$ 

solution of problems. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less diminished by 1 1 ; 
as 9 to 2. 

Let x=: the greater, and 49 -«=r the less. 
By the conditions proposed, «-{-6 : 38- x : : 9 : S 

Adding tenn^ (Art. 389, 2.) «-f 6 : 44 : : 9 : 11 

Dividing the consequents, (Art. 382, 8.) x-f 6 : 4 : : 9 : 1 
Mtdtiplying the extremes and mtoans^ S'^9ta9k And #ai8dl 
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2. Whtki number is that, to which if 1, 5, and 13, be seve- 
rally added, the first sum shall be to the second, a^ the sec- 
ond to tiu) third "^ 

Let xs= the number required. 

By the conditions, «+! : x+5 :.: «4-5 : ar-|-13 

Subtracting terms, (Art* 369, 6.) a?+l : 4 : : a?-}-5 : 8 
Therefore ap+8=:4x+20. And«=S. 

3. Find two numbers, the greater of which shall be tc tlie 
less, as their sum to 42 ; and as their difference to 6 

Let X and y =s the numbers. 

By the conditions, x :y:: x-^-y : 42 

And x:y::x^y: 6 

By equality of ratios, a?-j-y : 42 : : a: -y r 6 

Inverting the means, »+y i *^ J : : 42 : 6 

Adding and subtracting terms,(Art. 399, 7,) 2x : 2y : : 48 : 36 
Dividing terms, (Art. 382,) « : y : : 4 ; 3 

Therefore 3x=4^ Andx==S 

From the second proportion, 6x=xy X (a? - y) 

Substituting ^ for ar, »-=24. And a:=32. 

a 

4. Divide the nuniber 18 into two such parts, tliat the 
Squares of those parts may be in the mtio of 25 to 16. 

Let xs=z the greater part, and 18 - x= the less. 

By the conditions, ^ a? : (18- x)» : : 25 : 16 

Extracting, (Art. 391,) x: 18-a;: : 5 : 4 

Adding term% « : 18 : : 5 : 9 

Dividing terms, ap : 2 : : 5 : 1 

Therefore,^ x=l(X 

5. Divide the number 14 into two such parts^ that tbe quo- 
tientof the greater divided l^ the less, shall be to the quotienl 
of Uie less divided by the greater, as 16 to 9. 

Let x^ the greater part, and 14- jr=s the less. 
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By the conditions, ^ : — — : : 16 : 9 

Multiplying tcraw, «• : (14 - «)■ : : 16 : 9 

Extracting, dr : 14- « : : 4 : 3 

Adding terms, x \ 14 : : 4 : 7 

Dividing terms, x i 2 : : 4 : 1 
Therefore, ar=s8. 

6. If the niunber SO foe divided into two parts, which 
are to each other in the duplicate ratio of S to 1, what num- 
ber is a mean proportional between those parts 1 

Let x^ the greater part, and 20-x= the less. 

By the conditions, « : 20 - a: : : 3* : 1' : : 9 : 6 

Adding terms, jt : 20 : : 9 : 10 

Therefore, «=18. And20-a:=2 

A mean proper, between 16 and 2 (AH. 376.) =^2x18=6. 

7. There are two numbers whose product is 24, and the 
difference of their cubes, is to the cube of their di0erence, as 
19 to 1. What are the numbers % 

Let x and y be equal to the two numbers 

K By suppodtion, xt/=zft4 > 

2. And sf^f : (ar-y)»: : 19 : I J 

3. Or, (Art. 217,) oi'-y' : a:»-3a;^+3a:y«-.y»: : 19 : 1 

4. Therefore, (Art. 389, 6,) Sahf-Sxy" : (a?-y)» : : 18 . 1 

5. Dividing by ar -y (Art. 882, 6,) 8«y : (a? - y)» : : 18 : 1 

6. Or, as 3:cy=3x24=72, 72 : (ar-y)' : : 18 : 1 

7. Multiplying extremes and means, («-y)*s=4 

8. Extracting, d?-y=r 2 > 

9. By the first condition, we have «y=24 > / 

Reducing these two equations, we have :rz=6, and ys=4. 

8. It is required to prove that a:x:: ^^a-y : ^y 
on supposition that («+*)' : (a - x)^ : : x+y : ar - y.» 



*Bridge't A]fidbf«. 



PBUfOHTION. 906 

1. Expaiidingy if^-fiax+s^ : a* - iax-^s^ : : a?+y ^ « - y 

2, Adding and stibtracting terms, 2a^*f*J2;^ : 4iur : : 2ap : 2y 

5. Dividing ternis, ^ a*+a* : Uax ::x:y 
4. Trahsf. the factor ar, (Art. 374. cor.) a*-|-«' : Sa : : x* : y 

6. Inverting the means, a'+«* ^ «* : : 2a : y 

6. Subtracting t4&rms, a':^::2a-y:y 

7. E^ttracting, a :* : : ^2a-y : ^ 

d. It is required to proVe that <fc r=cy , if a? 18 to y in the 
^plicate ratio of a : i, and a : & : : iy/c-^-x : : \/d^y. 

I. Involving terms, a* : V : : V+ar : cJ-f-y 
S. By the first suppositioQ, d^:V:tx:y 

9'. By equality of ratios^ c-4-« : d+y : : x : y 

4. Inverting the means^ c-f-a? : « : : <i-|-y : y 

5. Subtracting terms, ezx: :d:y 

6. Therefore, dx^zcy. 

10. There are two numbers whose product is 135, and the 
difference of their squares, is to the square of their difference, 
as 4 to 1. What are the numbers 1 Ana. 15 and 9. 

II. What two numbers are those, whose difference, sum^ 
and product, are as the numbers 2^ 3, and 5, respectively 1 

Ans. 10 and 2. 

12. Divide the number 24 into two such parts, that th^ir 
product shall be to the sum of their squares, as 3 to tOL 

Ans. 18 and 6. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, ii to the quantity of brandy, as 
100 is to the number of goiUons of rum ; and tlte same dif • 
ference is to the quantity of rum, as 4 to the number .of 
gallons of brandy. How many gallons are there 6f each t 

Ans. 25 of rum, and 5 of brandy. 

14. There are two numbers which are to each other as S 
to 2. If 6 be added to the greater and subtracted from the 
less, the sum and remainder will be to each other, as 3 to 1. 
What are the numbers? Ans. 24 and 16. 

15. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, aa 
61 to h What are the numbers 1 Axis, 20 and 1& 
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16. There are two numbers, which are to each other, in 
the duplicaie ratio of 4 to 3 ; and, 24 is a hiean proportional 
between them. What are the nunitiers 1 Ans. 32 and 18. 

402. A list of tlie articles in this section which contain the 
propositions in the 5th book of Euclid.^ 

prop. I. Art. 363. XIII. 384, con 

II. 388. XIV. 395, cor. 1 

III. 382. XV. 360. 

IV. 382, cor. 1. XVI. 380. 

V. . 362. XVIL 889, cor. . 

VI. 362. XVUI. .89,2. 

VII. 349, cor. 1. XIX. 389, 4. 

VI II. 357, cor. 358, cor. XX. 395, cor. 2. 

IX. 349, cor. 2. XXI. 395, cor; 3. 

X. 357, cor. 358, cor. XXII. 386; 
XL 384. :^XIIL 387. 

XII 363. XXIV. 388. cor. 2. 
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VARIATION oB GENERAL PROPORTlON-t 

Art. 403. THE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, that, if 
one of them be either increased or diminished, another de« 
pending on it will also be increased or diminished, in such a 
manner, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of coui*se, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, the 
value will be reduced to 60 dollars, &.c» 



♦ See note O. 

t Newton's Princip. Book I. Sec L LeinniK l<k schoL Emeraon on Prb* 
portion. Wood's Algebra, Ludlam*8 M«U « S4Uiiaeraon*8 Algebra, Art. S99 
Parkinson's Mechanic^ p. 84. 
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yik yd. ioL doL 
. That is, 50 : 40 : : 100 : 80 
60:30:: 100:60 
50:20:: 100:40, &c. 

As the consequent 6f the first couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the pro^ 
portion is constantly preserved. 

If the two antecedents are A and B ; and if a represents a 
quantity of the same kind with «A, but either greater or less ; 
and 6, a quantity of the same kind with J9, but as many times 
greater or less, as a is greater or less than A ; tfien 

A:ai\ Bib; 

that is, if .d by varying becomes a, then B becomes b. This 
is expressed more concisely, by saying tiiat A varies as ByOt 
A is as B. Thus the wages of a laboring man vary as the 
ftme of his service* We say that the interest of money which 
is loaned for a given time, is proportioned to the principal. 
But a proportion contains fimr terms. Here are only two, 
the iiUerest and the prhidpai. This then is an abridged 
sHatememX^ in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal ; 

Bo is the interest of the former, to the interest of the latter. 

404 In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general relations 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities* In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always implied. When it it said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand. 

That one gallon, is to any nimber of gallons ; 

As the Modskt of one gallon, is to the weight of the given 

ntmiber of gallons. 

* 

405. Tlie character ci) is used to express the proportion of 
variable quantities. 

Thus A O) B signifies that A varies as J?, that is, that 

Aia:: B lb. 

Tlx expression A (jiB may be called a general proporiimk 
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406. One quantity m fiaid lo vary MncUy as anotlier, when 
the one increases as the other increases, or is diminished as 
the other is diminished, so that 

JSt</>Bj that isyA:a::B:h. 

The interest on a loan is increased or diminished, in pro- 
portion to the principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
trebled, &c« 

407. One quantity is soid to vary i$ii9er$dyx>r redprocatty 
as another, when the one is proportioned to the reciprocal 
of the other; that is, when the one is diminished, as the other 
is increased, so that 

Act) — that is, .4 : a : : _ ; ^orJl:a::b:B. 
B B V 

In this case, if A is greater than a, B is less than (. (Art. 
S95.) The time required for a man to raise a given sum, by 
his labor, is inversely as bis wages. The higher his wages, 
the less the time. 

408. One quantity is said to vary as iwo oikerf jointly y when 
the one is increased or diminished, as the produd of the otbei 
two^ 60 that 

A (J) BCy that is •/} : a : : BC : be 

The interest of money varies as the product of the princi* 
pid and time. If the time be doubled, and the principal 
doubled, the interest will be four times as great 

409. One quantity is said to vary directly as a aecondj and 
inversely as a thirds when the first is always proportioned to 
the second divided by the third, so that 

«A 0D~ that i8.A : a : : ^ : — 
C C e 

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
application of the principles of common proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in* 
stead of four. When the deficient tenns are supplied, the 
reason of the several operations will, in most cases, be appa*- 
i6nt» 



j 



41 1. liia evUeiit, in the first place, that the &ir3er of the 
ferm^ in a general prop(»tioQ may be inverted. (Art 369.) 

If Ji : a:: B : 6, that is, \i AcsiB; 
Then^: i::.a: a, thatis, Bu^A. 

413. If one of both of the terms m a general proportion^ 
oe muMifiied or divided by a con^ant quantity, the proportion 
will be preserved 

For multiplying or dividing one or both of the terms is the 
same, as multiplying or dividing analogous terms in the pro^ 
portion expressed at length. (Art, 382. and cor. 1.) 

If Jl: awB ihy that is, if A (ji By 

Then n%A : ma : : JB : b, that is, mA c/j -B, 
And mA :ma:i mBz m&, that is, niA c/) mJB^ &c. 

413. If both the terms be multiplied or divided even by 
a variable quantity, tliie prop(N*tion will be preserved. Fot. 
this is equivalent to multiplying the two antecedents by one 
quantity, and the two consequents by another. (Art. 383.) 

If ifl : a : : B f 6, that is, if ^ en 5; 

ThexiMA:ma::MB imhyihtiiiaMAcf^MB, &c. 

Cor. 1. If one quantity varies as another, the quotient of 
the one divided by the other is constant. In other words, if 
the numerator of a fraction varies as the denominator, the 
value remains the same. 

li A:a::B: b, thatis,^if A^B, 

Then ~ : - : : 5 * t • • ^ : J- (Art. 128.) 
B b B b ^ ' 

Here the third and fourth terms are eqtml, because each 19 
equal to 1. Of course the two first terms are equal ; (Aft, 
395.) so that if A be increased or diminished as many times 
es B^ the quotieiU will be invariably the same. 

Cor. 2. If the product of two quantities is constant^ one 
varies reciprocally as the other. 

l(AB:ab::l:hihen:^:^::l,:l,otA:ai J,' ' 

B b B b B b 

Cor. 3. Any factor in one tenn of a general proportioa 
may be transferred^ so as to become a divisor in the other, 
ana v. v. 

If jla>JBC, then dividing by JB, ^c/)C. (Art 118) 

. 19 ^ 



i^ cr J-, then mult, by C,AC(ji^ (Art. 1 59.) 

414. If two quantities vary respectively as a tWrd, then 
me of the two varies as the otlier. (Art. ^34.) 

If Ji:a\:Bib\,.,. -(•^crJ? 
And CiciiBib]^^^^^^ [CcrB, 
Then Ai a:: C : Cy that is JStin C. 

415. If two quantities vary respectively as a third, their 
IIMi or difference will vary in the same manner. (Art 388.) 

If Jl:a::B:b} ... . . {AcuB 

And C:c:: J?:fcr ^^^^''^ ^Cc/^J?; 

Then dfl+C : o-f c ::B :by that is, A+Ca> B, 

And •fl-C: a-c: :jB : fc, thatis,jSr-.Cc/>-B. 

Cor. The addition here may be extended to any number of 
quantities all varying alike. (Art. S88. cor. 1.) 

lfJl(x*By and Cij)By and D(J) B^ and Ecn B, then 

(Ji^C+D+E) ij> B. 

415. b. If the square of the sum (^ two quantities, varies 
as, the sqtuare of thevr difference; then the sum of their squara 
varies as their producL 

If {A+By c/»(wf - B^; then JF+B' </> AB. 
For by the supposition, 

(A+By : (A - By : : (a+6)' : (a - ft)*. 

Expanding, adding, aiid subtracting terms. (Arts. 217, 
and 380, 7*) 

2^+2B' : 4AB : : 2a»+2i' : 4ab. 
Or, (Art. 382.) 
w3«+2? :AB:: a»+fc« : oi, that is, ^^^B" ^AB. 

416. The terms of one general proportion may be multi- 
plied or divided by the corresponding tenns of another. — 
(Art. 390.) 

Then wJC : oc : : J?I> : M that is, ^C c/5 JSD. 

Cor. If two quantities vary respectively as a third, the pro 
duct of the two will vary as the square of the other. 
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417, if any qUiiRti|ty vary as another, any power or roatuyl 
the former will vary, as a like pawei or root of the latter, 
(Art. S91.) 

If Jl : a::B:b, that is, itJtcnB, 

Then ^: cT : : J5" : 6* that is, ^ CfiB\ 

And •/?•: oT: : S* : 6% that is, ^^B". 

418. In compounding general proportions, equal /adors or 
JSmsoTs^vci the two terms, may be rejected. (Art. 393.) 

If A\a:\B:h^ CJla>B 

And B : 6 : : C : c > that is, if < J9 c» C 
And C:c: : DidS f Cci>Z> 



Then w9 : a : : 2> : d, that is, «d odD. 

Cor. If one quantity varies as a second, the second, as a 
third, t^e third, as a fourth, &c. then the firat varies as the 
last. 

If dJ 00 Boo (7 CD A then ,5 a>D. 
If •dfooB CD- , then .d C0 — ; that is, if the first varies cS* 

rectify as the second, and the second varies reciprocally as the 
third ; the first varies reciprocally as the third. 

.419. If any quantity vary as the product of two others, 
and if one of the latter be ccnisidered conetantf the finst will 
vary as the other. 

If FTcA LBy and if P be constant, then Wcf>L. 

Here it must be observed tliat there are two conditions; 
First, that fT varies as \i\eproduct of the two other quantities; 
Secondly, that one of these quantities B is constant. 

Then, by the conditions, Witai i LB ; IB; B being (he 
same in both terms. 

Divid. hy the constant qua:ntity P, W:w::L: J, that iaWo>L. 
And if L be considered constant, W(/)Bi, 

Thus the weight of a board, of uniform thickness and den* 
sity, varies as its length and breadth. If the length is given* 
the weight varies as the breadth. And if the breadth is given, 
the weight varies as the length. 
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* Cor. The same principle may be exienfcd to any nnmb^ 
of quantilies. The weight of a stick of Umber, ^f given 
denrity, depends on the length, breadtli, and thickness. If 
the length is given, the weight varies as the breadth and 
thickness. If the length and breadth are given^ the weight 
Taries as the thickness, &c. 

If FToD LBT; 

Then making L constant, W en BT; 

And making L and B constant, FFgd T; 

420. On the other hand, if one quantity depends cm two 
others ; so that when the seci^ is ^ven^ the first varies as 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is givr 
en : then if the length and breadth both vary, the weight va« 
ries as their product. 

If FFc/) i, when B is constant, > , •«. i^r 
And W(j>B, when L is constant, \ ^^^ ^Vcj^JiU. 

In demonstrating this, we have to consider, Uto vanabh vet- 
hies of W; one, when L only varies, and the other, when L 
and B both vary. 

Let vf^zzz the first of these variable values. 

And w = the other ; 

Bo that fV will be changed to t»\ by the varying of L; 

And a/ will be farther changed to «, by the varymg of B. 

Then by tlie supposition, W:v/ :: Lil, when B is constant. 
And w^ :w:: B:bj when B varies. 



Mult, correspnd. terms, FFt*' : twe' : : BL : bh (Art. S90.) 
Divid. by vf' (Art, &82.) Wi^i.BLibl, i. e. Wsji BL. 

The proof may be extended to any number oi quantides. 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of these are 
given, the weight varies as the other. 

This case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as A and as O, at the 
$ame time. In this, B varies as •/?, only when C is constant, 
and as C, only when Jl is constant. It cannot therefore vary 
as Jl and as C separately, at the same time. 
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Art. 4S0; 6. If one quantity varies as another, the foimer is 
equal to the product of the latter into some constant quantity; 

If Jl: B: :a:b; then, whatever be the value of a, its ratio 
to b must be constant, viz. that of A: B. Let this ratio be 
that of m: 1. 

Then •S[:B::a:b::m:\. Therefore •fl=mi?; And a=^mb 

Hence^ if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
tlieir increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 20 ^ the interest of 1000 or 10^000 will 
have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term vary, or the character which has here been 
put for it. Instead ofAcrB, they say simply that AU asB. 
See Enfield's Philosophy. It may be proper to observe, al- 
so, that the word gtoen is frequently used to distinguish cwi^ 
siaxU quantities, from those which are variable ; as well as 
to distinguish foioton quantities from those wluch are lui* 
known. (Art 17.) 



SECTION XIV. 

ARITHMETICAL Aim GEOMETRICAL PROGRESSICN. 

Art. 422. QUANTITIES which decrease by a commou 
difference, as the numbers 10, 8, 6, 4, 2, are in contmued 
arithmetical proportion. ^Art. 372.) Siich a scries is also 
called a prof jfreMJon, which is only another name for ecmtinued 
proportion. 

It is evident that the proportion will not be destroyed, if 
the order of the (juantities be inveried. Thus the numbext 
t, 4» 6, S, 10, are m ariUuaetical proportion. 
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The ste&nd term is o-f-cl, i. e» n added to wet d; 
The third is a-f 2ct, a added to twice d; 

The. fowih is o-f 3d, a added to tltrke d^ &c. 

So if the series be continued. 

The 50th term will be t^A^d 

The 100th term a^9M 

If the series be descending^ the tOOth term will be a — 99({. 

In the last term, the number of times d is added to a> In 
one less than the niunber of ail the terms. If then 

a=the first term, ;r=sthe last, na^the number of term% we 
shall have, in ail cases, z=s^a4-(n-l) x^'; that is, 

425. In an arithmetical progression, the tost term is equal 
to thefirst^-^ the product of the common difference nUo the number 
of terms Jess one. 

Any other term may be fomid in the same way. For the 
series may be made to stop at aily term, and that may be 
considered, for the time, as the last. 

Thus the mth term ?=a-f(m -1) x<^* 

If the first term and Ae common difference are the #ame» 

ar=a-}-(»-l)fl=<H"^^""<*> ^hat is, z:=zna. 

In an ascending series, the first term is, evidently, the least, 
and the last, the greatest.. But in a de8<?ending series, tlie 
first term^ia the greatest, and the last, the least. 

426. The equation z^a-^ (n - 1 )d not only shows the val uA 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains fmu* different 
quantities, 

a, the first term, . ti, the number of terms, and 
z, the last term, d, the common difference. 

If any three of these be given, the other may be found. 

1. By the equation already found, 

z=a+(n -l)d=/Ae ZasJ term. 

2. Tranj^iosing (tt-l>d, (Art. 173,) 

Z''{n-l)d=a:=:the first term. 
S* Transposing a in the 1st, and dividing by n-1, 

ar-a 

T—Tszdszthe eommm difference. 
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4. Transp. a m the Ist, dividiiig by d, and tnuisp. -•l, 

— j-4.1 =zn=the number oftenm. 

By the third equation, may be found any number otarith* 
metical means^ between two given numbers. For the tohole 
number of terms consists of the ta>o eastremet, and all the 
kUermediate terms. If then m=: the number of means, m-|- 
2=n, the whole number of terms. Substituting m-^-^ for n, 
in the third equation, we have 

z—a 
— rY==i, the common difference, 

Prob. 1. If the first term of an increasing progression is 7, 
the common difference 3, and the number of terms 9, what is 
the last termf And. z^sa4-(n-l)d==74-(9-l)xS:=^81. 

And the series is 7, 10, 13, 16, 19^ 22, 25, 28, 31. 

Prob. 2. If the last teim of an increasing progression is 60, 
the number of terms 12, and the common difference 5, what 
is the first term? Ans. a=:t:-(n -1)4=60 -(12 -l)x6=5. 

Prob. 8. Find 6 arithmetical means, between 1 and 43. 

Ans. The common difference is 6. 

And the series^ 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made t^oDceming a 
series in arithmetical progression. It is often necessary to 
find the sum of oil the terms* This ii^ caUed the sumnutiUm of 
the series. Tlie most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The surn of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
ing series, 11, 9, 7, 5, 3. The sum of bo(h the series is, 
therefore, tvbice as great, as the sum of the terms in one of 
them. There is an easy method of finding this double eum, 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in- 
verted order, and then add the corresponding terms together. 
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Take, for instance, the series S, 5, 7, 9, II 

And the same inverted 11, d, 7, 5, Sw 



«!*■ 



The sums of the terms will b» 14, 14» 14, 14, 14. 



Take also the series a, a- 



-({, a4-2£{, 04^, a+4df 



And the same inver. a-^idy t^Sd^ a-^-^dy a 



■dy a. 



The sums will be . 2(i^4dy^a+4dy2a+4dy2a+4dy2a+4d 
Here we discover the importaat property, that, 

428. In an arithmetical progression, the sum of the ex* 

TREMES IS E<^UAL TO THE SUM OF ANY OTHER TWO TEEMS 
EI^AI^Y niSTANT FROM THE EXTREMES. 

hi the series of numbers above, the sum of the first and 
the la^ term, of the first but one and the last but one, &c. is 
14. And in the other series^ the sum of each pair of corres- 
ponding terms is 2a^4d. 

To find the sum of all the terms in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as many times as there are terms. 

The sum of 14, 14, 14, 14, 14=14x5. 

And the isum of the teims in the other double series is 
(2a+4d) x5. 

But this is twice the sum of the terms in the single series* 
If then we pttt 

a=the first temif n=1he number of tertris, 

2:= the last, f =sthe siun of the terms, 

we shall have this equation, 

tfsz'-^X*** That is, 

429. In an arithmetical progression, tbe sum op all the 

TERMS IS EQUAL TO HALF THE SUM OF THE EXTREMES MUL* 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c. up to 10001 

o-f-z 14.1000 

Ans. «=^-|- Xn= -^ — :xl000=600500. 

If in the preceding equation, we substitute for z, its value 
as given in Art, 426, we hate 

2a-f (n-lW 

1. «=B % ^X»- 
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In this, there are four different quantities, the first term of 
the series, the cam!n%on difference^ the number of terms, and 
the sum of the terms; any three of which being given, the 
fourth may be found. For, by reducing the equatioD, we 
have, 

2. a= 5 — ' — ' ine first term. 

, 2«-2an , ,:^ 

$• dzs — 5 > the common difference, 

Ex. I. If the fii'st term of an increasing arithmetical series 
is 3, the common difference 2, and the number of terms 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight line, at the dis- 
tance of a yard from each other; how far must a person tra- 
vel, to bring them one by one to a box placed at the distance 
of a yard from the first stone 1 Ans. ^ miles and 1300 yards. 

3. "Wlihi is the sum of 160 terms of the series 

12 4 5 7 

y o» 1> y 3» *> 3* &«•? Ans. 3775. 

4. If the sum of an arithmetical series is 1455, the least 
tenn 5, and the number of terras 80 ; what is the common 
di^rencet Ans. 3. 

5. If the sum of an arithmetical series is 567, the first 
term 7, and the common difference 2; what is the number 
oftermsl Ans. 21. 

6. What is the sum of 32 tenns of the series 

h H> ^3 Hf ^> ^^'f Ans. 280. 

7. A gentleman bought 47 books, and ^ve 10 cents for 
the first, 30 cents for the second, 50 cents tor the third, &c, 
What did he give for the whole 1 Ans. 220 dollars, 90 centir 

8. A person put into a. charity box, a cent the first day of 
the year, two cents the second day, three cents the third day, 
&c. to the end of the year. What was the whole sum for 
365 days 1 Ans. 667 dollars, 95 cents. 
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480. In the seiies of odd ntanbers 1, 8» 5» 7, 9, &c. con- 
tinued to any given extent, the ktet teim is always one less 
than twice the number of tenns. 

FcNT «=2«4r(fi - X)i. (Art 425.) But in the pioposed 
series «= 1, aiul <l=:2. 

The equation, then, becomes r=s:l-|-(n-l) ><2=2n - 1. 

431. In the series of odd numbers, 1, 3, 5, 7, 9, &c. fA« 
Mim of the terms U alvoaye equal to the square of the number of 
terns* 

For s=i {a+z)ri, (Art. 429.) 

But here a=:l, and by the last article, iart=2n-l. 
The equation, then, becomes «=i (1-f 2n-l)hs:ti*. 

Thus 14-3=4 

the square of the number of terms. 



+3=4 ) 
--5=9 } 
—7=16) 



1+3- 
1+3+5- 

432. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in arithmetical 
progression. 

For by the addition or subtraction of the corresponding 
terms, the ratios are added or subtracted. (Art. 345.) Ana 
by the nature of progiession, all the ratios in the series are 
eqtutl. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the new ratios thence arising will also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 
Add and sub. 2, 4, 6, 8, 10, 12, 14 

Sums 5, 10, iS, 20, 25, 30, 35 

Ditr. 1, 2, 3, 4, 5, 6, 7 

433. If all the terms of an arithmetical progression be mul 
liplied or dwided by the same quantity, the products or quo 
tients will be in arithmetical progresoon* - 

For by the multiplication or division of the terms, the roHos 
are moltiplied or divided; (Art. 344,) that is, equal quanti ties 
are multiplied oi* divided by the given quantity. They wiU 
therefore remain equal. 

If the series 3, 5, 7, 9, 1 1 , &c. be multitdied by 4 ; 

The prods, will be 1 2, 20, 28, 36, 44, &c. and if this be di v. by 8» 
Thequots.willbe 6, 10, 14, 18, 22, &c. 
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Problems of \rariou9 kinds, m urithmetioal (irogf^rasioQ, may 
be solved, by stating, the cooditions algehraicaily, aud then 
reducing the equations. 

Prob. 1. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864. 

'' If «=the second of the four numbers, 
And y= their common difference: 
The series will be a? -y, x, rr-f-y, ar-f-^y- 
By the conditions, (aJ-y)4-«^+(*+y)+(^+2!/)=56 > 
And (a?-y)'+^'+(jf+!/)'+(*+2y)*=864 5 

That is 4,r+2T/=66 > 

And ' 4a^+4a;y+6y«=864 J 

Reducing these equations, we have arz; 12, and y=4. 
The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The som of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
Uie numbers 1 - ; Ans. 1, 3, and 5. 

Prob. 3. The sum of three numbers in arithmetical pro- 
gi*ession is 15; and the sum of the squares of the two ex- 
tremes is 58. What are the numbers? 

Prob. 4. There are four numbers in arithmetical progres- 
sion: the sum of the squares of the two fii^st is 34 ; and the 
sum of the squares of the two last is 130. What are the 
numbers? Ans. 3, 5, 7, and 9. 

Prob. 5. A certain nwnber consists of three digits, which 
are in arithmetical progression ; aud the (lumber divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number) 

Let the digits be equal to x-y, x, and orrj-y, respectively. 
Then the number «100(a?-y)+10a4-(a?+y) = lllap-99y, 

lllar-99ii 
By the conditions, ^ 

And 1 1 la? - 99y+198= 100(x+y)+10a;+(a: 
Therefore ar=3, y= 1, and the number is 234. 

Prob, 6. The sum of the squares of the extremes of four 
munbers in arithmetical progression is 200 ; and the sum <^ 
the squares of tlie means is 136. What are the numbers 1 




GEOMETiSICAL PROGRESSION. 221 

Prob. 7. There are four numhers in arithmeticol progres* 
finon, whose sum is 28, aad tlieir continual prdduci 58& 
What are tlie numbersl 

OE(»ffiTRICAZi VaOQVeSSSlGN. 

^4. As ariibmeticai proportion continued is arithmetical 
progression, so geometrical proportion continued is geometri- 
calprogression. 

The numbers 64, 32, 16, 8, 4, are in continued geometri* 
cal proportion. (Art. 372.) 

In this series, if each preceding term be dwided by the 
common ratio, the quotient will be the following term. 

V=32, and V=16, and V=8, and 1=4. 

If the order of the series be invertedy the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a multiplier, in the series 

4^8,16,32,64, &G.4x2=8,and8x2=16,andl6x«=32,&c. 

435. Quantities then are iN geometrical PRooRESsionr, 

WHEN THET increase BT A CCMIMOK MULTIPLIER, OR DE- 
CREASE BY A COMMON DIVISOR. 

The common multiplier or divisor is caQed the ratio. For 
most purposes, however, it will be more simple to consider 
the ratio as always a multiplier^ either integral or fracUonaJL 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor^ 
or } a multiplier. 

To investigate the properties of geometrical progression^ 
we may take nearly the same course, as in arithmetical pro- 
gression, observing to substitute continual muUiplicatian and 
divisiony instead of addition and subtraction. It is evident, 
iu the first place, that, 

436. In an ascending geometrical series, each succeeding 
I' term is found, by mtdtiplying the roHo into the preceding term. 

If the first term is a, and the ratio r, 

Then axrssor, the second term, ar*x»'=«»^, the fourth, 
arxr=(w^, the third, or*X''=«»^> the fifth, &c 

And the series is a, ar^ air^y or*, at^^ at^y &c. 

J 437. If the first term and the ratio are the samep the pro* 

t gression is simply a series of powers. 

20 



f 
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If the first term and the ratio are each equal to r, 
Then rxr^r^t the second term, r*x»*=^> ^© foorih, 
r» xr—r*y the third, r^xr^i^^ the fifth. 

And the series is r, r*, r*, r*, r", r% &c. 

438. In a <l6«eendin£^ series, each succeeding tenn is found 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. 

If the first term is €a*y and the ratio r, 

the second term is -— , or or* xf J 

And the series is ar^, m^^ ar*^ ar^f ar^^ ar, a, &g. 
If the first term is a, and the ratio r. 

The series is a,^^»^> ^c. or a, oT'^ oT*, &c. 

ISt4 56 

By attending to the series a, ar^ ar*, at^, ar^, a?', &c. it will 
be seen that, in each term, the exponent of the power of the 
ratio, is one less, than the number of the term. 

If then a=5the first tenn, r==:the ratio, 

z = the laBt, n== the number of terms ; 

we have the equation arsxar'^, that is, 

439. In geometrical progression, the last term is equal to the 

S}du€t of the first J into that power ojf the ratio whose index is one 
s than riie number of terms. 

When the least tenn and the ratio are the same^ the equa- 
tion becomes z:^rr^*t=i^. See Art. 437, 

440. Of the four quantities a, ar, r, and n, any three being 
given, the other may be found.* 

1. By the last article, 

z=iir^*= the last term. 

2. Dividing hy r^*, 

-^^a^i}.e first term. 
8. Dividing the 1st by a, and extracting the root, 

r=the rcaio. 



(:)" " 
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By the last equation may be found any number of- geame* 
trkalmeansy between two given nuntbers. If m=: the num-> 
ber of means, m-4-2=zny the whole number of terras. Substi* 
tuting m-(-2 for n, in the equation, we have 

-f. )^+r =:r, the ratio. 

i a I 

When the ratio is found, the means are obtained by con 
tinned multiplication. 

Prob. 1. Find two geometrical means between 4 and 258 
Ans. The ratio is 4, diid the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between i and 9. 

Ans. ii 1, and 3. 

441. The next thing to be attended to^ is the rule for find 
jng the sum of aU the terms. 

If any term, in a ge<»netrical series, be multiplied by thn 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make tliis plain, let the new series be written 
under the other, in such a manner, that each term shall be 
removed one step to the right of that from which it is pro* 
duced in the line above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it will be seen at once, that the four last terms in th« 
qpper line are the same, as the four first in the lower line. 
The only terms which are not in bothy are the first of the one 
series, and the last of the other. So that when we subtract 
the one series, from the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is a, ar^ aaf^^ Of^, .... at^'^K 
Then mult, by r, we have or, ar^, ar*, .... oi^^*, of". 

Now let «= the sum of the terms. 

Then t =a+flr-f.ar*+ar", . . . .+ar*""'. 

And mult, by r, rs=z ar-}-ar'4-a***> • • • .+ar*~*+«r». 

Subt'gthe first equation from the.second, r«-9= or" -a 
And dividing by (r- 1.) (An. 121.) *=*^^- 
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In this eqimfioiiy m^ is the last term in the new senes, and 
is tberefore tho product of the ratio into the last tenn in the 

Therefore •s!!!^, that i& 

442. The sum of a series in geometrical {MPogression is 
found, by multiplying the last term into the ratio^ subtract- 
ing the first tenn, and dividhig thd remainder by the ratio 
less one* 

Prob. 1. If in a series of numbers in geometrical pro- 

rssion, the first term is 6, the last term 145iB, and the ratio 
, whsX is the sum of all tlie terras % 

Ans. ,=r£Z?=?>lil^=S184. 
r-1 3-1 

^ Prob. 2. If the first term of a decreasing geometrical se- 
ries is i, the ratio 4, and the number of terms 5 ; what is the 
sum of the series ^ 

The last term=ai'-*=ix(5y=iTi. 

And the sum of the term8=i21i!XZi=lrl. 

i-1 162 

I^rob. 8. What is the sum of the series, 1, 3, 9, 27, &;c. to 
12 terms 1 . Ans. 265720. 

Prob. 4. What is the sum of ten terms of the series 1, ^ 

9% /t> &c. Ajis. . 

* 69049 

443. QuaniUies m geometrical progression are proportumai 
to their differences. 

Let the series be a, or, ai^^ ai^y or^, &c. 

By the nature of geometrical progression, 

a: ariiar : at^ ::ai^ : a:!*::af* : ar\ &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 389, 6. 

Then a : ariiar^a : ar^-^ariioi^-^ar : ai^-^ar^ &c. 

That is, the first term is to the second, as the difference 
between the first and second, to the difference between tha 
second and third ; and as the difference between the second 
and third, to the difference between the third and fourth^ &c 
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Cor. If quantities are in geometrical pcogression, their d|f» 
ferences are also in gecHnetrical progression. 

Thus the numbers 3, 9, 27, 81, 243, &c. 
And tlieir differ^ices 6> 18, 54, 162, &c. are in geo 
metrical progression. 

444. Several quantities are said to be in harmonkal progress 
9um, when, of any three which are. contiguous in the seriei^ 
the first is to the lost, as the difference between the two first, 
to the difierence between the two last. See Art 400. 

Thus the numbers 60, 30^ 20> 15, 12, 10, are in hamioirf. 
ical progression. 

Por60: 20::60-30:30-20,And20: 12 : : 20-15: 15-12. 
AndSO: 15:: 30-20: 20-15,And 15: 10:: 15-12: 12-10, 

Problems in geometrical progression, may foe solved^ as in 
Dther parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14^ and the sum of thebr 
squares 84; 

Let the three numbers be ^, y, and z. 

By the conditioner x :y::y : z^ or xz=zy* 

And a:-f-y+;r=I4 

And 2»-|-/+«»=84 

. Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. %. There arc three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers 1 

If X be the first term, and y the common ratio ; the series 
will be ar, ay, xy\ 

By the conditions, «X*yX^'> or «y=64, > 

And »^+a:'y'+a:y=:584. i 

These equations reduced give xz^2y and y=:2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob. 3. There are three numbers in geometrical progress 
sion : The sum of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 Ans. 2, 10,and 50» 

2a» 
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Prob. 4. Of four numbera in geometrical progression, the 
sum of the two first is Id^^and tlie sum of die two last is 60. 
What are the numbers 1 

Let the series be ar, xy^ ay*, ay^ ; aiid the numbers will be 
found to be 5, 10^ 20, and 40. 

Prob, 5.^ genlieman divided 210 dollars among tl»ee 
servants, in such a manner, that their portions were in geo- 
metrical progression ; and the first had 90 dollars more thaa 
(be last. How much had each t 

Prob, 6. Tliere are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 15 ; and the 
difierence of the squares of the greatest and the least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers ] Ans. 5, 10, and 20. 

Prob. 7. There are four mimbers in geometrical progres- 
sion, the second ^f which is less than the fbuilh by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to 3, 
What are the numbers 1 Ans. 1, 3, 9, 27. 



SECTION XV. 



INFINITES AND INFINITESIMALS.* 

Art. 445. THE word mfiniie is used in different senses. 
The ambiguity of the term has been the occasion of much 
perplexity, ft has even led to the absurd supposition that 
propositions directly contradictory to each other, may be 
mathematically demonstrated. These apparent contradic- 
tions ai-e owing to the fact, that what is proved of infinity 



♦ Locke'« Essays^ Book 8, Chan. 17 Berkeley's AaalySt Preftiee to Man. 
lauiin^s Fluxions. Newton's Pznncip. Saunderson's Algebra, Ait. SSdk 
Manafieid's Essays. Enierson^s Algebra, Prob. 73. Buffier. 
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when understood in otte particular manner, is often thought 
to be true also, when the term ha^ a very different significa- 
tion. The two meanings are insensibly shifted, the one for 
tlie other, so that the proposition which is really demonstra- 
ted, is exchanged for anotlier which is false and a)>surd. To 
prevent n^istakes of tliis nature, it is important that the dif- 
ferent meanmgs be carefttUy distinguished from each other. 

446. Infinite, in the highest, and perhaps the most proper 
sense of the word, is that which is so great^ that nothing can be 
added to it, or supposed to be added. 

In this sense, it is frequently used in spefiking of moral and 
n^taphysical subjects. Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subject of the mathematics is 
Jtuintiiy; (Art. 1.) such quantity as may be conceived of by the 
umai^ mind. Put no idea can be formed of a quantity so 
great that nothing can be supposed, to be added to it; In this 
sense, an infinite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so^ far. " It is therefore noC infinite, in the sense in 
which the term has now been explained* It is absurd to 
speak of the greatest possible number. . No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for anothe^r meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO JlTE INCREASED BEYOND AN! DETER* 
IIINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In fhis sense, the natural series of numbers, 1 , 2, 3, 4, 
6, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed stiU greater. 

The two significations of the word infinite are liable to be 
confounded, because tfaey are in several p^intA of view the 
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same. 'Ibe higher mfsaning iacludes the lower. That which 
IS so great as to admit of no addition, must be beyon4 any 
determinate limits. But the lower does not necessarily imply 
the higher. Though nmnber is capable of being increased 
beyond any specified limits ; it will not follow, that a number 
can be found to which no farther additions can be made« 
The two infinites agree in this, that according to each, the^ 
things siK^en of are great beyond calculation. But they 
differ widely in another respect. To the one, nothing can be 
added. To the other, additions can be made at pleasure. 

448. In the mathematical sense of the term, there is nd 
absurdity in supposing one inJmUe greater than another: ^ 

We may conceive the numbers. 2 2 3 2 2 2 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to reach round the globe, or to 
the most distant visible star, or beyond any greater boimdary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be twice as great as the 
other, though both be infinite. ^ 

So if the series a-f- ^'+ ^^4- <**+ ^y &c. 



and 9a+9cf+9tf-]-9a* 



9(i», &c. 



be extended together beyond any specified limits, one will be 
nine times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so gieat that nothing could be added to it. 

449. An infinite number of terms must i>ot be mistaken for 
an infinite quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half, tc. 
We shall have the series 

in which each succeeding term is half of the preceding one. 
Let the progiession be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there i^ still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit. 

So t-}-|-f.|4.^-(-^+^ &c. can never exceed & 
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450. WhSN a ftVANTlTT 18 0IM1ICI8HJBD TILL IT BECOMM 
LESS THAN iLNY DfiTERKIlfATE QaANTlTTy IT IS CALLED AH 

INFINITESIMAL. 

Thus, ia a series of fractions jV* rb* im« rnis^* &c. a ] 

unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
IS ten times less than in the preceding*. If then Che progres* 
sion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be mJmUely smaB, By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minish- it still more. And however far the progression may 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be infinUety dmsibU; that is, it may be sup- 
posed to be so divided, tliat the parts shall be less than any 
determinate quantity, and the nvmber of parts grecUer than 
any given number. 

In the series iS, ^^ rinnD i ot»o > &c. a unit is divided 

into a greater and greater number of parts, till they become 

infinitesimals, and the number of them infinite, that is, such 
a number as exceeis any given number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the hast possibh or the number of parts the greaUsi 
poseible. 

.452. One infimtesimal may be less thaii another. 

The series, nr, yj^, rmrzy njinnri ^<^» \ 
\nd sag 8 ^p ( 

may be carried on together, till the last term in each becomes 
infinitely small ; and yet one of these terms will be only half 
as great as the otlier. For the denominators being the same, 
the fractions virill be as their numerators, (Art. ^0, cor. 2,) 
that is, as 6 : 3, or 2: 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematicid 
sense, and yet the parts of one be more atimerous than those 
of the other. 
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may both be infiiutely extended ; and yet a imit in the IbH 
series, is divided into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
number as could not be incref sed, it wotild be absurd to sup^ 
pose ihe divisions of any quantity to be still more nmnerous.* 

453. For all practical purposes, an infinitesimal may be 
considered as absolutely nothing. As it is less than any de- 
terminate quantity, it is lost even in niunerical calculations. 
In algebraic processes, a term is often rejected as of noTalue, 
because it is mfinitely small. 

It is frequently expedient to admit into a calculation, a 
small error, or what is suspected to be an error. It may be 
difficult either to avoid the objectionable part, or to ascertain 
its exact value, or even to determine, without a long and 
tedious process, whether it is really an error or not. But iif it 
can be shown to be infinitely small, it is of no account ia 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar fraction (. Dividing the numerator by 
the denominator, we obtain in the first place j%. This is 
nearly equal to f. But ^ is nearer, /W,, still nearer, &c« 

The error« in the first instance, is A. 
For A+A=A+A==i*=J. ^ 

In the same manner it may be shown, that 

ihe ditterence Detween ^ ^ ^^ ^gg^ .^ ^^ ^^ 

If the decimal be supposed to be extended beyond anyas- 
signable limit, the diflerence still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered ii* calculation as nothing. 

454. From the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet never reach it. The decimal 0.3383333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to }, but can never exactly equal it. A difiference will 
always remain, though it may become infinitely small. 



* See Note R. 
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When one quantity is thus made to approach conthiually 
to another, without ever passing it; the latter is called a 
limit of the former. The fraction J is a limit of the decimal 
0.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account of itselfy 
yet its efifect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and finite quantities have 
to each other. As an infinitesimal is less than aiiy assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is frequently represented by 0. 

An infinite quantity is expressed by the character GO 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addition or 
subtraction of the latter, may be disregarded in calculation, 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore infinite and finite quanti- 
ties are connected by the sign + or -^, the latter may be re- 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by -|- or - , 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infinite series 2 2 2 2 2 2 &c. be multiplied by 4 ; 

The product will be 8 8, 8 8 8 8 &>c. four times as great as 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be dvrided by a finite quan- 
tity, it will be altered in the same manner as any other quan- 
tity. 

If the infinite series 6 6666666 &c.b^ divided by 2 ; 

The quotient will be S 3 S S 3 S 8 3 &c. half as great a» 
ihe dividend. 

459. If a finite quantUy be multiplied by an infimiesmdl^ 
ihe product will be an infinitesimal ; that is, putting 2: for a 
finite quantity, and for an infinitesimal, (ArU 455. 
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If the multiplier were a wdt^ the prodnct would be equa 
to the multiplicand. (Art 90.) If the multiplier is less than 
a unit, the product is proportionally less. If then the multi- 
plier is u^utebf less than a unit, the product must be njfi- 
iiitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product oiz into nothing is nothings 
(Art. 112.) 

460. On the other hand, if a finite quantity be dmitd by 
an infinitesimal, the quotient will be infinite. 

J— 

For, the less the divisor, the greater the quotient If then 
the divisor be tnfiiutelv small, the quotient will be infinitely 
great In other words, an infiniteamai is contained an infi- 
nite number of times in a fiiute quantity. Thb may, at first, 
appear paradoxic^L But it is evidient, that the quotient must 
increase as the divisor is diminished. 

Thus 6r^3==2, 6.?.0.0S=«00, 

6-f-0.S=20, * 6-^-0.003=2000, Ac. 

If then the divisor be reduced, so as to become le$$ than 
any assignable quantity, the quotient must hfi greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimaL 

For the greater the divisor, the less the quotient If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the expressions infinitely great 
and infinitely emaU^ are, all along, to be understood m the 
nuuhenuitical sense according to the definitions in Arts. 447, 
and 450. 
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SECTION XVI 

DIVISION BY COMPOUND DIVISORS, GREATEST 

COMMON MEASURE. 

s 

Art. 462. IN the section on divisron, the case in which 
the divisor is a compound quantity was omitted, because th« 
operation in most instances,, requires some knowledge of the 
native of pourerf; a subject which had not been previously 
explained. 

Division by a compomid divisor is performed by the fol- 
lowing rule, which is substantially the same, as the rule for 
division in arithmetic ; 

To obtain the first term of the quotient^ divide the first 
t€UTn of the dividend, by the first term of the divisor;* 

Multiply the whole divisor, by the term placed in the quo-^ 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following terms^ 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, tUl all the terms of the dividend are brought down 

Ex. 1. Divide ac-\'bc-\'ad'{-bdy by a+i. 

a^b)ac-{-be^ad^bd{c-\'d 

ac-^bcy the first subtrahend. 



ad+bd 

ad-^-bd^ the second subtrahend. 



Here ae^ the first term of the dividend, is divided by a^ 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient Multiplying the whole divisor by 
this, we have aC'\^bc to be subtracted firom the two first 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 
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lenn of the ixvisof as before. Thk^ ^es d for the eeeond 
Cenn of the quotient. Then muHiplying the divisor by d, 
we have ad'\'bd to be subtracted, wliich exhausts the whole 
dividend without leaving any remainder. 

The rule is founded on this principle, that tlie product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. lid.) Now by the operation, the pro- 
duct of the divisor inrto the first term x>f the quotient is sub« 
tracted from the dividend ; then the product of the divisor 
mto the sec(md term of the quotient ; and so on, till Uie pro* 
duct of the divisor into each term of the quotient, that is, 
the product of the divisor into the whole quotient, (Art. 100.) 
is taken from the dividend; If there is no, remainder, it is 
evident that this prod&ct is equal to the dividend. If there 
ii a remainder, the product of the divisor and quotient, is equal 
to the whole of the dividend except the remamdejr. And this 
reipainder is not included in the partd subtracted ii«om the 
dividend, by operating according to the rule. 

463. Before beginning to divide, it will generally bo exr 
pedient to make some preparation in the arrangtment of the 
fgrms. 

Tlie letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the powers of 
this letter should be arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a»*-f y+2a6*+iS W a^'+V+ab. 

Here, if we take cf for the first tenn of the divisor, the 
other tern^ should be arranged according to the powers of d, 

thU8» 

a«4-a4-f 6«) a»4.2a«6+2a6"+i'(a4-6 

I ■ r , 



In these operations, particular care will be necessary m the 
management of negative quofUities, Constant attention must 
be paid to the rules for the signs fai subtraction, multiplica* 
tion and divisi<m. (Arts. 82, lOo, 128.) 



I 
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If the terms be arranged according to the powers of Op 
they will stand tlius ; 

2a -y)6»'a?- Sfl^ajy - ia*x^axy'\-iax - xy{S€fx - «»+*• 
6a^-» Salary 



^it^Xr^-axy 



* -^2ax~xy 



464 In multiplication, some of the terms, by balancing 
each other, may be lost in the product. (Art. 110.) These 
may re^ofmear in division, so aa to present terms, in the 
coarse of tne process, different from any which are in tht 
dividend. 

Sx. 4. 

a'{'X)<f+^{a* -- ax-^s^ 
d?'\-a^x 

•^a^X'-aa^ 



nx^-\-x^' 

£x« o. 

a«- 2ax+2a^)a^+4r*(o»+2aa:+2a:« 

a* - 2a»ar +2aV 



♦ 4.2a»ar - 2rty- 
+20*0? - 4aV- 



,4 



.4ar 



♦ 4.2aV-4ar»4.4«* 
4-2aV-4aa:"-j-4«'. 

If the learner will take tlie trouble to multiply the niio* 
tient into the divisor,, in the two lost examples^ ue will find 
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in the pcurtial poducts, the several terms which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide rf+a'+a'i+aft+Sac+Sc, by o+l. 

Quotient. <?J^ab-^Sc, 

Ex. 7. Divide a+6 ^c^ax- hx-^-cx, by a+6 - c. 

Quotient. 1 - 9. 

Ex 8. Divide ««• - ISrfar+llaV- 8a«»+2a^, by 8a« - ax 
4-«*. Quotient. a^-6aar+2a?.* 

465. When there is a remainder after all the terms of the 
dividend liave been brought down, this may be placed over 
ihe divisor and added to the quotient, as in arithmetic* 

Ex. 9. 



a+b)ac+be+ad'\'bd+x{c+d+ 



9 



a+b 
oc-f-oe 



• • orf- 
ad- 



bd 
bd 



Ex. 10. 

d - A)<kI - ah+bd - i&-f.y(o+i+_iL. 

o — A 

ad^ak 



bd'-bh 
bd-^bh 



h IB evident that o-fi is the qiioli^t belonging to the 
Vhole of the divideu«^ excepting the remainder y. (ArL 6G2.) 

And ^iL is the quotient belonging to this remainder* {AxL 
a —A 

124.) 
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Ex. 11. Divide 6a^-\-2xff -SoS -6y+Sac+cj/4-ft, by So+y. 

Quotient. 2a: - 6+c+ _*.. 

3a-f-y* 
Ex. 1 2. Divide a'6 - 3a'+2a6 - 6a - 4fc+22, by 6 - 3. ' 

Quotient. a«-f 2a - 4+-. * ^ 



6-3 



. Ex. 13. See Art. 283. 

oc4-c\/6 

♦ ♦ a/^d+\rbd 
a\^d'\-'^bd 

Ex. 14. Divide a+VV+^'^Vj^+n/j ''J <*+Vy* 

Quotient. l-f^VV- 

15. Divide a? - 3aa:*+^*'* "" ®'> by a? - a. 

1 6. Divide 2y» -• 1 Qf+iSy - 17, by y - 8. 

17. Divide ic* - 1, by a? - 1. 

18. Divide 4x* - Oar^+Gar - 3, by 2a:«+3a? - 1. 

19. Divide a*+4a*A+a6*, by a-f.26. 

20. Divide aJ*-a»a;*4-2a»«- a*, by af^-^ax+tfi. 

466. A regular series of quotients is obtained^ by dividing- 
the difference of the powers of two quantities, by the differ- 
ence of the quantities. Thus, 

(y»-rf»)^(y-a)==y+a, 

(j^ • a^)+(y - a) =j^+ay«+«^+o», 

&c. 

* Here it will be seen, that the index of y, in the tirsi term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first tenn to the last but one : 

While the index of a, increases by 1, from the second temi 
to the last) where it is less by 1, than ia the dividend. 

21* 



238 ALGEBRA. 

This maybe expressed in a general formula, thus^ 

(y"-ir)^(y-a)=ir-'+a2r"« • • • .+(^^'y+(r-\ 

To demonstrate this, we have only to multii^y the quo- 
tient into the divisor. (Art. 115.) 

All the terms except two, in the partial products, will be 
balanced by each otlier ; and will leave the general product 
the same as the dividend. 

Into y-a 

Z+oy'+oy+ay+rt'y 

- oy* - o'y * - o^* - «{^ - d^ 

Producty* * ♦ * ♦ -oP 

Multy— *+ajf •+oV"' 4-«^^*y+a^""* 

Into y*-a 

- ajT-* - a'^i^'"*. ... - (<""y - fl^"" "y - (T 
Prod.y- ♦ * * * ^ 

466. b. In the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
even number, is divisible by the sum of the quantities. That 
is, as the double of every number is even ; 

And the sivm of the power h of two quantities, if the index 
is an odd number, is divisible by the mm of the quantities* 
That is, as Sm-j-l is an odd number ; 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 

Tims, 

(»• - ^•)-^(»+«) = y' - «y*+ay - a'y'+«*y - «•» *«• 
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And, 

GREATEST COMMON MEASURE., 

466. e. The Greatest Common Measure of two quantitieef, 
may be found by the fcdiowing rule ; 

Divide one op the quantities bt the other, and tbb 
preceding divi9or bt the last remainder, till nothino 
remains ; the last divisor will be t^e greatest common 

MEASURE. 

He algebraic letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
prindfries must be admitted. 

1. Any quantity measures iUelfy the quotient being 1. 

S. If two quantities are refl|)ectively measured by a thir^ 
their mm or difference is measured by that third quantity.— 
If 6 and c are each measured by d, it is evident that b-^Cf 
and 6 - c are measured by d. Connecting them by the sign^- 
^r -, does not affect their capacity of being measured by d. 

Hence, if b is measured by d, then by the preceding pro* 
position, b-^-d is measured by d. 

S. If one quantity is measured by another, any mtdHph 
of the former is measured by the latter. If fr is measured 
by dj it is evident that b^b^ Sb, 4J», n6, &c. are measured 
by rf. 

Now let Dsthe greater, and df=:the less of two algebraic 
quantities, whether simple or compound. And let the pro» 
cess of dividing) according to the rule be as follows : 

d)Diq 

v'q" 
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In which q^ (f q'\ are the f uo/ientt, from the sniccessive 
divisions ; and r, r^, and o the remainders. And ^ the divU 
dend is equal to the product of the divisor and quotient added 
to the remainder, 

/>=rd^4-^5 ^^^ d:=rq^'\-r^. 

Then, as the last divisor r' measures r the remainder heingo, 

it measures (2, and 3,) rq^'\-r^=dy 
and measures dq-^rz=^Dy 

That is, the last divisor r^ is a tomnKm measure of the two 
given quantities D and d. 

It is also their greatest common measure » For every com- 
mon measure of D and ct, is also (3, and 2) a measure of 
D--dq=zr; and every common measure of d and r, is also a 
measure of rf - rq'^r^. But the greatest measure of t^ is 
itself. This, then, is the greatest conunon measure of D 
and (f. 

The demonstration will be substantially the same, what- 
ever be the number of successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the gieatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
r^, the greatest common measure of / and c, is the greatest 
common measure of the three quantities D, (2, and c. For 
6vefy measure of r^, is a measure of D and d; therefore the 
greatest common measure of r^ and c, is also the greatest 
common measiue of />, rf, and c. 

The rule may be extended to any number of quantities. 

46C. d. There is not much occasion for tl^ preceding 
operations, in finding the greatest common measure of nm* 
pU alfi^ebraic quantities. For tliis purpose, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will frequently be expedient 
to reduce the divisor, or enlarge the dividend, in confi^rmitj' 
with the following principle ; 

The greatest common measure of two quantities is not altered^ 
by multiplying or dividing diher of them by any quantity which 
is not a divisor (f the otlier^ and widch contains no factor which 
is a divisor of the other. 

The common measure of ab and ac is a. If either be 
multiplied by d^ the common measmre of abd^ and oc, or of 
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aft and aciy is still a. On the other hand, if oft and aci are 

the given quantities, the common measure is a; and if aed 
be divided by dy tlie common measure of ab and oc ia a. 

Hence in finding the comn\on measure by division, the 
divisor may often be rendered more simple, by dividing it by 
some quantity, which does not contain a divisor pf the divi- 
dend. Or the dividend may be multiplied by a factor, which 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of ,^ 
6a*+ 1 1 oar+Sa;*, and ^a*+7ax - Sx\ 

6a*+7ax - 8a;*)6a*+l la«+3ar*(l 

6a»4- 7ax-3ar' 

Dividing by 2ar)4ax-f 6a?' 

204-3^)60*4.700? - 3a?(3o - X 
6o'4-9<M? 

-2ax-3a:* 



After the first division here, the remainder is divided by 
2x, wliich reduces it to 2o4-3x. The division of the pre« 
ceding divisor by this, leaves no remainder. Therefore 2o4- 
9x is the common measure required. 

2. What is the greatest conunon measure of a? - ft*a?, and 
«94.26x4-6«1 Ans. x+b. 

3. Wliat is the greatest common measure of cx-^-af^ and 
a*c4-o'« 1 Ans. c-^x. 

4. What is the greatest common measure of 3a:* - 24a? - 9, 
and 2x' - 16ar- 6 1 Ans, a;»- 8a:- 3. 

6. What is the greatest common ineasurft nf-A* — A<^_aiuL 
ii»-fcV1 Ans. o*-ft'. 

6. Wliat is the greatest common measure of a^- 1, and 
mf-^-yt Ans. x^l. 

7. What IS the greatest common measure of «•- o*, and 
**-oM 
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8. What 18 the greatest comnion measure of 4f^ab'>^t¥, 
and (^ * Sab+W 1 

9. Wliat i8 the greatest common measure of a* - s^f and 

10. What is the greatest common measure of fl^-afr\ and 
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INVOLUTION AND EXPANSION OP BINOMIALS .♦ 

Art. 467. THE manner in xvhich a binomial, as well as 
any other compoumi quantity, may be involved by repealed 
mil] ti plications, has been shown in the section on powers. 
(Art. 213.) But when a high power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some general prin- 
ciple, by which the involution may be more easily and expe- 
ditiously jierformed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded on what is called the Binomial Theorem^ the inven- 
tion of which was deemed of such importance to mathemati- 
cal investigation, that it is engraved on his monument in 
Westminster Abbey 

468. If the binomial root be a+t, we nmy obtain, by mul- 

liplivuikMii ihre follo%ving powera. (Art. 2Xo,^ 
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.6)»=a'+5d*64-10a'6«+10a'6»4-6o6*-f.6', &c. 

fiy'ulending to this series of powers, we shall find, that 
the «xp(mentt preserve an invariable order through the whole. 
Tliis will be very obvious, if we take the exponents by them- 
selves, uncoimected with the letters to which they belong. . 

. '. ., , iofa are 3, 1, 

In the square, the exponents j ^^ ^ ^^^ q' , | ^ 

In the cube, the exponent* j^JS^^^fla;? 

In the 4Ui power, the exponents jjfjSJ^ t'l M 

&c. 

Here it will be seen at once, that the exponents of a in the 
first term, and of 6 in tlie Uisty are each equal to the index of 
the power ; and that the mmi of the exponents of the two let- 
ters is m every term the same. Thus in the fourth power, 

C in the first term, is 4-f0=4 
The sum of the expcments < in the second, 3+1 =4 

( in the tliird, 2 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents cf 6 increase from 
0. That this will universally be the case, to whatever ex- 
tent the involution maybe carried, will be evident, if we con- 
sider, that in raising from any power to the next, each term 
is multiplied both by a and by 6. 

Thus (a4-6)«=<r'4-2a4+6« 
Mult, by a-f-b 

' [of a in each term. 

c?^2c?h^ah'^. Here 1 is added to the exp. 

a'6+2a6»+6l Here 1 is added to the 

^ [exp. of 6 in each term. 

If the exponents, before the multiplication, increase and 
decrt^ase by 1, and if the multiplication adds 1 to each, it is 
evident they must still increase and decre£ise in the same 
majmer as before. 



2=:4,&C. 
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469. If then a^b be raised to a power whose exponent is ik 
The exp's of a will be n, n- 1, n- 2, .... 2, 1, ; 
And the exp's of 6 will be 0, 1, 2, . . . . n - 2, n- 1, n. 

The temis in which a power is expressed, consist of the 
ktters with their exponents^ and the co-efficients* Setting'asiHe 
the co-efficients for the present, we can determine, from the 
preceding observations, the letters and exponents of any 
power whatever. 

Tluis the eighth power of a-|-6, when written without the 

a« + a'6 -i- a«fc' + aV + a'b* + a^» + a'6*4- ab' + 6*. 

And the nth power of a 4-6 is, . 

o-^-o— *6+a— «6» a'6"-*+a6"-^+^^ 

470. The number of terms is greater by 1, than the index 
of the power. For if the index of the power is n, a has, in 
different terms, every index from n down to 1 ; and there is 
one additional tenn which contains only 6. Thus, 

The square has 3 terms, The 4th power, 5, 
The cube 4, The 5th power, 6, &c. 

471. The next stepistofmd the co^effidents. This part 
ot the subject is more compUcated. 

In tlie series of powers at the beginning of Art. 468, the 
co-eflicients, taken separate from the letters are as follows ; 
In tlie square, I» 2> I> whose sum is 4=2' 

In the cube, 1, 3, 3, 1, 8=2' 

In the 4ih power, 1, 4, 6, 4, 1, 16=2* 

In the 5th power, 1, 5, 10, 10, 5, 1, 32=2*. 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

472. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be multiplied by the index of 
the leiiding quantity in that tenn, and divided by the index of 
the following quantity increased by 1, it will give the co- 
efficient of the succeeding term.* 



* See Note T. 
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Of the two letters in a teim, the first is called the leading 
quantity, and the otlier the foUoxcmg quantity. In the ex 
amples which have been given in this section, a is the 
leading quantity, and h the following quantity. 

It may frequently be convenient to represent the co-effi- 
cients in the several terms, by the capital letters, .3, B^ C, &c. 

The nth power of a-fi, without the co-efficients, is 
a-4.(r-'6+a'-»6«+a— «6^-|-a"-^6*, &c. (Art. 469.) 

And the co-efficients are, 
.4 =n, the co-effik;ient of the second term ; 

B =nx^— ^, of the ilmd term ; 

C = n X?_ X^^^ of the fourth term ; 

JD=»X?^X^X^ of the fifth term; &c/ 

The regular manner in which these co-efficients are de 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it will be 
seen, that the co-efficients first i$icreasey and then decreotsty at 
the same rate ; so that they are equa], in the first term and 
the last, in the second and last but one, i^ the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of this is, that (a-f-6)''is the 
same as (fc-^-^)* J a^^d if the order of the terms in the bino- 
mial root be changed, the whole series of terms in the oower 
will be inverted. 

It is sufficient, then, to find the co-efficients of half the 
terms. These repeated will serve for the whole. 

474. In any power of (o-f-^j) the sum of the co-efficients 
IS equal to the number S raised to that power. See the list 
of co-efficients in Art. 471. The reason of this is, that, ac- 
cording to the rules of multiplication, when any quantity is 
involved, the letters are. multiplied into each other, and the 
eo^efficients into each other. Now the co-efficients of a-f-6 
being 14-l=s2, if these be involved, a series of the power» 
of 2 will be produced. 

475. The principles which have now been explained may 
mostly be comprised in the following general theorem, called 
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THE BINOMIAL THEOREM- 

The index op the leading qua-ntity op the power 
OF A Binomial, begins in the first term with the in- 
dex OF THE power, AND DECREASES REGULARLY BT 1, 

The index op the following quantity begins with 1 
IN the second term and increases regularly by 1, 
(Art, 468.) 

The CO-EFFICIENT of the first term is 1 ; that 

OF THE SECOND IS EQUAL TO THE INDEX OF THE POWER ; 
AND UNIVERSALLY, IF THE CO-EFFtCIENT OP ANT TERM BE 
MULTIPLIED BY THE INDE^X OF THE LEADING QUANTITY IK 
THAT TERM, AND DIVIDED BY THE INDEX OF THE FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE CO-EF- 
FICIENT OF THE SUCCEEDING TERM. (Art. 472.) 

In algebraic characters, the theorem is 

(a+6)*=a"-f nxa"~' 6+nX^^a""""^', &c. 

It is here supposed, that the tervis of the binomial have no 
other co-efficients or exponents than 1. Other binomiak may 
be reduced to this form by substitution. 

Ex. 1. What is the 6th power of a:'{-y ? 

The terms without the co-efficients, are 
A x% x*y\ a?y\ s^y', snfy y\ 
And the co-efiicients, are 

I, 6, ?><^, l^><i, ??^, 6, 1. 

Uiatis 1, G, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, w© have the power 
required ; 

a;«+6a;^y+l 5«y +20:ry4. 1 SxY+^^+V^- 

2. {d+hy^d'+5d'h+l0d^h^+l0d'h^+5dh'+k\ 

3. What is the nth power of t-f-y 1 

Ans. Ir+Ab""- 'y+J?6'»-y4-C6"-y+D6-y, &c. 

That is, supplying the coefficients which are here repre- 
sented by A, By C, &c. (Art. 472.) 

i-+»x6''-'y+»*x^ixt"^y, &c. 



f: 
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• 4- Wliat m the 5th power of a^+Sf 1 

Biibstitiiting a for a?", and b for 3?(', we have 
{a+by=z a'+5a*b+\0a%^-^ 1 Oa*y+5ciy+6', 

And restoring the values of a and 5, 
(aj«+Sy«)^==x^«+15aY+90.ty+270a?*y^+405aY+24Sy* 

5. What is the sixth power of {Sx-{-2y) t 

Ans. 

729a:*4.291 6a:«y+ 486(Xr*y'+4320a:*y'+21 605:«y*4-576a?»« 
+64y«. 

476^ A re^idttol quantity may be involved in the sam^ 
manner, without any variation, except in the signs. By re 
peated multiplications, as in Art. 213, we obtdn the foUow 
mg powers of (a -6.) 

(a^by=a*^2ab+b\ 
a- 6)^=a3- 3a»6+3ai«- b\ 
a - 6)^ = a* - 4a?b+6a^b^ - 4ab^+b\ &c. 

By comparing these with the like powers of («+6) in Art. 
468, it will be seen, that there is no difference except in the 
signs. There, all the terms are positive. Here, the terms 
which contain the odd powers of b axe negative. See Art. 
218. 

The sixth power of (x - y) is 
ar« - 6s^y+ 1 5xY - 20a:«y'+ 1 5xHf* - 6arj/*4.y«, 
The nth power of (a - 6) is 
a^-wia— *6+J9a'-«6=*-. Ca'''''b\ &c. 

477. When one of the terms of a binomial is a imtf, it is 
generally omitted in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 209.) and this 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 90.) 

Thus the cube of (a^+l) is a?+3ar»X l+3arxl''+l^ 

Which is the same as a^+^^^+^^+l* 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the eocponents of both the leading and the fol- 
lowing quantity in each term, lor the purpose of finding the 
co-efficients. But this will be unnecessary, if we bear id 
mindi that the sum of the two exponents^ in each tenn, i^ 



1 
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equal to the index of the power. (Art. 468.) So that, if we 
have the exponent of the leading quantity, we may know 
that of the following quantity, and v. v. 

Ex. 1. The sixth power of (1 -y) is 

1 . Cy 4- 1 5y« - 203^^+ 1 5y* - By'+y*. 
2. (l+a?)"= 14-^9x4. J?a:*-f Car^+DxS &c. 

478. From tlie comparatively simple manner in which the 
power is expressed, when the first term of the root is a tinit, 
IS suggested the expediency of reducing other binomials to 
this form. 

The quotient of (o+ap) divided by a is ( 1+- ) . This mul 
tiplied into the divisor, is equal to the dividend ; that is, 
(a+ar)^ax(l+-) therefore {a+«)-=firx ( !+-)"• 

By expanding the factor (1+-) > we have 

479. When the index of the power to which any I »biomial 
is to be raised is a positive whole nunAery the series wdl termi' 
fuxte. The number of terms will be lunited, as in all the 
preceding examples. 

For, as the index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
series will break off. 

Thus the 5th term of the fourth power of a-j-a? is x\ or 
<fx\ cf being commonly omitted, because it is equal to 1. 
(Art. 207.) If we attempt to continue the seribs farther, the 
co-efficieut of the next term, according to the rule, will be 

■ ^ =0. (Art. 112.) And as the co-cfficients of ail sue* 
o 

ceeding terms must depend on this, they will also be 0. 

480. If the index of the proposed power is negative^ this 
can never become 0, by the successive subtractions of a unit. 
The series will, therefore, never termnate; but like many de- 
cimal fractions, may be continued to any extent that is de« 
sired. 
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jfcx. Expand into a seriea =(a-|-j/)'"'. 

The terms without the co-efficients, are 
«"*, a'~% a"y, i»""y> o'V, &c. 

The co-efficient of the 2d term is - 2, of the 4thi?2ii:i=-4 

3 

Of the third, Il?-^lll?.=+3, of the 6th zi>LZ^=4.5. 

2 ^ 4 ^ 

The series then is 

a-' ^ 2a-'j/+3a-y - 4a- y+5a-y, &c. 

Here the law of the progression is apparent ; the co-effi- 
cients increase regularly by 1, and their signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 
in raising powers^ but particularly in finding the roots of bino- 
mials. A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an inte^ 
ger, in the other a fraction. (Art. 245.) Thus (a-|-fc)" may 
be either a power or a root. It is a power if n=2, but a root 
if n=J. 

482. If a root be expanded by the binomial theorem, the 
series will never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art. 479.) But according to the theorem, 
the diilerence in the mdex, between one term and tb<5 next, 
is always a unit ; and a fraction^ though it may ^ange from 
positive to negative, cannot become exa<^ equal to 0, by 
successive subtractions of units. Thw^> if the index in the 
first term be J, it will be. 

In the 2d, i-l = -i, In the 4th -f- 1 = -f^ 
In the 3d, -J - 1- -f, In the 5th -t- 1= -}, &c. 

Ex. What 15 the square root of (o+i) ? 
The terms, without the co-efficients, are, 

a*,a"H,a-*t«, a""V, a"'*^*, &c. 

8«» 
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The co-efficient of the second term is 4~i 

of the Sd, *^"* = -i, of the 4th, zi>lZ*=+ A- 

And the scries is ar^^a^h - ia"^*'*-)- iSa 6'> &c. 

Wlien a quantity is expanded by the Binomial Theorem, 
the law of the series will frequently be more apparent, if the 
factoT$^ by which the co-efficients are formed, ar^ kept du* 
tincU 

1. Expand into a series {a^-^-xy. 
Substituting h for a% we have 

^=1, (Art. 472.) 

2^ 2 2^ 4 2.4 



2.4 S 2.4 6 2.4.6 
D= 3 -t^ S 6 _ S.5 



2.4.6 4 2.4.6 8 2.4.6.8 

Restoring, then, the value of i, and writug -for cT*, we have 

a 

^ ' ^ta 2.4«r' ^ 2.4.6a' 2.4.6.8aT 

2. Bxpand faito a series (l-{-x) . 

An3. 1+^ - j!+_?fL - J:^^ &c. 
^2 ».4^2.4.6 2.4.6TF 

8. Expand V®* »' (*+l>^- 

Ans. 1+1 - JL+_i - -±V... 8-5.7 ^ 
^2 2.4^2.4.6 2.4.6.8-2.4.6.8.10' 

4. Expand (o+a:)*, or a * x ( 1 +-) *• See Art. 478. 

^l^?a 2.4«?+^Z65^ 2.4.6.8a' ' *""• ] 
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5. Expand (a+i)^ or aix(l+-)*. 

\ ^3a 3.6o»^S.6.9a? 8.6.9.T1? / 

6. Expand into a series (a- 6) \ 

Ans. «ix f 1 - 1--^ --H*!- - J:H1*L. &c.) 

\ 4a 4.8a» 4.8.12o» 4.8.12.16d' / 

7. Expand (a-f-ar)"^. 8. Expand (l-a;)l 

9. Expand (l+ar)""*. 10. Expand (o»+«)~*. 

483. The binomial theorem may also be applied to quan- 
tities consisting of more than two terms. By substitution, sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded. 

Ex. What is the cube of a-fft-f-c 1 
Substituting ft for (fc+^>) w« have a-f-(6+0 =M"^* 
And by the theorem, {a+hy=:<f+Sa^h+Sah*+h\ 
That is, restoring the value of h. 

The two last terms contain powers of {b-^c) ; but these 
may be separately involved. 

Promiscuous Examples. 

1. What is the 8th power of (o+t) 1 

Ans. ci»+8a'6+28aV+66rf6'+70a*6^+66rff' 4- 
28aV+8a6'+6'. 

JB. What is the 7th power of (a - 6) ] 

S. Expand into a series , or (1 -a)*' 

1 -a 
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4. Expand -* or A X (o - 6)"*. 
Ann. Axfl+if^^ &c.) or*f^5+^*. &c 

5* Expand into a series (a*4-^'} • 

6. Expand into a series {a-^y)^\ 

«• rf^ <*• a' ^ oT* 

7. Expand into a series («•+**). 

\ ^3c» S.eo'^ 3.6.9c^ y 

8. Expand _A_ or <!(<?+«•)"*, 

c\ 2c»^2.4c* 2,4. ec*^ 2.4.6.8/ / 

9. Find the 5th power of (a'+y*.) 

10. Find the 4th power of (o-f-b-f-x.) 

U. Expand (<^-x)* 12. Expand (l-y*)*. 

IS. Expand («-«)*. 14. Expand A(rf'-Y)* 
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SECTION XVIII. 



EVOLUTION OF COMPOUND QUANTITIES. 

Art 484. THE roots of compound quantities may be ex- 
tracted by the following general rule : 

After arranging the terms according to the powers of one 
of the letters, so that the highest power shall stand firsts the 
next highest next, &c. 

Take the root of the first term^for the first term of the requir-^ 
ed root : 

Subtract the power from the given qwrniity^ and divide the 
first term of the remainder, by the first term of the root involved 
to the next inferior power, and multiplied by the index of the 
gifven power ;t the qtwtient wUl be the next term of tlie root. 

Subtract the ptanBmi^ ihp ipt-mA nlrpndy jmuid frtmi ihc given 

qttantityy and using the same divtsor, proceed as before. 

This rule verifies itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract* 
ing its power from the given quantity : and when the power 
is equal to this quantity, it is evident the true root is found. 

Ex. 1. Extract the cube root of 

a«+3a'-3a*- lla'4-6a'4-12a-8(o»+a-2. 
a', the first subtrahend. 



ia*)* icfj &c. the first remainder* 
rf4.S(i«-|.3((<^a", the 2d subtrahend. 

Srt*)* * - Ga\ &c. the 2d remainder. 
a«4.8a» - 3a^ - 1 1 a'4- 6a*+ 1 2a - a 



tBy the gi»>t» pvmer is Hioant a power of the same name with the required 
root. As powers and roots are correlative, any quantity is the square of its 
•quare root, the cube of its cube root, &c 
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Here c?, the cube root of a', is taken for the first term of 
the required root The power cf is subtracted from the given 
quantity. For a divisor, the first term of the root is sauared, 
that is, raised to the next inferior power, and multiplied by 
S, the index of the given power. 

By this, the first term of the remainder So", &c. is divided, 
mid the quotient a is added to the root. Then a^4~^ ^® 
part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the given quantity. The first term of the remainder -« 6a*, 
&c. is divided by the divisor used above, and the quotient - 2 
is added to the root. Lastly the whole root is involved to 
the cube, and the power is found to be exactly eoual to the 
given quantity. 

It is not necessary to write the remainder at length, as, in 
dividing, the first term only is wanted. 

2. Extract the fourth root of 

a<4.8a»4.24a»+S2a+16(a+2 
a* 



4a>)* 8a», &c. 



a«4.8a»+24a»+32a+ 1 6. 

S. What is the 5th root of 

a»+5a*6+10aV+10aV+5a6*+6» 1 Ans. a+6. 

4. What is the cube root of 

a»-6a'6+ 2a6*.86M Ans. a-^Vb. 

& IVhat is the square root of 

4a«- 12a6+96'+16afc- 24ftA+16AV2a-SH-4A 
4a« 



4a)*-12a6, &c 
4aP-l2a6+96* 
4o)* ♦ *+ 16oA,&c. 



40*- nab-\-W+\&ah-tibhr{-\W. 



1 

J 
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In finding the divisor her«, the term Sain the root is not 
involved, because the power next below the square is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, which is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first tenr 
of the required root, and subtract the power from the givei* 
quantity. 

Bring down two other terms for a dividend. Divide by ' 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the lerm last placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed as 
before. 

Ex. 1. What is the square root of 

a«4-2a6+6»+2ac+26c-fc*(a+6+c. 
a\ the first subtrahend. 



2a+6)* 2afc+6' 

Into b=s 2a64-fr^ ^^ second subtrahend. 

2a+26+c) * * 2ac+Uc+e' 

Into c= 2ac-f-2&c-j-c% the third subtrahend. 

Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the tenns placed in the root, the root is truly assigned bj 
the rule. 

The first subtrahend is the square of the first term of the 
root. 

The second subtmhend is the product of the second tenn 
of the root, into itself, and into twice the preceding tenn. 

The third subtrahend is tjie product of the third term 
of the root, into itself, and into twice the sum of the two pre* 
£eding terms, &c. 

That is, the subtrahends are equal to 

rf+(2a4.fc) xb+{2a+2b+c) xc, &c. 
and this expression is equal to the square of the root* 
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Por(a+i)*=rf+«afc4.5*sra«+(2a+i)>cfc. (Art. 120.) 

And putting &=a4-6, the square h^=z<i^'\'{2a+b)xb. 

And {a+b+cy=z{h+cy=zh*+{2h+c)xc; 

that is, restoring the vahies of h and /(*» 

(a+b+cy=za''+{2a+b) xb+{2a+U+c) xc 

In the same manner, it may be proved, that, if another 
term be added to the root, tlie power will be increased, by 
the product of that term into itself, and mto twice the sum 
of the preceding terms. 

« The demonstration will be substantially the same, if some 
of the terms be negative* 

2. What is the square root of 

1 - 4b^W+2y - 4by+f{l - 26+y 
1 



2-26) ♦« 4ft. 
Into -2ft= -4ft- 



4ft« 
4ft* 



2 - 4ft+y) * ♦ 2y - 4ftj/+y « 
Into * y=s 2y - 4fty4-y '• 

S. What is the square root of 
a« - 2a'+3a* - 2a'+a» 1 

4. What is the square root of 
a^^4a'ft+4ft« - 4a» - 8ft+4 1 



Ana. c^->a*4-<>* 
Ana. i^4-2ft - 2. 



486. It will frequently facilitate the extraction of roota, 
to consider the index as composed of two or more /actors. 

Thus a*=a*^* (Art. 258.) And a*=a*><* That is, 

The fourth root is equal to the square root of the square 
oot; 

Tlie sixth root is equal to the square root of the cube root ; 

The eighth root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 



' 
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1 Find the square root of x* - 4a:'+6a?- 4ar4-l. 

2 Find the cube root of x^ - 6ar'+ 1 5a:* - 20x»+ 1 5a:* - 6a:+ 1. 

3 Find the square root of 4a:* - 43:^+133:* - Bx+O. 

4. Find the fourth root of 

1 6a* - 96a'a:+E 1 6aV - 2 1 6aa;^+8 1 x*. 

5. Find the 5th root of «^+6a:*+10a:»4-10ar*+5a:+l. 

6. Find the sixth root of 

a«-6«*fc+16aV-20aV+15a«6* .6a6*4-i«. 

ROOTS OF BINOMIAL SURDS. 

486. 6. It is sometimes expedient to express the square 
root of a quantity of the form at^h^ called a binomial or re- 
sidual surd, by the sum or difference of two other surds. A 
formula for this purpose may be derived from the feUowiiig 
propoettiond; 

1. The square root of a whole number cannot consist of 
two parUf one of which is raUanal^ and the other a mrd. 

If it be possible, let V^^^4-Vy> ^ which the port x ia 
rational. 

Squaring both sides, a=«*+2«Vy+y 
And reducing, ^y^ — rr — ^9 a rational quantity i 

which is contrary to the supposition. 

2. In every equation of the form ar-4-Vy^^4'V^> ^^^ ^^* 
tional parts on each side are eqiudf and also the remaining 
parts. 

If « be not equal to a, let x=^atz. 

Then a±s-f-Vy=<H-V*' •^'^^ V^=^+ Vy 5 
That is, ^b consists of two parts, one of which is rational, 
and the other not ; which, according to the preceding propo- 
sition, is impossible. 

In the same manner it may be shewn, that in the equa* 
tion, x-Vy—^'* V^> ^^® rational parts on each side are 
equal, and also the remainuig parts. 

S. If VM'V^^^^^'f' Vy« ^ben \^a - \^b=zx - VV* 

For, by squaring the first equation, we have 

a+^bz^^+2x^y+il 

23 
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And by the last proposition. 



By subtraction, a->\/6 =jc^ ^^VV+V 
By evolution, Va->\/6=ar -Vy- 

486. c. To find, now, an expression for the square root of 
a binomial or residual surd, 

Let \/a4- V^ = *+\/y 

Tlien \/a ^ V* =* "" Vy 

Squaring both sides of each, we have 

«+ V^= *'+2^Vy+y 

a - V^=^ "" 2arVy+y 
Adding the two last, and dividing, a^za^-^-y 

Multiplying the two first, \/a*-t=:«*-y 

Adding and subtracting, 

/ a+A^a* - b 



Therefore, as V«+y*^+Vy> ^^^d Va- Vfc=a?-\/y, 

Or, substituting rf for >\/a* - 6, 

Ex. 1. Find the square root of 3+2^2. 
Herea=3, a'=9, V6=2V^, 6=8, a«- 6=9 -8=1. i 

Therefore v3+V^-,y^+^?^= V^+l- ( 
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2. Find the square root of 1 1 +6^2. Ans. S+ V*- 

3. Find the square root of 6 - 2>^5. Ans. ^5 - 1, 

4. Find the square root of 7+4^3. Ans. S+^^S; 
6. Find the square root of 7 - a^^lO. Anjs. ^5 - ^JB. 

These results may be verified, in each instance, by multi 
plying the root into itself, and thus re-producing the binomial 
from wliich it is derived. 
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INFINITE SERIES. 

Art. 487. IT is frequently the case, that, in attempting to 
extmct the root of a quantity, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
with exactness. But, by continuing the operation, one term 
after another may be added, so as to bring the result nearer 
and nearer to the value required. When the number of 
terms is supposed to be extended beyond any determinate 
limits the expression is called an infitnte series. Tlie quantittff 
however, may be finite, though the number of terms be un- 
limited. 

An infmite series may appear, at first view, much less sim- 
ple than the expression from which it is derived. But the 
former is, frequently, more within the power of calculation 
than the latter. ^luch of the labor and ingenuity of mathe- 
maticians has, accordingly, been employed on the subject of 
series. If it were necessary to find each of the terms by ac- 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, generally, be sufllcient to de- 
termine the law of the progression. 
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488. A firaetum may often oe expanded into an hi&iiie 
series, by dividing the numeraUfr by the denominator. For tlie 
value of a fraction is equal to tiie quotient of tlie numerator 
divided by the denominator. (Art. 1S5.) When this quotient 
cannot be expressed, in a limited niunber of terms, it may be 
represented by an infinite series. 

Ex. To reduce the fraction to an infinite series, 

dif'de 1 by 1 - a, according to the rule in Art 462. 

1 - a) 1 (1 +a-|-rf+(if, &c. 

\^a 



* a 






By continuing the operatkm, we obtain the terms 

l_|-a-f-o*+^*+^*+^'+*^*> &c. which are sufficient to 
show that the series, afler^ the first term, consists of the 
powers of a, rising regularly one above another. 

That the series may conoerge^ that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the divisor be greater than the second. In 
the example just given, I must be greater than a. For at 
each step of the di\dsion, there is a remainder ; and the quo- 
tient is not complete, tiU this is placed over the divisor and 
annexed. Now the first remainder is a, tlie second a*, the 
third a\ &c. If a then is greater than 1, the remainder con* 
tinually increases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega-> 
tive, which ought to be added to the quotient. The series 
is^ therefore, diverging instead of converging. 

Bw. if a be less than 1, the remainders, a, a', c^, &c. wiU 
contiiAually decrease. For powers are raised by multiplica- 
tion ; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art« 90.) If a be taken 
equal to i, then by Art. 223, 
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and we have 

Here the two first terms sl-j-i^ which is less than 2, by ^ ; 
the three first =14- !» less than 2, by | ; 

the four first =!-{-{, less than 2, by i ; 

So that the farther the series is carried, the nearer it ap^ 
proaches to the value of the given fraction, which is equal 
to 2. 

2. If be expanded, the series will be the same as that 

from , except that the terms which consist of the odd 

1 — 11 

powers of a will be negative. 

So that -i—= 1 - a+a^-- o»4-a* - tf+cf^ Sec. 
1+a ^^ ^ 

3. Reduce . to an infinite series. 



-6) A (ifV^. &c. 

/ \a a' <r 



h-^± 



a 

Here h divided by a gives ^ for the first term of the quo* 

a 

tient. (Art. 124.) This is multiplied into a - &, and the product 

hh 
is &-f2 ; (Arts. 159, 158.) which subtracted from h leaves 

a 

5*. This divided by a gives ^ (Art. 163.) for the second 
a a 

term of the quotient. If the operation be continued in the 
same manner, we shall obtain the series, 

in which the exponents of b and of a increase reguiariy by 1. 

33* 
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4* Reduce Jt? to an infinitft aertes. 

Am. l+2a+2a*4-2^+&i', &e. 

469. Another method of forming an infinite series ia^ by 
extracting the root of a eompotmd $urd» 

Ex. 1. Reduce ^a^-\-t^ to an infinite series, by extracting * 
toe square root according to the rule in Art 485. 



^4«' 



^^a 8<^/ 4? 



Here a the root of the first term, is taken for the first term 
of the series ; and the power c^ is subtracted from the given 
quantity. . The remainder &' is divided by So, which g^ves 

—9 for the second term of the root. (Art. 124.) The divi- 

sor, with this term added to it, is then midtiph'ed into the 

term, and the product is 6*+--.. (Arts. 165, 169.) This 

4{r 

subtracted from 6* leaves - — ^ which divided by 2a gives 
- Zy for the third term of the root. (Art. 163.) &c. 

2a 8a» Uaf 
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490. A binomial which has a negative or fractional expo« 
nent^ may be expanded into an infinite series by the binamicd 
theorem. See Arts. 480, 482, and the examples at the end 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

4D0. 6. A fourth method of expanding an algebraic ex- 
pression, is by assuming a series, with mdetermmaie co^ffi^ 
dents ; and afterwards finding the value of these co-efficients. 

If the series, to which any algebraic expression is assumed 
lobe equal, be 

Jt+Bx+Cx'+Dx^+Ea^, &c. 

let the equation be reduced to the form in which one of the 
members is 0. (Art. 178.) Then if such values be assigned 
to •A, By C, &c. that the co-efficients of the several powers 
of Wy as well as the aggregate of the terms into which x does 
not enter, shall be each equal to ; it is evident that the whole 
will be equal to 0, and that, upon this condition, the equation 
is correctly stated. 

The values of Jl^ J?, C, &c. are determined, by reducing 
the equations in which they are respectively contained. 

Ex. 1. Expand into a series 



c-^bx 



Assume -^=*fl+J5a:+Cj^+2)r»+JSar*, &c 
e^bx 

Then multiplying by the denominator c-^-bx, and trans- 
posing a, we have 

0= (wJc - a)+{M+Bc) x+ (Bb+ Cc)x''+ ( Cb+Dc)a^, &c. 

Here it is evident, that if (^c-a), (M+Bc), (Bb+Cc), 
&c. be made each equal to 0, the several parts of tlie second 
member of tlie equation will vanish, (Art. 112,) and the 
whole will be equal to 0, as it ought to be, according to the 
aesumption which has been made. 
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Reducing the following equations, 



a 



Ac - a=0, we have A^ 

c 



C6+I>c=iO, D=--.C, 



5r, I 



That is, each of the ca-efficientS| C, D, and E, is equal to 
the preceding one multiplied into - — We have therefore 



2. Expand mto a senes j - . uJ TTy 

Assume --±fc*i-=^+B:c+C^+^^> &<^- 

Then multiplying by the denominator of the fraction, and 
transposing a+hx, we have 0=(j3d-a)+(-Bd+^-6)« 
J^{Ci+Bh^Ac)^+{Dd+Ch^Bc)A &c. 

Therefore JJ= J ^== " 5^ " ?** 

3. Expand into a series -it — -. 

Ans. l4-3a?+4a?+7a?'+lla:*+.18a;^+29a;«, fcc. 

In which, the co-efficient of each of the powers of a?, is equal 
to the «*m of the co-efficients of the Iwo preceding terms. 



f 



4. Expand into a series ^ 
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d 



b --ax 



6. Expand into a series 



Ans, l+x+5j*+13a:'+41ar'+121a:*+365:r«, &c 

6. Expand into a series — , - . 

Ans. 14.«+2«*+2x"+3x^+S«*+4af4.4ar', &c. 

7. Expand -iL- 8. Expand * "^ 



l-6ar ^ l-.6x+6»« 

9. Expand ^f+*^^ . 10. Expand J±L.. 

SUMMATION OP SERIES. 

491. Tliough an infinite series consists of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the sum oftJie terms; that is, a quantity which 
differs less, than by any assignable quantity, from the value 
of the wliole. This is also called the limit of the series.— 
Thus the decimal 0.33333, &c. may come infinitely near to 
the vulgar fraction |, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 453, 4. Therefore i is the limit 
of 0.33333, &c. that is, of the series 

A+ilir+Tt^'^+TTrg oo I lou^iiu , &C. 
If the number of terms be supposed infinitely gi'eat, the 
diflference between their sum and i, will be infinitely small. 

492. The sum of an infinite sc^ries whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord- 

ing to this, Sz=zHZ^ that 1% the sum of the series is found 

r-1 

by multiplying the greatest term into the ratio, subtracting 

the least term, and dividing by the ratio less 1. But, in an 

infinite series decreasing, the least term is infinitely small.-* 

It may be neglected therefore as of no comparative value* 

(Art. 456.) The formula will then become^ 

r^T r-1 
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Ex. 1 . What is the mim of the infinite series 

T U I 108 I mild I lUBBtt I IBDBB I H *0. I 

Here the first term is vV* ^nd the ratio is 10 

Then 5=-!!. -'OxA_,|_| t^e angler. 
r-l 10-1 ' 

2. What is the sum of the infinite series 

l+i+i+i+ A+A+A, &c. 1 

Ans. fi'=Jl_=*21i=e. 
r-l 2-1 

3. What u the sum of the infinite series 

l+i+i+iS+A, &c. 1 Ans. *=l+f 

49S. There are certain classes of infinite series, whose 
sums may be found by nibtraetion. 
By the rules for the reduction and subtraction of fractioas^ 

1 l_3-2_ 1 
I S 2x3 2x8* 
1 l_4-3_ 1 
8~4 3x4 3x4* 

l.l=lzi=JL,&c. 

4 6 4x^ 4x5 

If then the fractions on the right be formed into. a series, 
they will be equal to the difference of two series formed from 
the fractions on the left. This difference is easily found ; 
for if the first term be taken away from one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

From this, let another be derived, by removing the last 
factor from each of the denominators ; and let the sum of 
the new series be represented by 8^ 

•Hiat is, let ig^l+l+l+l, &c. 



I 



Then ^-l = »+l+»4&c. ! 



And ay sabtracticm l=sJ._4— L+ J_+_L, &c 
' 2 2-3^ 3-4^ 4-5^ 6-6' 
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Here the new series is made one side of an equation, and 
directly under it, is written the same series, after the first 
term | is taken away. If the upper one is equal to S, it is 
evident that the lower one must be equal to jS- |. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the pr(^K>sed series 
equal to i. For S - (fif - J) =^ - S+i =+. 

2. What is the sum of the infinite series 
-L+J-+ J-.+ J-+±, &c. 

Here a new series may be formed, as before, by omitting 
the last factor in each denominator. 

Let 5f=l+l+l+|4-i, &c. 

Then S - * zsLl-l+l+l+l, &c. 



And by subtraction l=^-+}-+^.^l.+l^ Ste. 
' 2 13 2-4 3-5 4-6 ST 

Or ?=_L+J_+_L-f-_L+J_, &c. 
4 l-3^2-4^3-5^4-6^5^ 

In repeating the new series, in this case, it is necessary to 
oiuit the two first terms, which are l-f-i=:f> 

3. What is the sum of the infinite series 

_L+_L^ 1 1 1 , &C.1 

2-4-6^4-6-8^6-8-10^81012 

Here a new series may be formed by omitting the last fac- 
tor, and retaining the two first, in each denominator. And 
we shall find 

8 2-4-6'**4-6-8"*"6'810'^8-1012' * 

Or i.=_J — I — I — h— L_4- I ,&c 

32 2-4-6^4-6-8^6-810^8-10-12 

4. What is the sum of the infinite series 
1 .+ _4_H-^+-L, &C.1 Ans. * 



l-2'3 ' 2-3 4 ' 3-4-5 ' 4o6 
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493. b. Series whose sume can be determined, may also 
be found by the following metliod. Assume a decreasing 
series, containing the powers of a variable quantity «, whose ^ 

sum r= j9. Multiply both sides of the equation, by a com- 
pound factor, in which x and some constant quantity are con- 
tained ; and give to x such a value, that the compound fac- 
tor shall be equal to 0. If one or moi*e of the first terms be 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Let iS=14-£4--+-+-4.?^ &c. i 

! 

Multiplying both sides by a? - 1, we have 

^ / ^l-2^2-3^3-4^4-5^5-6 

If we make ar= 1, the first member of the equation becomes 
Sx(l - 1)=:0. (Art 112.) Then transposing -1 from the 
other side, we have 

l£sJ_j.J 4-JL4-J U ' &c 

l-2^2-3^3-4^4-5^5^' ' 

2. Let 8=l+^+^+^+t, &c. as before. 

^2^3^4^5^ 

Multiplying by a^ - 1, we have, 

^ ^ 2^1-3^2-4^3-5 

Making 9=rl, and transposing the two first terms of the 
series, we have 

^2 2 IV 2-4^3-5^4-6^5-7 

3. Multiplying S^l+tJ^t^^^&chy ix*^Sx+l 

we have 

^^ ^ ' 2^1-2-3^2¥4^3-4-6 

And if X be put equal to 1, 

8^ ^ j_ ^ 4, "^ t ^ &c 
2 l-2-3^2-3-4"*" 3-4-5"^ 4-5-6* 






' 
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From the two last examples it will be seen, that d^ereiU 
mricM may have the same sum. 

RECURRING SERIES. 

493. €• When a series is so constituted, tluit a certain 
number of contiguous terms, taken in any part of the series, 
have a e[iven relation to the term immediately succeeding, 
it is called a recurring series ; as any one of the following 
terms may be found, by recurring to those which precede. 

Thus in the series l+Sx+4:if+7a^+Ux*+l8a!', &c. 

the sum of the co-efBcients of any two contiguous terms, is 
equal to the co-efficient of the following term. If the series 
be expressed by 

Then «d=:l, the first term. j9=3x, the second, 
C=J?x+dfla;*=4«', the third, 
D= Ca?4--Ba?=7x^, the fourth, &c 

That is, each of the terms, after the second, is equal to tlae 
one hnmediaUly preceding multiplied by d^ 4* ^^^ ^^^^ '^^ 
preceding multiplied by S^. 

In the series lM2x+S3^+4j^'\-5x*+6a^, &c., 
each term, after the second, is equal to 2x multiplied by the 
term immediately pi'eceding, *x^ multiplied by the term 
next preceding. The co-efficients of x ana a^, that is -|-^- 1> 
constitute what is called the scale of relation. 

In the series lJ^4x-\-ea*^lW+28x*+GSs^, &c., 
any three contiguous terms have a constant relation to the 
succeeding term. The scale of relation is 2 - l-|-3 ; so that 
each term, after the third, is equal to 2x into the term imme« 
diately preceding, - o^ into the term next preceding, 4-8^ 
into the third preceding term 

Let any recurring series be expressed by 
Jl+B+C+D+E+F, &c. 

If the law of progression depends upon two contigooiw 
tenns aad the scab of relation consists of two parts, m 
audm 2i 
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Then C=J?ma;+«Au:', the third term* 
D= Cmx-^-Bfu^f the fourth* 
jE= JDma?-f Cnx^^ the fifth, 

If the law of progression depends on three contiguoo* 
terms, and the scale of relation is m [ w t 'r> 

Then 2)=CnM:+J'^+«^''^» ^^® fourth term* 
JB=J9frx+Ctt:r«+JSra;3, Uie fifth, 
jF==£«u4-I>iM?+Cra:*, the sixth, 
&c. &c. 

If the law of profession depends on more than three terms^ 
the succeeding terms are derived from them in a similar 
manner. 

49S. d. In any recurring series, the scale of rdatunif if it 
consists of two parts, may be founds by reducing the equa- 
tions expressing the values of two of the terms ; if it con- 
sists of titree parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value ci xin the series, 
the reduction may be rendered more simple, by making x= 1. 

Taking then the fourth and fifth terms, in the ftrst exam^ 

pie above, and making x=. 1, we have 

JB-^i^ \ ^^ ^^ ^^^ ^°^^^® of m and n. 
These reduced, (Art. S39,) give 
^ DC^BE ^ CE^DD 



In the series < « 



CC'BD CC^BD 

B C D E F 

i+Sx+5a!'+7a^+9x*+Ui!f', &c. 

Making dp=l, we have 

_ TXg-3x9 ,^ n=i>l?Zr= I 

5«-Sx7 * 6«-3x7 

Therefore, the scale of relation is 2 - 1. 

To know whether the law of progression depends on Itco, 
Area, or more terms ; we may first make trial of two teims ; 
aadif the^caie of relation thus found, does not conei^wnd 



I 



I 
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with the given series, we may try three or more terms. Or 
if we begin with a number of terms greater than is neces* 
sary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation* 

493« e. When the scale of relation of a decreasing recur- 
ring series is known, the $um of the terms may be found. 

J {^ B C D E F 

\ a+fcar+cai^-f dx»4.ear^4/a:^, &c. 

be a recurring series, of which the scale of relation is m4-ii» 

Then A=z the first term, Bz=z the second^ 
C=Bx tnx+Jl X nsi^9 the third, 
I>=:Cx»M?+-BX«^> the fourtli, 
E=zDxnix4-Cxr^f the fifth, 
&c. &c. 

Here mx is multiplied into every term, except the first and 
the last ; and nx* into every tenn except the two last. If 
the sieries be infinitely extended, tlie last terms may be neg- 
lected, as of no comparative value, (Art. 466,) and if S^ 
the sum of the terms, we have 

S=Jl+B+mxx{B+C+D, Sic.)+nx'x{^+B^C, ftc.) 
But S-^=B+C+D, &c. And Sz=A+B+C, &c 
Therefore S=:^+E+mxX(^' '^)+n:^XS. 
Reducing this equation, we have 

1 — ma; - nx* 
Ex. 1. What is the sum of the infinite series 

1 +6ar+ 1 2a:'+48x'+ 1 20x*, &c. 1 
The scale of relation will be found to be 1+6. 
Thenif=l, ^=6x, m=l, n=6. 



The series therefore 



_ l+5i? 



1 - a: - 6a:* 
{• Wliat is the sum of the infinite series 

l+Sar+4a;*-f7a'+lla:'+18ar'+29a;*, &c.t 

Ans. H:?^ 
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S. What b the sum of the infinite series 

Ans. *-» 



1 -2x-Sa; 
4. What 18 the sum of the infinite series 

Ans. l±?fZ 2'= _i_ 
5« What is the sum of the infinite series 



Ans. 



1+ar 



6. What is the siun of the infinite series 
l+Sa?+8a:«+28a:»+100a?«, feci 



Ans. 



l-Sa;-2a?* 



If in the senes | a+6x+c«»+d:r'+«r*+/:c*, &c 
the scale of relation consists of three parts, m-^n^r^ 

Then dfi=s the first term, J?= the second, C= the third, 
D=Cxt»*+-Bx»Mc*4^X»'af*f the fourth, 
E—Dxmx+Cxnx^+Bxrz', the fifth, 
F=£X»wr+jDx«**+Cx»'«*> the sixth, 
&c. &c. 

Therefore 
S=Jl+B+C+fnxx(C+D+E &c.)+tw:'X 

(^B+C+D &c.)+rar»X (-^-f^+C &c.) That is, 

S^Ji+B+€+^xx{S-'A^n)+nx'x{S-^Jl)+r^XS 
Reducing this equation, we have 

f^^ -^+B+C" {Jl+B)mx"^nx* 
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Ex. 1. What is the sum of the infinite series 
l_|-4x-f Qx'4.Jlr», ^2Sx*+6S:x^, &c. 
in whicn the scale of relation is 2 - l-f-3 1 
Ans l+^a;-fa:'-2a:^ _ (l4-a?)-^-2ar' 
^' 1 - Sar+x* - 3a;* (l^arj^-Sar^ 
2. What is the sum of the infinite series 

in which the scale of relation is 1+1 - 1 1 

Ans. 

1 - a: - r*-l-a?^ 

METHOD OP DIFFERENCES. 

493. c. In the Summation of Series, the object of inquiry 
IS not, always, to determine the value of the whole when in- 
finitely extended ; but frequently, to find the sum of a cer^ 
tain number of terms. If the series is an increasing one, the 
sum of all tne terms is infinite. But the value of a limited 
number of terms may be accurately determined. And it is 
frequently the case, that a part of a decreasing series, may 
be naore easily summed than the whole. A moderate ntmi- 
ber of terms at the commencement of the series, if it conver- 
ges rapidly, may be a near approximation to the amount of 
the whole, when indefinitely extended. 

One of the methods of determining* the value of a limited 
number of terms, depends on finding the several orders of dif^ 
ferences belonging to the series. The diflTerences between 
the terms themselves, are called (he first order of diOerences; 
the differences of these differences, the second order^ &c. In 
the series, 

1,8,27,64, 125, &c. 

by subtracting each term from the next, we obtain the first 
order of difierences 

7, 19, 37,61, &c. 

and taking each of these from the next, we have the second 
order, 

12, 18,24, &c. 

Proceeding in this manner with the series 

a, 6, c, €?, e, ^ &c. 

we obtain the following ranks of differences, 

24» 
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Ist. Diff. 6-a,c-6, d-c, e-d,/-e, &c. 
2d. Diff. c-.2A-fa, d-2c+A, «-2d-fc,/-2e4.d, &e. 
Sd. Diff. d-Sc-f36-ii, e-3d4.Sc-6,/-Se+Sd-c, Ac. 
4th. Diff. «-4rf+6c-46+a,/-4e+6j-4c+6 &c. 
6th. Diff. /- 5e+l0d - lOc+56 - a, &c. 

&c. &c. 

In these expressions, each difference, here pointed off by 
commasy though a compound quantity, is called a term. Thus 
the first term in the first rank is 6 - a ; in the second, c - 26-4-a ; 
in the third, d-Sc-f-Si-a; &c. The first temiSy in the 
several orders, are those which are principally employed, in 
investigating and appl3ang the method of differences. It will 
be seen, that in the preceding scheme of the successive dif- 
ferences, the coefficients of the first term, 

In the second rank, are 1, 2, 1 ; 
In the third, 1, 3, 3, 1 ; 

In the fourth, 1, 4, 6, 4, 1 ; 

In the fifth, 1, 6, 10, 10, 6, 1; 

Which are the same, as the co-efiicients in the p&aera cfH^ 
nomiah. (Art. 471.) Therefore, the co-efficients of the first 
term in the nth order of differences, (Art 472,) are 

493. /. For the purpose of obtaining a general expressiofi 
for any term of the series a, 6, c, d, &c. let !>', iy\ iy'\ iy\ 
&c. represent the ^rei termSy in the first, second, third, fourth, 
&c. orders of differences. 

4 

ThenI>'=fr-o, 

D''=c -26+i^ 
iy''=d -304-36 -a, 
D''^^=e-4d+6c-46+a, 
&c. &c. 

Transposing and reducing these, we obtain the following 
expressions for the terms of the original series, a, b, c, d, &<x 

The second term b=:a'\'iyy 

The third, c= a+2iy+iy'. 

The fourth dz=a+Siy+Siy'+iy^\ 

The fifth, * e=za+4iy+&jy'+4D'''+iy'^\ 



J 
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Here the co-eiBcients observe the same law, as in thepow^ 
ers of a binomial ; with this difference, that the co-efficients 
of the nth term of the series, are the co-efficients of the 
(n - l)th power of a binomial. 

Thus the co-efficients of the fifth term are I, 4, 6, 4, 1 ; 
which are the same as the co-efficients of the jowrth power 
of a binomial. Substituting, then, n - 1 for n, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
apfdying the co-efficients thus obtained to D^, iy\ JD% ly^^', 
&c. as in the preceding equations, we have the following gen- 
eral expression, for the nth term of the series, o, 6, c, 5, &c. 

The nth term 

When the differences, after a few of the first orders, becon^e 
0, any term of the series is easily found. 

iEx. 1. What is the nth term of the series 1, S, 6, 10, 16, 211 
Proposed series 1, 3, 6, 10» 15, 21, &c. 
First order of diff. 2, 3, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, iy=i2, 1>''=1, iy"=.0. 

Therefore the nth term =l+(n-l)2-fn-l?Lll. 

The 20th term = l-{-38-f 171 =210. The 50th = 1275. 

S. What is the 20th term of the series \\ 2^ 3', 4», 6', &c. 1 
Proposed series 1, 8, 27, 64, 125, &c. 
First order of difil 7, 19, 37, 61, &c. 
Second do. 12, 18, 24, &c. 

Third do, 6, 6, &c. 

Here iy=7, iy'=12, iy"=6. 
Therefore the 20th term =8000. 

S. What is the 12th term of the series 2, 6, 12, 20, 80, feci 

Ans. 156. 

4 What is the 15th term of the series \\ 2", i\ A\ 5% 6', Act 

Ans. 225. 
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493. g To obtain an expression for the sum of any number 
of terms of a series a, A, c, rf, &c. let one, two, three, &c. tenns 
be successively added together, so as to form a new 8erie9, 

Taking the differences in this, we have 

1st Diff. a, 6, c, d, «, ^ &c. 
2d Diff. 6-a, c-6, d-c, c-rf,/-«, &c. 
3d Diff. c - 26+rt, J - 2c+b, e - 2rf+c, /- 2e+d, &c. 
4th Diff. d - 3c+36 --a.e^ Sd+^ - 6, /- 3€+3d - c, &c. 

&c. &c. 

Here it will be observed that the second rank of differences 
in the new series, is the same as the^rst rank in the original 
series a, 6, c, rf, «, &c. and generally, that the (n-}-l)th rank 
in the new series is the same as the nth rank in the original 
series. If, as before, D^==: the first terra of the first differen- 
ces in the original series, and d^=: the first term of the first 
differences in the new series ; 

Then d^=a, d''=iy, ^''=iy\ d''^'=iy'', &c. 

Taking now the formula (Art. 493./.) 

which is a general expression for the nth term of a series in 
which the first tenn is a ; applying it to the new series, in 
which the first term is 0, and substituting n-f-l for n, we have 

[&C. 

Or na+n!L-diy+ft*i:il X—iy'+rH^ x— X^^=^''+ 
^223 ^234 ^ 

[&c. 

"Which is a general expression for the (n-|-l)th terra of the 
eeries 

0, a, a+6, a-f.6-|-c, a4-6+c+d, &c. 
or the nth term of the series 

a, a-}-6, a-}-6-|-c, a+t+c+^i, &c. 

But the nth term of the latter series, is evidently the sum 
of n terms of the series, a, 6, c, d, &c. Therefore the 
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general expression far the sum of n terms of a series of which a 
If the first term^ is 

'Et, 1. What is the sum of n terms of the series of odd 
numbers^ I, 3, 5, 7, 9, &c.1 

Series proposed 1» S* 5, 7^ 9, &c. 

First order of diff 2, 2, 2, 2, &c. 

Second do. * 0, 0, 0, 

Herea=l, 1^=2, iy'=0. 

rherefore the sura of n terms =n-f.n--Il— x2=n*. 

That is, the sum of the terms is equal to the sqwsre of tAe 
n/amber of terms. See Art. 431. 

2. What is the sum of n terms of the series 

1«, 2*, 3*, 4«, 6», &c. ? 
Herea=l, Z>'=3, D''=3, iy''=a 

Therefore n terms =i(2n"-i-3n*+n)=in(n+l)x(2ii+l). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

J, 2^ S\ 4\ &c.? 
Herea=l, I>'=7, 1>'^=12, iy''=6, jy^^'^a 



Therefore n terms =}(n'+2n'+n«) = (Jnxn-(-l)'. 
Thus the sum of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2, 6, 12, 20, 30, &c. 1 

Ans. Jn(n+l)x(n+2.) 

5. What is the sum of 20 terms of the series 

1,3,6, 10, 15,&c. r 

6 What is the sum of 12 terms of the series 

r, 2S 3*, 4^ 5\ &C.1 ♦ 

* See Note U. 
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SECTION XX. 



COMPOSITION AND RESOLUTION OF THE HIGHEH 

EQUATIONS. 



Art. 494. EQUATIONS of any degree may be produced 
from simple equations, by multiplication. Tlie manner in 
which they are compounded will be best understood, by 
taking them in that state in which they are all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the same letter, different values, in the 
different smiple equations. 

Suppose, that in one equation, x=2 > 
And, that in another, a;=S ) 

By transposition, ar - 2 = 

And ar-S=0 



Multiplying them together, a^ - 5x-|-6 =r 
Next, suppose x-4=0 

And multiplying, a? - 9a:*+26a? - 24=0 

Again suppose, a - 5 = 

And mult, as before, x*-14a;»4.71a:»~ 164a:+120=0, &c 

Collecting together the products, we have 
(«-8)(a:-.3) ==«•- 5^+6=0 

(«-2)(x-3)(«-.4) =a;»-9ar*+26a:-24=0 
(«-«)(a?-S)(x-4)(a;-5)=x*-14a:*+71a:«-154ar+120=0&o 
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That 16, the product 

of two simple equationsy is a qtuidratic equation ; 
of three simple equations, is a cubic equation ; 
of four simple equations, is a btquadroHCf or an equa 
tlon of the fourth degree, &c. (Art. 800.) 

Or a cubic equation may be considered as the product of k 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &c. 

495. In each case, the exponent of the unknown quantity, 
in the first term^ is equal to the degree of the equation ; and, 
in the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a binomial 
(Art. 468.) 

(n a quadratic equatiiui, the exponents are 2, 1. 

In a cubic equation, 3, 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c 

496. The mmber of terms, is greater by 1, than the de^reik 
of the equation, or the number of simple equations Kom 
which it is produced. For besides the terms which contain 
the different powers of the unknown quantity, there is one 
which consists of known quantities only. The ' equation is 
here supposed to be eompUle. But if there are in the partial 
products, terms which balance each other, these may disap- 
pear in the result. (Art 110.) 

497. Each of the values of the unkntown quantity is cal- 
led a root of the equaHon, 

Thus, in the example above, 

The roots of the quadratic equation are 3, 2, 

of the cubic equation 4, 3, 2, 

of the biquadratic 5, 4, 3, 2* 

The term root is not to be understood in the same sense 
here, as in the preceding sections. The root of an equation 
is not a quantity which multiplied into ifsc^ will produce the 
equation. It is one of the values of the unknown quantity; 
and when its sign is changed by transposition, it is a term in 
one of the binomial factors wliich enter into the compositioD 
of tlie equation of which it is a root. 
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The value of the unknown letter x, in the equation, is a 
quantity which may be substituted for x^ without aflecting 
the equality of the members. In the equations wliich we 
are now considering, each member is equal to ; and the \ 

first is the product of several factors. This product will con* 
tinue 10 be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(x.2)x(x-S)x(«-4)-(x-5)=0, 
ve substitute 2 for Xy in the first factor, we have 
0x(x-3)x(*-4)^(af-5)=a 

So, if we substitute 3 for ^, in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as «> - 9a*+26a?- 24=0 ; (Art 494* 
Bo 2»-9x2»-f 26x2 -24=0, 
And S'-9x3»+26xS- 24=0, &c. 

Either of these values of c, therefore, will satisfy the con- 
ditions of the equation. 

498. The number of roots, then, which belong to anequa* 
tion, is equal to the degree of the.equatipn. 

Thus, a quadratic equation has two roots ; 
a cubic equation, three ; 
a biquadratic, /our, &c. 

Some of these roots, however, may be ttftogiiuiry. For an 
imaginary expression may be one of the factors from wliich 
the equation is derived. 

499. The resolution of equations, which consists in finding 
their roots, cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
die co^efficients are governed, may be seen, from the flowing 
view of the multiplication of the factors 

a? — a, ar — fc, a? — c, x— ci, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of «, are pla- 
ced under each other. 
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Thus, -"OX ^ 6x is written ^ i! ( ^ ; smd the other co-effi 

cients ia the same manner. 

The product, then 

(«-.6)f=:0 



Of (ar-a)=0 
Into 



-a ) 
Is ^^i^i x-^abszO^ a <]uadratic equation. 

This into OP -crsO 



Is «* - 6 > a?"4-flc > X- a6c=:Qy a cubic equation. 



This into X - (1=0. 






+6c }^^acd } «+^<^^=0» a biquadratic 

+6d 



-6cd 
&c. 



500. By attending to these equations^ it will be seen thaf^ 

In the^r«t term of each) the cO-efficient of ar is 1 : 

In the second term, the co-efficient is the sum of all ihm 

roots of the equation, with contrary signs. Thus the roots 

of the quadratic, equation are a and fr, and the co-efficients^ 

in the second term, are - a and - fc. 

In the Uurd ternr, the co-efficient of x, is the sum of all 
the products which can be made, by muHiplpng together 
any two of the roots. Thus, in the cubic equation, as the 
roots are ctj 6, and c^ the co-efficients, in the third term, are 
oi, acy be. 

In the fourth term the co-efficient of x is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after their signs are changed. Thus 
the roots of the biquadratic equation are a, 6, c, and d, and 
the co-efficients in the fourth term are -- ofrc, - a6<l, - acd^ 
-bed. 

The last term is the product formed from aU the roots ol 
(he equation after the signs are changed* 
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In the cubic equation, it is - a x -- * X "" ^= "" ®^- 
In the biquadratic, -ax-^X^^X -d=+o6cii, &c. 

50t. In the preceding examples, the roots are all positive^ 
The signs are changed by transposition, and when the seve- 
ral factors are multiplied together, the terms in the product, 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive and negative. But if the roots are all nega-^ 
Hve^ they become positive by transposition, and all the terms 
in the product must be positive. Thus if the several values 
of X are - a, - 6, - c, - d, then 

and by multiplying these together, we shall obtain the same 
equations as before, except that the signs of all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

503. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressed, from a 
higher degree to a lower, by division. The product of (a? - a) 
into {x - 6) is a quadratic equation ; this into {x - c) is a 
cubic equation ; and this into {x - rf) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (a:-d), the quotient, it is evident, will be a cubic equa- 
tion ; and if we divide this by (a? - c) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced; that is, it is a binomial consisting 
of X and one of the roots with its sign changed. When, 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknow^n quantity, which will 
reduce the equation to the next inferior degree. 

RESOLUTION OF EOUATIONS. 

603. Various methods have been devised for the resolution 
of the higher equations ; but many of them are intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness by successive approximations. Prdm 
the laws of the co-efficients, as stated in Art. 600, a general 
estimate may be formed of the values of the roots. They 
must be such, that, when their signs are changed, their 
product shall be equal to the last term of the equation, and 
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their sum eqtuil to the co-efficient of the second term. A trial 
may then be made, by substituting, in the place of the un- 
known letter, its supposed value. If this proves to be too 
small or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from them, we may\)btain a more exact cor- 
rection of the root, by the following proportion, 

Jia the differmee of the errors, to the difference of the assumed 
manbers ; 

So is the least error ^ to the correction required, m the eorres* 
wmding assumed number. 

This is founded on the supposition, that the errors in the 
esuUs are proportioned to the errors in the assumed numbers. 

Let JV*and n be the assumed munbers ; 

iSi and s, the errors of these numbers ; 

jR and r, the errors in the results. 

Then by the supposition R:r:: S :8 

And subt. the consequents (Art. 389.) R-^riS-^siiris. 

But the difference of the assumed numbers is the same, 
as the difference of their errors. If for instance, the true 
number is 10, and the assumed numbers 12 and 15, the er- 
rors are 2 and 5 ; and the difference between 2 and 5 is the 
same as between 12 and 15. Substituting, then, ^-n for 
iS-Sy v/e have R^r: JV- n: iris, which is the proportion 
stated above. 

The term differmee is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would be, if theii 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct. The errors in the results are not exactly 
proportioned to the errors in the assiuned numbers. But 
as a greater error in the assumed number, will generally lead 
to a greater error in the result, than a less one, the rule will 
answer the purpc»e of approximation* If the value which i» 
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fiBt foundy is not sufficiently correct, this maybe taken as one 
of the numbers for a second trial ; and the process may be 
repeated till the error is diminished as much as Is rerjuu-ed. 
There will generally be an advantage in assuming two num« 
bers whose difference is .1, or .01, or .001, &c. 

Ex. 1. Find the value Qf x, in the cubic equation, 

a»»8>+173r-.10=0. 

Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Art. 501.) their 
prwluct must be 10 and their sum & 

Let it be supposed that one of them is 5*1 or 5*2. Then, 
substituting these numbers for x, in the given equation, we 
have. 

By the 1st suppos'n,(5-l)»-8x (5-l)«+17x (51H0:x= 1 -271. 
By the sec(Hid (5-2)»-8x(5 2)«+17x(5-2)- 10=2-688. 
That is. By the first supposidion. By the second supposition. 

The 1st term, s'^ 132*651 140 608 

The 2d - 8a;*= - 208*08 - 21 6*32 

The 3d 17ar=: 86.7 88*4 

The 4th -10=- 10. - 10* 



Sums <Nr errors, 4-1*271 4-2*688 

Subtracting one from the other, 1*271 



Their difference is 1*417 

Then stating the propoition 
1 *4 : 0*1 : : 1 -27 : 0*09, the correction to be sub- 
tracted from the first assumed number 5*1 : The remainder 
m 5*01, which is a near value of «. 

To correct this farther, assume ap=6*01, or 5*02. 

By the first supposition. By the second supposition 

The 1st term ar':=z 125*751 126*506 

The 2d - 8a;'= - 200-8 - 201 -6 

The 8d 17x = 85*17 8534 

The 4th -10 = - 10- -10. 



Errors 4- 0*121 4- 0*246 

0-121 



Difference 0-125 
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Tlien 01 85 : 001 : : 0-121 : 0-01, the correcUon. Thi» 
subtracted from 5'0l, leaves 5 for the value of x; which wiD 
be found, on trial, to satisfy the conditions of the equation* 

For 5'-8x5»+lYx5-10=0. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by a( - 5, according 
to Art 462, and it will be depressed to the next inferior de* 
gree. (Art. 502.) 

»-5)«»-8««+17«-l0(a»-S»+a^0. 

Here, the equation becomes quadratic. 
By transposition, • ' «* - S«= - 2. 

Completing the square, (Art. 805.) a^-8x4-i=i-2=|. 
Extract, and transp. (Art. 303,) ar=3JVi»i±i- 
The first of these values of ar, is 2, and the other 1. 

We have now found the three roots of the proposed equa- 
tion. When their signs are changed, their sum is - 8, the 
co-e£B6ient> of the second term, and their product -- 10, the 
last term. . 

2. What are the roots of the equation 

ar' - 8a*+4ar4.48=0 1 Ans. -2,+4,+(L 

3. What are the roots of the equation 

a» - 16ai*+653? - 50=0 1 Ans. I, 5, 10. 

4. What are the roots of the equation 

af+2si^ - S3ari= 90 1 Ans. 6,-5,-3 

5. What is a near value of one of the roots of the equation 

0^+9x^+4x^80 'i 

6. What is a near value of tee of the rootd of the equatiM 

x'+sf^+x^lOOl 

503. b. Another method of approximating to the roots of 
numerical equations^ is that of Newton, by swcessivt subsH^ 
UUians. 

Let r be put for a number found by trial to be nearly equal 
to the root required, and let z denote the difference between f 
and the true root x. Then in the given equation, substitute 
f±;B for Xf and reject the terms which contain the powers of x. 

♦;i5 
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This will reduce the equation to a riwph one. And if g 
be less than a unit, its powers will be still less, and therefore 
the error occasioned by the rejection of the terms in which 
they are contained, will be comparatively small. If the 
value of z, as found by the reduction of the iiew equation, 
be added to or subtracted from r, acceding as the latter is 
found by trial be too great or too small, the assumed root will 
be once corrected. 

By repeating the process, and substituting the corrected 
ralue of r, for its assumed value, we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the valued of ir, in the equation 

a?-16x«+65a7=6(). 

Let r-;?=ar. 

( ar»=(r-2r)'=r»-^Sf^^+Srz*-«» ) 

Then ] - 16a:»= - 16(r-z)'= - 16r'+S2rz-\6z' V =60. 

( 65x= 65(r-«) = eSr -65z ) 

Rejecting the terms which contain t^ and z\ we have 
fS - 1 6r*+6or - ^z+S2rz - 65;r=60. 

This reduced gives ' 
^_ 50-r^-fl6r^-65r 
-3r^ +32r-65 

If r be assumed =11, then «= — =0*8 nearly. 

76 / 

i 

and a?=r-2r nearly =11 -0'8=10'2. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10*2 be now substituted for r, in the preceding 
equation,^ instead of the assumed value 11, and we shall have 

^=^188 a?=r-2r=: 10-012. 

For a rtiriapproiimation, let r=10'012, and we have 
z=-012 x=r-2r=10. 

2. What is a near value of one of the roots of the equation 
a;?4-10a:*+6a?=2600l Ans. 11-0067. 

3. What are the roots of the equation 

«»+2«'^-lla;=12t 
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4 Wliat are the roots of the equation 

a;*4.4a:»-.7a?»-S4a?=24l 

503.C. An equation of the mth degree condsts of «% the 
Boveral inferior powers of x with their co-efficients, and one 
term in which x is not contained. If «dy A, C, . . • . T, ha 

put for the several co-efficients, and U for the last term> 
then ^"•-{.•aa«-*4-J?ar-'^+Cx— » ^-T«+(7=:0, 

will be a general expression for an equation of any degree. 

If a, hy Cy &c. be roots of any equation, th^t is, such quaii* 
titles as may be substituted for x ; (Art. 497.) it may be 
shown, without reference to the method of producjng the 
equation by multiplication^ that the first member ie exactly 
divisible by x^a^ x^b^ x-c, &c. 

For by substituting a for Xy we Rave < 

Anu transposing terms, 

1/=: - ar-Aar-' - BoT"^'' CaT'* -^Ta. 



Substituting this value for 17, in the original equation. 



\ 



Or, uniting the corresponding terms, 

Csir-^ - Car-*) +r(ar-a)=:0. 

In this expression, each of the quantities («^-«r), 
(•tfa**"* - jJrf*"^, &c. is divisible by x -* a ; (Art. 466.) there- 
fore the whoU is divisible by a? - a. 

In the same mietnner it may be shown, that the equation is 
divisible by x - 6, a: - c, &c. 

503.<2. The quotient produced by dividing the original 
equation by x^ a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quantities (x^-a"), (a?"-'-a-'-')> &c. 

The quotient of {sT - a'*)-r'{x - «)> (Art. 466) is 

The quotient of jJ (af-* ^^-')^(^x^a) is 
&c. &c. 
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Collecting these particular quotients together, and placing 
under each other the co-efficients of the same power of x, we 
have the following expression for the quotient of 

jr-f-flj^-^+^a^-M-Car"' • • • • +Ta:-|-I7 

divided by a? - a. 



I. 



+S 



+C } +Car"* 



+T. 



The quotient of the same equation divided by a; - 6, 

+B y +Bb C^ +Bb^ 

11. 4-C ) 4-C6^ 



IS 

— 1 

— t 

4 



• S 
'9 



+ T. 

The quotient fiom dividing by ar-e, is 

+B ) +Bc (^ +Bc^' 

III. +C ) +Cd-^ 

• • • 4 



In the same manner maybe found the quotients produced 
by introducing successively into the divisor the several, roota 
of the equation ; which are equal in number to m, 

503.e. From the known relati(»xs between the roots and 
the co-efficients of equations, as stated in Art. 600, Newton 
has derived a method of determining the coefficients, from 
the sum of the roots, the sum of their squares^ the sum c^ 
their cubeSy &c., though the roots themselves are unknown ; 
and 311 the other hand of determining from the co-^fficient», 
the sum ^^f the roots, the sum pf their squares, the sum of 
their cubes, &c. For this purpose, the following plan of no^ 
tation is adopted. Si is put for the sum of the roots, Sf^ for 
the sum of their sqni^es^ S^ for the sum of their cubes^ <$*c. 
If the roots are a, 6, c» cf, • . 2, then 
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&c. &c. 



fS9 



.+^-* 



By means of this notation, we obtain this following expres 
sion for the sum of all the quotients marked I, II, ill, &e 
(Art. 603.c(») and continued till their number is equal to m. 



+BS 
4-m 
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In the original equation, 

«-'+JI«— *4.jBar-*+Caf*-» . . . +Tx+U=zO, 

the co-efficients, •/?, £, C, &c^ have deienninate relations to 
the sum and products of the roots, a, b, c, &c. (Art. 500.) 
But the quotient marked I, (Art. 503. d.) produced by^divid- 
ing by x-o, is the first member (^ an equation of the iie:rl 
vyeriar degree^ (Art. 502.) from which the root a is excluded. 
So b is excluded from the quotient II, c from the quotient III, 
&c. In the expression above marked F, which is tbe sum 
of m quotients, the co-efficient of x in the second term is 
j9| -^nuS. But «4, wliich is the co-efficient of x in the second 
term of the original equation, is equal to the sum of the 
roots Oy by c, &c. with contrary signs; (ArU 500.) that is 
jSi = -«fl. Therefore, 

5fi+f»u5=(m-.l)A \ 

In the third term of the original equation, B the co-effi- 
cient of Xy is equal to the sum of all the products which can 
be made by multip]3ring together any two of the roots. (Art. 
500.) But each of these products will be excluded from 
two of the quotients, I, II, III, Sec, For instance, ab will not 
be found in the first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the expres- 
sion F, the co-efficient of x in the third term is equal to 



290 



ALGEBRA. 



2B. Bo that 

Sr\-ASi+mB= (m - 2) J?. 

In the fourth term of the original equation, C the co-effi- 
cient of a?, is equal to the sum of all the products ^hich can 
be made I^ multiplying together any three of the roots, after 
their signs are changed. But each of these products will be 
excluded from three of the quotients, I, II, III, &c. So that, 
in the expression F, the coefficient of x in the fourth term, 
is equal to mC - Sabc - 3a6^ &c. That is^ 

Sr\'^Sr^BSi+fnC:=z (m - S) C. 

In the same manner, the values oi the co-efficients of x in 
succeeding terms may be found ; the number of the co-effi« 
cients being one less than the number of roots in the equaticm* 



Collecting these results, we have 



S^-^-^aSr^-BSjf 



'^S^+mB 
•BS^+mC 



(m 

(m 

m 

m 



= (m- 



2)B, 
3)C, 

4)A 

&c. 



Transposing and uniting terms, 



S,+AS.,+BS,+SC=: 0, 
BS, 



&c. 



CS,+4D 

&c. 



=0, 



Substituting for 5„ S9, St, &c. tbeir values, and TeHacang, 
II. ^,==-^, 

1^3=: •« •— aB^ 

«,= •a^-.4^S+4,5C+2J9»-4A 

&c. &c. 

We have here obtained S3rmmetrical expressions for the 
sum of the roots of an equation, the sum of their squares^ 
tlie sum of tbeir cubes, &c. in terms of the co-efficient8» 
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By Iranspoging the terms m the expressions marked I9 we 
have the following values of .fl, B^ C, &c. 

III. ^= - iS, 

&c. &c. 

By which the co-efficienis of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1. Required the sum of the roots, the sum of theii 
squares, and the sum of their cubes, in the equation 

x' - I0ar»+S&r*- 60a? - 24=0. 

Here •fl= - 10. B=^S8. C= -60. 

Therefore <S,=10 

S,= 10»-(2x35)=S0. 

fir,= 10>4.(3x - 10x36) - (3x - 60)=100. 

2. Required the terms of the biquadratic equation in which 
Si=l, iSa=S9, iS^rs -89, and the product of all the root* 
after their signs are changed is - 30. 

Ans. x^ - o;^ - 1 9a;»+49a? - 30:= 0.* 

♦ See Nou V. 
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SECTION XXL 



APPLICATION OP ALGEBRA TO GEOMETRY.* 

Aet. 504. It is often expedient to make use of the alge- 
Draic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reason* 
ing is not altered. It is only translated into a different lan^ 
guage. Signs are substituted for words, but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions, though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is equal to two right cengles, (Euc. 32. 
I.) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side ABy of the triangle ABC, (Fig. 1.) be con- 
tinued to 1>; let the line BE be parallel ioJLC\ and let 
QHl be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BJIC, (Euc. S9. 1.) 

%. The angle CBE is tqwd to the angle JICB. 

S. Therefore, the angle EBD added to CBE^ Aat is, the 
angle CJ?A is equal to BJLC added to ACB. 

4. If to these equals, we add the angle ABCy the angle CBD 
added to ABC, is equal to BAC added to ACB and 
ABC. 



* This and the following section are to be read u/Ur the Elemenfi OC 
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jB. But CBD added to ^BCy is equal to twice GHI, that is, 
to two right angles. (Euc. 13. 1.) 

6. Therefore, the angles BJtC, and ACB^ and ABCf are to-« 
gftther equal to twice GHI^ or two right angles. 

Now by substituting the sign -|-, for the word added, or 
andy and the character =, for the word equal, we shall have 
the same demonstration in the following form. 

1. By Euclid 29. I. EBD=BAC 

2. And CBE^ACB^ 

S. Add the two equations EBD-\- CBE=:BJ1C+ACB 

4. Add ^J?C to both sides CBD+JtBC=zBJtC+JiCB+ 

ABC 

5. But by Euclid 13. 1. CBD+ABC=2GHI 

6. Make the 4th & 5th equal BAC+ACB+ABC=2GHL 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not only in being more concise than 
the other, but in exhibiting the order of the quantities more 
distinctly to the eye. Thus, in the fourth and fifth steps of 
the preceding example, as the parts to be compared are 
placed one under the other, it is seen, at once, what must be 
the new equation derived from these two. This regular ar- 
rangement is very important, when the demonstration of a 
theorem, or the resolution of a problem, is unusually compli- 
cated. In ordinary language, the numerous relations of the 
auantities, require a series of explanations to make them un- 
erstood ; while by the algebraic notation, the whole may be 
placed distinctly before us, at a single view. The disposi- 
tion of the men on a chess-board, or the situation of the ob- 
jects in. a landscape, may be better comprehended, by a 
glance of the eye, than by the most laboured description in 
words. 

605. It will be observed, that the notation m the example 
just given, diflfers, in one respect, from that which is general- 
ly used in algebra. Each quantity is represented, not by a 
single letteTy but by several. In common algebra when one 
letter stands immediately before another, as 06, witliout any 
character between them, they are to be considered as mufti- 
pUed together. 
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But in geometry, ^B is an esqirejassjon for a smgU line, and 
not for the pioduct o( ^ into B. Muliiplicaiion *8 deiiotec!, 
eitiier by a point or by the character x. The product of 
AB into CA ifl JiBCDy or ABx CD. 

506. There is no impropriety, however, in representing a 
ge(»netncal quantity by a single letter. We may make b 
itaod for a line or an angle, as well as for a number* 

I^ in the example above, we put the angle 

EBD=:a, ACB^i, ABC==h, 

BJIC=b, CBD=g, GUI^l; 

CBE=c, 

(he demonstration will stand thus ; 

L By Euclid, 29. 1. a=b 

S. And cz^d 

5. Adding the two equations, Or^c^gszb-^-d 
4. Adding h to both sides, g-{~^=^~H<H~'^ 

6. By Euclid 13. 1. g+h=2l 

6. Makuig the 4th and 5th equal, i-f-i4'Ar=2L 

This notation is, apparently, more simple than the other ; 
but it deprives us of wnat is of great importance in geometri- 
cal demonstrations, a continual and easy reference to the 
figure. To distinguish the two methods, capitals are gener- 
ally used, for that which is peculiar to geometry ; and small 
letters^ for that which is properly algebraic. The latter has 
the advantage in long and complicated processes, but the 
other is often to be preferred, on account of the facility with 
which the figures are consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered positive ; a line proceeding in ihe 
op^ftfe direction it* to be considered negative. If ^B (Fig. 
t.) reckoned from I)E on the righi, is positive ; AC on tlie 
hjt is negative. 

A line may be conceived to be produced by the motion oj 
a poinl. Suppose a point to move in the direction of ABy 
and to descnbe a line vuiying in length with the distance of 
Uie point from A. While ilie point is moving towards £, its 
distance from A will increase. But if it move from B to- 
wards Ct its distance from A will diminish^ till it is reduced 
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to nothing, and then will increase on the opposite nde. As 
that which increases the distance on the riglil, diminishes it 
on the left, t lie one is considered positive, and the otlier nega* 
tive. See Arts. 59, 60. 

Hence, if in the course, of a calculation, the algebraic 
value of a line is found to be negative; it must be measured 
in a direction opposite to that which, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent occasion 
for multiplication^ divisiony involution, &c. But how, it may 
be asked, can geometrical quantities be multiplied into each 
other ] One of the factors, in multiplication, is always to be 
considered as a. number, (Art. 91.) The operation consists in 
repeating the multiplicand as many times as there are units 
in the multiplier. How then can a line^ a surface, or a sotUtj, 
become a multiplier ] 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, 
some particular extent is to be considered the unit. It is imma« 
terial what this extent is, provided it remains the same, in 
difTerent parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the Unes to be multiplied, is to be considered ns made 
up of so many parts, as it contains inches. The multiplicand 
will then be repeated, as many times, as there are uuits in 
the multiplier. If, for instance, one of the lines be a foot 
lon^, and the other half a foot ; the factors will be, one 13 
inches, and the other 6, and the product will be 73 inches. 
Thougli it would be absurd to shy that one Une is to be re- 
peated as often as another is long ; yet there is no impropriety 
in saying, that one is to be repeated as many times, as there 
are feet or rods in the other. Tliis, the nature of a calcula- 
tion often requires. 

509. If the line which is to be the multiplier, is only a 
part of the length taken foi the unit ; the product is a Like 
part of the multiplicand. (Art. 90.) Tims, if one of the 
factors is 6 inches, and the other half an inch, the product 1$ 
3 inches. 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to fix upon one of 
the lines in a figure, as tne unit with which to compare ail the 
others. When there are a number of lines drawn witliio 
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and about a ctrck, the radius is commonly taken for the unit 
This is particularly the case in trigonoinetrical calculations. 

611. Tlie observations which have been made concerning 
lines, may be applied to surfaces and solids. There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here another difficulty presents? itself. The product 
of two lines is often spoken of, as being equal to a surface ; 
and the product of a line and a surface, as equal to a solid. 
Thus the area of a parallelogram is said to be equal to the 
product of its baise and height ; and the solid contents of a 
cylinder, are said to be equal to the product of its length into 
the area of one of its ends. But if a line has no breadth, 
how can the multiplication, that is the repetilion^ of a line 
produce a surface ? And if a surface has no thickness^ how 
can a repetition of it produce a solid 7 

If a parallelogram, represented on a reduced scale by 
^BCDy (Fig. 3.) be five inches long, and three inches wide ; 
the area or surface is said to he equal to the product of 5 into 
S, that is, to the number of inches in ^By multiplied by the 
number in BC. But tlie inches in the lines AB and BC are 
linear inches, that is, inches in length only; while those 
which compose the surface •SC are superficial or square 
inches, a different species of magnitude. How can one of 
these be converted mto the other by multiplication, a process 
which consists in repeating quantities, without changing 
their nature 1 

612. In answering these* inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with superficial or solid measures ; and that none 
of the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line cannot be« 
come a surface or a solid, yet the several measuring units in 
comnioii use are so adapted to each other, that scpiares, 
eubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The length of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If then several square inches are placed together, as from 
Q to A, (Fig. 3.) the niffit&er of them in the parallelogram 
OR is tlie same as the number of linear inches in the side 
QR : and if we know the length of thi% we have of couiiM 
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the area of the paFallelogram, which is here supposed to be 
one inch wide. 

But, if tlie breadth is several inches, the larger parallelo- 
gram contains as many smaller ones, each an incli wide, as 
there are inches in the whole breadth. Thus, if tlie paral- 
lelogram .^C (Fig. S.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelograms as OR. To 
obtain, then, the number of squares in the lar^ parallelo- 
gram, We have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 

Earallelograms contained in the whole figure. But the num* 
er of square inches in one of the small parallelograms is 
equal tor the number of linear inches in the length »BB. And 
tlie nrnnber of small parallelograms, is equal to the number 
of linear inches in the breadth BC, It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
multiplied into the breadtJu 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicidar to each other are AB and BC, the expres- 
sion for the area is ABxBC ; that is, putting a for the area, 

a=zJlBxBC. 

It must be understood, however, that when JIB stands for 
a Zinc, it contains only linear measuring units ; but when it 
enters into the expression for the ared^ it is supposed to con- 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in calculation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning vari" 
able qtMntUieSy in the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and let h 
and i be two of its sides. Also, let .4 be the area of any 
right-angled paralldogiam, B its breadth, and L its length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, A: a::L :ly when the breadth is given ; 
And Ji: a::B : bf when the length is given ; 

26» 
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Therefore, (Art. 420.) j3 : a : i Bxl* *. H when both vary. 
That is, the area is as the product of the length aud breadth. 

615. Hence, in quoting the Elements of Euchd, the term 
product is frequently substituted for rectangle. And what- 
ever is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which 
contain the rectangles.* 

516. The area of an oblique parallelogram is also obtained, 
by multiplying the base into the perpendicular height. Thua 
the expression for the area of the parallelogram •flJBJWIf (Fig: 
6.) is JI/JVx«flJO or ABxBC. For by Art. 513, jJ-Bx^C 
is (he area of the right-angled parallelogram ABCD ; and 
by Euclid 36, l,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
to ABJfM. 

517. The area of a square is obtained, by multiplying one 

of the sides into itself. Thus the expression for the area of 

a 

the square j9C, (Fig. 6,} is AB, that is, 



a=:AB. 
For the area is eoual to ABxBC. (Art. 613.) 

But AB=iBC, therefore, JlBxBC:=iJlBxAB=zAB . 

518. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle ABG^ 
(Fig. 7.) is equal to half AB into GH or its equal BCy that is, 

a=ziABxBC. 

For the area of the parallelogram ABCD is ABxBCj 
(Art 513.) And by Euc. 41, 1,:^ if a parallelogram and a tri- 
angle are upon the same base, and between the same paral- 
lel^ the triangle is half the parallelogram. 

159. Hence, an algebraic expression may be obtained for the 
area of any figure wnatever, which is bounded by right lines^ 
For every such figure may be divided into triangles. 



* See Note W. ^ 

t Legendre'8 Geometry, American Edition, Art. 166. 

t {.iCfendre, 168^ 
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Thus the right-lined figure 

^BCDE (Fig. 8,) is composed of the triangles 
JlBC, ACE, and ECD. 

The area of the triangle JlBC^\ACxBL^ 

That of the triangle ACE=i\ACxEH^ 

Tliat of the triangle £CD= J ECxBG. 

The area of the whole figure is, therefore, equal to 
{iACxBL)+(iACxEH)+{iECxDG), 

The explanations in the preceding articles contain the 
first principles of the mensuration of superficies. The object of 
introducing the subject in this (d^ace, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

520. The expression for the superficies has here- been de- 
rived from that of a line or lines. It is frequently necessary, 
to reverse this order ; to find a side of a figure, from knowing 
its area. - 

If the number of square inches in the parallelogiam 
ABCD (Fig. 3.) whose breadth BC is 3 inches be divided 
by 3 ; the quotient will be a parallelogram JIBEF, one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same, as 
the number of linear inches in the other. (Art. 512.) If 
therefore, the area of the large parallelogram be represented 

by a, the side AB=^^ that is, the length of a parallelogram 

U found by dividing the area by the breadth. 

521. If a be put for the area of a square whose side isAB, 

Then by Art. 517 a=wig' 

And extracting both sides ^a=:*AB, 

That is, the side ofmthe square is found, by extracting the 
square root of the number of measuring units in its area. 

522. If JIB be the base of a triangle and BC its perpea 
dicular height ; 
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Then by Art. 518, a^^BCx^B 

And dividing by J5C, ^= j?JB. 

That is, the base of a triangh is fataidy by dwiding the area 
by half tlu height. 

523. As a surface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the product of its length, breadth and depth. It is necessary 
to bear in mind, that the measuring unit of solids, is a cube ; 
and ttiat the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3.) represent the base of a parallelopi- 
ped, 5 inches long, three mches broad, and one inch deep. 
It is evident there must be as many cubic inches in the solid, 
as there are square inches in its base. And, as ihe product of 
the lines AB and BC gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelopiped, instead of being one mch, is four inches. 
Its contents must be foiur times as great. If, then, the 
length be »4j8, the breadth BCy and the depth CO^ the ex- 
pression for the solid contents will be, 

ABxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, togetlier with tvdce the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by s ; 
And let it be divided into two parts, a and b. 

By the supposition, 9=a-|-i 

And squaring both sides, *'=o*-f-^^+^- 

That is, 5* the square of the whole^line, is equal to cP and 
6^ the squares of the two parts, together with 2a&, twice the 
product of the parts. 

525. The algebraic notation may also be applied, with 

Sreat advantage, to the solution of geometrical problems. In 
oing this, it will be necessary, in the first place, to raise an 
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algebraic equation, from the geometrical relations of the 
quantities given and required ; and then by the usual reduc- 
tionsy to find the value of the unknown quantity in this equa- 
tion. See Art. 192. 

Prob. 1. Given the base^ and the sum of the hypothenuse 
and perpendicular, of the right angled triangle, ABC^ (Fig. 
9.) to find the perpendicular. 

Let the base 
The perpendicular 
The sum of hyp. and perp. 
Then transposing a?, 




1. By Euclid 47. 1^* BC +AB z:zJlC 

2. That is, by the notation, a;*+fe'=:(a-a:)*=rflp*-2aa:-|-a* 

Here we have a common algebraic equation, containing 
only one unknown quantity. The reduction of this equa« 
lion in the usual manner, will give 

<r* - ft* 
«= = JJC, the side required. 

2a ^ 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ; * In a right-angled triangle, the perpendi- 
cular is equal to the square of the sum of the hypothenuse 
and perpendicular, diminished by the square of the base, and 
divined by twice the sum of the hypothenuse and perpendi- 
cular.**' 

It is applied to particular cases by substituting ntimfter^, for 
the letters a and 6. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the expression 

^ "" becomes ^ ~ .=56, the perpendicular: and this sub- 
2a 2x16 ^ 

tracted from 16, the sum of the hypothenuse and perpendi- 

cukur, leaves 10, the length of the hypothenuse^ 

Prob. 2. Oiven the base and the difference of the hjrpothe- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. 



* Legendre, 188. 
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Let the base JLB (Fig. 10.) =6=20 

The perpendicular, BC=x 

The given diflerence, =d=10. 

Then will the hypothenuse AC^x-^-d. 

Then 



1. By Euclid 47. 1, 'M^AB+BC 

2. That is, by the notation, {x+dy=b*+sf 

S. Expanding {x+d)\ »«+2ctr+<P=6*+a? 

4. Therefore «=^J1^=16. 

2d 

Prob. S. If the hypothenuse of a right angled triangle is 
80 feet^ and the difference of the other two sides 6 feet, what 
is the length of the base ? Ans. 24 fee* 

Prob. 4. If the hypothenuse of a right angled triangle is 
50 rods, and the base is to the perpendicular as 4 to S, what 
is the length of the perpendicular 1 Ans. 30. 

Prob 5. Having the perimeter and the diagonal of a par 
allelogram ABCD^ (Fig. 11.) to find the sides. 

Let the diagonal .flC= A= 10 

The side AB=x 

Half the perimeter BC+w3J5=J5C+ar=6=14 
Then by transposing «, BC=b-x 



By Euclid 47. 1, AB+BC ^AC 

That is, a»+(A-x)»=fc» 

Therefore x= J5±Vi6»4-iA»- i6-=8. 

Here the side AB is found ; and the side BC is equal to 
*-a:=14-8=6. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
.12,) being given, and the sides of a paiallelogram inscribed 
in it, to find the side BC^ 

Let the given area =a, DE=BF=:b 
EB^DF=d, BC=x. 

Then by the figure, CF:=zBC - BF=x - 6. 



J 
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1. By aimilar triangles, CF : DF\ : BC : JStB 

2. That is a?-6: diixiAB 
8. Therefore, ix=z{x^h)x^9B 

4. By Art. 618, a=ABx\BCz:zABx\9 

5. Dividing by Ix, ?f=jJ5 

X 

6. Therefore dx=(x-b)x—-^- — 

X X 



r And .=?+ vj.?fi=Ba 

Prob. 7. The three sides of a right angled triangle, ABCy 
(Fig. 13.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ABD. (Euc. 8. 6.)* 

1. By Euc. 47. 1, iBD + CD =5C 

2. By the figure, CD=.5C-AD 



S. Squar. both sides, CD=(,,3C-AD)» 

4. Therefore, BD4.(.3C-.AD)=5C 

.9 



5. Expanding, BD+^C-2*iC.AD+AD=SC 



% s 



6. Transposing, BD=BC- j3C+2w3C.AD-.AD 

7. By Euc. 47. 1. BD=AB^AD 



jk 



8. Mak. 6tt & 7th eq. BC-..«C-f 2^C.AD=:^5 

JAB+AC^ISC 



9, Therefore AD= 



2AC 



The vmknffwn lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFG (Fig. 
14,) inscribed in a given triangle, ABC^ to find the sides of 
the parallelogram. 



^ Legendre, SIS. 
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Draw CI perpendicular to AB. By euppositiony DG is 
parallel to AB. Therefore, 

The triangle C//G, is similar to CIB > 
And CDG, ioCAB J 

Let C/=d DG=x > 

AB=^b The given area =a J 

1. By similar triangles, CB: CG::AB : DG 

S. And CB: CG::CI:CH 

8. By equal ratios, (Art. 384.) AB: DG:: CI : CH 

4. Therefore £2>^lz=.CH 

JiB 

5. By the figure, CI- CH= in= DE 

6. Subsdtutmg for CH, C1-^^^'=DE 

mB 

7. That is, d-^=DE 

b 

8. ByArt.51S, a=DOxD£=xX(rf-^] 

9. That is, aszdx"^ 



10. This reduced gives «= J"*"^ / -- S=1>G 

The side DE is found, by dividing the area by DG. 

Prob. 9. Through a given point, in a given circle, so to 
draw a right line, that its parts, between the point and the 
periphery, shall have a given difference. 

In the circle AQJBRy (Fig. 15.) let P be a given point, in 
the diameter JIB. 

Let •flP=a, PR=:x^ 

BP=zb^ The given difference =d, 

Then will PQ=a:+rf 
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1. By Euc. 35. S.* PRxPQ=JtPxBP 

«. That is, a:X(a?+d)=ax6 

S. Or, a^+dx^ab 

4. Completing the square, a^'}-dx+\cP=^yP+ab. 

5. Extract and transp, xz:z^\,it\^^<P'\-ab=^PIL 

With a little practice, the learner may very much abridgo 
these solutions, and others of a similar nature, by reducuig 
several steps to oqe. 

Prob 10. If the sum of two of the sides of a triangle be 
1155, the length of a perpendicular drawn from the angle in- 
cluded between these to the third side be 300, and the differ- 
ence of the segments made by the perpendicukr, be 495 ; 
what are the lengths of the three sides 1 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular failing from the right angle on 
the hypothenuse be 144 ; what are the lengths of the sides 1 

Ans. 300, 240, and 180. 

Prdb. 12. The difference between the diagonal of a square 
and one of its sides being given, to find the length of the 
sides 

If «== the side required, and i=z the given difference ; 

Thenxz=:d+dA/2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, in the same manner 
as the parallelogram jDJSFG, ort the base ttfi?, (Fig. 14.) 

If x:= a side of the square, b=z the base, and A= the 
height of the triangle ; 

bh 



Then x= 



b+h 



Prob. 15. Two sides of a triangle, and a line bisecting the 
included angle beinff given ; to find the length of the base 
or third sido, upon which the bisecting line fans. 



* Legendre 924^ 
S7 
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If xzs the base, as one of the given sides, e=s the other, 
and 6 s the bisecting line ; 



Then x== (a+c) x^ /"f^. 

'V ac 



Prob. 16. If the hypothenuse of a right angled triangle 
be 35, and the side of a square inscribed in it, in the same 
manner as the parallelogram JB£Z)F, (Fig. 12.) be 12 ;i¥hat 
are the lengths of the other two sides of the triangle 1 

Ans. 28, and 21. 

Prob. 17. The nmnber of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plat 12 rods by 18, b surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gravel walk 1 

Prob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5; and one sixth of the area is 125 square rods. 
What are the lengths of the sides t 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
Hfigle adjacent to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of each t 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each 1 

Ans. 4 and 5 feet. 

Prob. 22. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
tluree sides, to find the length of the sides. 

If 0, i, and c, be tiie three perpendiculars^ and «s= half 
the length of one of the sides ; 

Then x= "+^+°. 
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Prob. 23. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
squace rods in the street, exceeds the number of rods in the 
perimeter of the square by 228. Wnat is the area of the 
square 1 Ans. 676 rods. 

Prob. 24. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides : to find the lengths of the sides. 

If «s half the base, yzs half the perpendicular, aad a 
and 6 equal the two given lines ; 



»VTi^ '=V- 



15 



• SMNoteX. 



308 ALGEBRA. 



SECTION XXII 



EQUATIONS OF CURVES. 



Art 526. IN the preceding section, algebra has been 
apphed to geometrical figures, bounded by right lines. Its aid 
is required also, in investigating the nature and relations of 
curves. The advances which in modern times have been 
made in this department of geometry, are, in a great measure, 
owing to the method of expressing the distinguishing proper- 
ties of the different kinds of lines, in the form of equations. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation which has been generally agreed upon. 

537. Tlte positions of the several points in a curve drausn on 
a planey are determined^ by taking the distance of each front two 
right lines perpendiadar to each other. 

Let the lines JIF and .SG (Fig. 16.) be perpendicular to 
each other. Also, let the lines DBy UBf^ jy'B'^ be perpen- 
dicular to AF ; and the lines CD, OJy, C'jy\ perpendicu- 
lar to AG, Then the position of the point D is known, by 
the length of the lines BD and CD. In the same manner, 
the point U is known by the lines B^U and OD^ ; and the 
point I>", by the lines B^D^' and C^Df'. The two lines 
which are thus drawn, from anv point in the curve, are, to- 
gether, called ths co-^ordinales belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordinatey and the other, an abscissa. Thus BD is the or- 
dinate of the point Z>, and CD, or its equal ABy the abscissa 
of the same point. It is, generally, most cpnvenient to take 
the abscissas on the Une AF, as AB is equal to CD^AB 
to eiy, and AB' to a'B'. Euc. 33* 1 The Unes At 
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and ACr^ to which the co-ordinates are drawn, are called the 

axes of the co-ordinates. 

528. If co-ordinates could be drawn to every point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be aetermined. Many important proper- 
ties of the figure might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the. number of points in a line is unlim. 
ited. It is impossible, therefore, actually to draw co-ordi^ 
nates to every one of them. Still there is a way in which an 
equation may be obtained, that shall be applicable to sdl the 
parts of a curve.. This is effected by making the equation 
depend on some property, which is camnwn to every pair ofcO" 
ordinates. In exf^aining this, it will be proper to begin with 
a straight line, instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes JlF and AG perpendicular to each othei; 
And let the angle FAH be such, that the abspissa CD or AB 
shall be equal to tufice the ordinate BD. 

The triangles ABD, ABU^ AB^I^ &c. axe all similar. 
(Euc. 29. ij* Therefore, 

ABxBDi :AB : BU.xAB!' : Wiy\ 
AndifAB=:2BD,ihenAB'=^2B'iy,SindAB''=±2B^^iy\kc. 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y, the ordinate be- 
longing to the same point. Then, 

ap=2y, or y=Jar. 

This is an equation expressing the ratio of the co-ordinatea 
of the line AH to each other. It differs from a common 
equation in this, that x and y have no determinate magni- 
tude. The only condition which limits them is, tluit they 
shall be the abscissa and ordinate of the same point. 



aoscissa ana oraiDsiie oi me sanu 

If x=ABy then y=zBD 

If x=AB', y^B'U 

If x=AB\ y:=zB'iy\ &c. 



2*^ * Legendre, 6(L 
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IVom thk it » evident, that, if one of the co-ordinates bs 
taken of any particular length, the other will be given by th« 
equation. If, for instance, the abscissa x be two inches long, 
the ordinate y, which is half Xy must be one inch. 
If x=S, then y=4. If x=30, then y=15, 

Ifar=10, y=6, Ifx=10a, y=50, &c 

On the other hand, if y=:2, then a; =4, &c. 

529. If the angle H»AF be of any different magnitude, as 
hi Fig. 18, the general equation will be the same, except the 
coefficient of x. Let the ratio of y to 9 be expressed by a, 
that is, let y : x::a: 1. Then by converting this into an 
ecpiation, we have 

axr=y. 

The co-effident a will be a whole number or a fraction, 
according as y is greater or less than or. 

530. To apply these explanations to curves, let it be re- 
quired to find a general equation of the common parabola. 
(Fig. 19,) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas 
are proportioned to the squartM of their ordinates. Let the 
ratio Of the square of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have universally x^ xxwa: 1 ; and by converting this 
into an equation, 

aar=;y'. 

This is called the equoHon of the cwn^e* The important 
advantages gained by this general expresrion, are owing to 
this, that the equation is equally applicable to every point of 
the curve. Any value whatever may be assigned to the ab- 
scissa X, provided the ordinate y is considered as belonging 
to the same point But, while op and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax^y^, and extracting the 
root of both sides, (Art.. 297.) 

y=i\^ax. If a=2, theny=A/2£. And 
If x= 4.5=^B(Fig.l9.)theny=y2x4.5=V9=3=:i3D 
If 0?= 8. =j3^ y=:V2x8=yi6=4=BD' 

If x^^l2.dz=AB'' y= V2xl2 .5=V25=5=.y^iy^ 

If ap=18. =j2J9''' y=V2xl8 =V36=6=J»"'^'^ 
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SSI. When 4Hxliiiaite8 are dr s^wn on, &#(fc rides <3i( the axu 
to ivkjeh they are applied ; those on one side will be poritm^ 
while those on the other si4le will be neg^ttwt. Thus, in Fig. 
1 9, if the ordinates on the upper ride of ^F be considered posi- 
tive, those on the tinder ride will be negative. (Art. 507.) 
The abscissas also are either positive or negative, according 
as they ai« on one side or the other of the pwnt from which 
they am measured. Thus, in Fig. 90, if the abscissas on the 
right, AB^ ASy &c. be considered positive, those on the left, 
•5C, •5(7, &c. will be negative. And in the solution of a 
proUero, if an •abscissa or an ordinate is found to be negative. 
It must be set off on the side of the axis opposite to that on 
which the values are p^itive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line jE^iy(Pig. 
20.) cross the axis .4 J', in the point A^ where it is cut by the 
axis AG, But this is not always the case. The abscissas on 
the axis ^F^ (Pig. 21.) may be reckoned from the line GN. 

Let X represent any one of the abscissas, JI£B, MB^ d&c. 
and y the corresponding ordinate. 

Let z^AB^ b=MA. 

And a=: the ratio of BD to AB, as before. 

Then cur=y, (Art. 629.) that is, arsM 

But by the figure, AB=MB -MA^ i. e. z=ra:-6 

Making the two equations equal, x - (=? 

a 

Therefore «=s2+6. 

a 

533. In investigating the properties of curves, it is impor* 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are poritwe^ from those in which they 
are negetwe ; and to determine under what circumstances, 
either of the co-ordinates vanishes. An abscissa vanishes at 
the point where the curve meets the ems from vahkh the abscissas 
are measured. And an ordinate vanishes, at the point where 
the curve meets the axis from which the orduiates are 
meaaufcd. 
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Thus, in Fig. 1 9, the ordinates are measured (rem the line 
JIF. The length of each ordinate is the distance of a particu- 
lar point in the curve from the Une. As the curve approaches 
the axis, the ordinate diminishes, till it becomes nothing, at 
the point of intersection. For, here, there is no distance 
between the curve and the axis. 

The abscissas are measured from the line •46. These 
must diminish also, as the curve approaches this line, and 
become nothing at A. 

534. From this it is evident, that when the two axes meet 
the curve at the same potnl, the two co-ordinates vanish to* 
gether. In Fig. 19, the two axes meet the curve at Jl^ the 
one cutting, and the other touching it. But in Fig. 21, the 
axis MF crosses the line JV!D at A ; while 6JV* crosses it at 
JV*. The ordinate, being the distance from MF^ vanishes at 
Jly where the distance is nothing. But the abscissa, being 
the distance from G^, vanishes at JV or M. 

535. An abscissa or an ordinate changes from positive to 
negative^ by passing through the point where it is equal to 0. 
Til us the ordinate y, (Fig. 20.) diminishes as it approaches 
the point A ; here it is nothing, and on the other side of A^ 
it becomes negative, because it is below the axis CF. (Art. 
507.) In the same manner the absctssoy on the right of AG^ 
diminishes, as it approaches this line, becomes at A, and 
then negative on the left. 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to GJ^^ being still on the right of that line. 
On the right from A^ the co-ordinates are both positive : be- 
tween A and the line 6JV, the abscissas are positive : and 
the ordinates negative: and, on the left of 6JV* both are 
negative. 

536 The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate the 
observations which have now been made. 
Prob. 1. To find the equation of the circle. 
In the circle FGM, f Fig. 22,) let the two diameters GJV 
and FM be perpendicular to each other. From any point 
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in fte curve, draw the ordinate DB perpendicular ioAF; 
and .dJ? will be the corresponding abscissa. 

Let the radius AD=zr^ AB^ix, BDz=:y. 

Then, by Euc. 47. 1,* Blf=lD^ AB 

That is, y«=:r»-.«« 

And by evolution, y=±>\A* - ^ 

In the same manner, «=±\/^ - !/*• 

That is, the abscissa is equal to the square root of the dif- 
ference between the square of the radius and the square of 
the ordinate. 

If the radius of the circle be taken for a tmif, (Art. 510) its 
square will also be 1, and the two last equations will become 

=±\/l - a:*, and x=i>\/l - 1<*, 

These equations will be the same, in whatever part of the 
arc GDF tlie point \D is takeru For the coordinates will be 
the legs of a right angled triangle, the hypothenuse of which 
will be equal to AD, because it is the radius of the circle. 

537. To understand the application to the other quarters 
of the circle, it must be observed, that, in each of the 
equations, the root is ambiguous. The values of y anc of x 
may be either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the different parts of the circle, with 
respect to the two diameters FM and G^. In the first 
quarter GF, the co-ordinates are supposed to be both positive. 
In the second, GJt/, the ordhiates are still positive, but the 
abscissas beccmie negative. (Art. 531 .) In the third, JlfJV*, 
both are negative, and in the fourth, JfF^ the ordinutes are 
negative, but the abscissas positive. That is, 

r FGi X is +, and y+, 



b the quadrant i J^:;^; J :; jt 



■J 

L J\rF,« +, y-. 

* Leg;eiidre, 186. 
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5S& In geometry, lines are suppoeed to be prodiiced hj 
the motion of a pomi. If the point moves uniformly in one 
direction, it procluces a straight line. If it continually varie$ 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the motion 
18 regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance from 
another point which is fixed, the figure described is a circle^ 
of which the fixed point is the centre. It is evident from 
the preceding problem, that the eqtiotion of this curve de- 
pends on the manner of description. For it is derived from 
the property that diflferent parts of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
are described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the Cw- 
fouf of Diocles. (Fig. 23.) 

The descri|Hion, which may be considered as the defi$ulkm 
of the figure, is as follows. 

In the diameter .dJ?, of the semi-circle .AJV*]?, let the point 
it be at the same distance from J?, as P is from j9. Draw 
JIJV* perpendicular to .flS, to cut the circle in JV. From jJ, 
through JV, draw a straight line, extending if necessary be- 
yond tlie circle. And from P, raise a perpendicular, to cut 
this line in Mf. The curve passes Uirough the point jtf. 

By taking P at different distances from •/9, as in Fig. 24, 
any number of points in the curve may be determined. As 
the line PM moves towards B, it becomes Icmger and longer; 
80 as to extend the Cissoid beyond the semi-circle. 

To find the equation of the curve, let AH and JIB be the 
axes of the co-ordinates. 

Also, let each of the abscissas j3P, .SF AV\ &c. =«, 
each of the ordinates PM^ PM^ F'M'^ &c.=y, 
and the diameter JtB =6, 

Then by the construction, PBszAS-'APzsb - x. 

As PMand £JV are each perpendicular to •4J3, the trian 
ffles JIPM and JiRJ^T are sunilar. (Euc. 27 and 29* 1.) 
Therefore, 
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1. By simflar triangles, AP : PMi : AR : RJf 

%. Or, by putting PB for iU equal AR^ 

AP:PM::PB:RJf 

S. Therefore, PJtfxPJg ^j^jy 

AP 



ji ji 



4. Squaring both sides, PMxPB ^-^ 



AP 



5. By Eu<x ^5. S, and 3. 3,* ARxRB=:RJ^ 
6. Or, putting PB for its equal ARy and .^9/ for its equal RB^ 



PBx^P^RJ^ 



7. Making 4th and 6th equal, PBx^P^^"^^ ^ f^ 

^P 



8. Therefore, ^P =PJfer xPB 

9. Or, «"=!/*X(t-a?)- 

That is, the cube of the abscissa is equal to the square of 
the ordinate, multiplied by the difference between the diame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the dmchoid of Nico- 
medes. 

To describe the cii rve, let ABy Pig. 25, be a Une given in 
position, and C a poL it without the line. About this point, let 
t^e line Ch revolve. From its intersections with AB^ make 
the distances EJIf, MM^ WM\ &c. each emial to AD. 
The curve will pass through the points /), JIf, My JIf ', &c. 

To find its equationy let CD and AB be the axes of the co* 
ordinates. Draw FM parallel to APy and PM parallel to CF 
From the construction, AD is equal to EM, 

Let the abscissa AP:=:FM:=zXy 

the ordinate PM=:AF^y, 

the given line CA^Oy 

and ADz::EMz:zby 

Then wiU CP= C^+jJP=a+y. 



*Legendro,105,S84. 



316 ALGfiblU. 

4.8 CM cuts the parallels CD and PJIf, and alsa the paral- 
lels JlP and FJ\I, the triangles CFM and MPE are similar. 
Then 

1. By similar triangles, CF : FM: : PM : PE 

S. Therefore, PE^?^^' 

J8 * 



5. Squaring both sides, PE = ^ 

CF 



» ^^ 



4. By Euc. 47. 1 PE =JEJIf - PJ»f 

__t s 

6. Mak. Sd and 4th equal, E?tf - PM=^^' ^^ 

CF 



6. That is, 6*-!^= 



A,* 



7. Or, (a+y)»x(6'-y')=««y«. 

639. In these examples, the equation is derived from the 
description of the curve. But this order may be reversed. 
If the equation is given, the curve may be described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
by lalang abscissas of tUffererU lengths^ and applymg ordinaies to 
ejch. The line required, will pass tlirough the extremities of 
these ordinates. 

Prob. 4. To describe the curve whose equation ia 
2x=:y*, or y=.\/2a?. 

On the line AF, (Fig. 19.) take abscissas of diflereot 
lengths: 

For instance, •i9B=:4.5, then the ordinate i?17=S, (Art. 530.) 
JIB' =8. B^iy = 4, 

j}J5r'=12.5 jB''iy'=5, 

&c. 
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Apply these several ordinates to their abscissas, and con- 
nect the extremities by the line ADiyU^ £lc. which will be 
the curve required. The description will be more or less 
accurate, according to the number of points for which ordi- 
nates are found. 

540. If a pomt is conceived to move in such a manner, as 
to pass through the extremities of all the ordi nates assigned 
by an equation ; the line which it describes is called theTocti# 
of the point, that is the path in which it moves, and in wliich 
it may always be found. The line is also called the loea» ^ 
ih» eftMUion by which the successive positions of the point ere 
determined. Thus the common parabola (Fig. 19,) is called 
the locxu of the points, 1>, ZX, iy\ &c. or of the equatioiji 
ax=y\ (Art. 5S0.) The arc of a circle is the locus of the 

equation jpst^/r'-y*. (Art 5S6.) To find the loctu of 
an equation, therefore, is the same thing, as to find thd 
straight line or curve to which the equation belongs. 

Prob. 5. To find the locus of the equation 

XszSL or OtfsIL 

a ^ 

in which x and y are variable co-ordinates, while a is a deter- 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve ax=:y ; or con- 
verting the equation into a proportion, y:x::a: 1. There- 
fore, as a is a determinate quantity, the ratio of dP to y will be 
invariable ; that is, any one abscissa will be to its ordinate as 
any other abscissa to its ordinate. Let two of the abs;3is6a8 
be .SB and AB^^ (Fig- 17.) and their orduiate% BD and 
JB'iy; then, 

JIBtBDi.JlS'iBiy. 

The line JIDiy is, therefore, a Hraigkt line ; (Euc. SS. 6.) 
and this b the locus of the equation. 

If the proposed equation is x^zU^-^-by the additional term h 

a 

makes no difference in the nature of the locus. For the only 
efifect of fc, is to lengthen the abscissas, so that they must no( 
be measured fiK>m .A, but from some otiier point, as M 
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(Fig. 21.) The ratio o{JlB,AB\ &c. to Biy^BV, &c. still 
remains tlie same. See Art. o32. The ZoctM of the equation 
is, therefore, a straight line. 

541. From this it will be easy to prove, thai the locu9 of 
every equation in whicli the co-ordinates x and y are in sepa- 
rate termn, and do not rise above the first power^ is a straight 
line. For every, such equation may be brought to the fonn 

t=z^tb. All the terms may be reduced to three, one con- 
a 

taining a;, another y, and a third, the aggregate of the con- 
stant quantities which are not co-efliciehts of x and y ; as will 
be seen in llie following proUem. 

Prob. 6. To find the locus of the equaticm 

ex - d-\-hx - y-j-w=:». 
By transposition, car-{-^«=y-H»'-»»4"^* 

Dividing by c-f-fc «==— :/ — -| — H — it- . 

Here the constant quantities, in each tenn, may be repre- 
^nted by a single letter. (Art. 321.) If, then, we make 

e-^-h^zay and ^"*^ ' =6; the equation will become a: =??4-^» 
whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the locus of the equation, in- 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight line, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higher 
Dowers have. (Art. S54.) Thus, if a^=y, the ordinates 
will increase more rapidly than the abscissas. If the abscis- 
sas be taken, 1, 2, 3, 4, &c. tlie ordinates will be equal to 
their squares, 1, 4, 9, 16, &c. 

543. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi* 
nates, and as each of these has its appropriate locus ; it is 
evident that the forms of curves mu^ be innunderable* They 
may, however, be reduced to classes. The modem mode of 
clawing them, is from the degree ot their equations. The 
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different orders of lines are distingvishedj by the greatest index^ 
or sum of the indices of the co^ordituaes^ in any term of the 
equation. 

Thus the equation ax=zy belongs to a line of the first or« 
der, because the index of each of the co-ordinates is K But 
this order includes oo curves. For, by ArU 5419 the locus of 
every such equation i^ a straight line. 

The equation c«*-aa:y=y', belongs to the second order of 
jinesy or the first kind of curves, because the greatest index 
is 2. Tlie equation ay-\-xy^bx also belongs to the second 
order. For, although there is here no index greater than 
I, yet the sum of the indices of x and y, in the second temi, 
is 2. 

The equation y'-8aapy=6a' belongs to the tldrd order of 
lines, or the second kind of curves, because the greatest in- 
dex of y is 3. 

644. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have different values^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is alwve tlie first degree, it may have two 
or more roots^ (Art. 498.) and may, therefore, give different 
values to the ordinate. 

An equation of the first degree has but one root ; and a 
Ime of the first order, can be intersected by an ordinate, in 
one point only. Thus the equation of the line ^H (Fig. 
17.) is ax=:y, in which it is evident y has but one value, 
while X remains the same. If tlie abscissa x he taken eqiial 
to ^9By the ordinate y will be BD, which can meet the line 
AH in D only. 

But the equation of the parabola t/'=: ox, (Art. 530.) has 
two roots. For, by extracting both sides, y=i\/oar. (Art, 
297.) It is true, that in this case, the two values of y are 
equal. But one is positive^ and the other negative. This 
shows that the ordinate may extend both ways from the end 
of the abscissa, and may meet the opposite branches of the 
cun^e. Thus the ordinate of the abscissa AB (Fig. 19.) may 
be either BD above the abscissa, or Bd beloto it. 

A cMc equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three di/Terenl 
values, and may meet the curve in three diiFerenl points 
Thus the ordinate of the abscissajIJ? (Fig. 26.) may be Bl- 
ot BD", or Bd. 
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545. When the carve meets the axis on which the abeeis- 
•asare measured, the ordinate, after becoming- less and lesa^ 
b reduced to nothing. (Art. 533.) But, in some cases, a 
curve may continually approach a line, without ever meeting 
It. Let the distances JiB, BR, BB\ &c. on the line AF^ 
(Fig* iS7.) be equal; and let the curve X>I>'Z)'', &c. be of 
such a nature that of the several ordinates at the points ByB^^ 
W, &c. each succeeding one shall be half the preceding, 
that is, Bfiy, half BD, Bf'iy half BU^ &c. It is evident 
that, however far the straight line be carried, the curve will 
become nearer and nearer to it, and yet will never quite reach 
it. A Une whkk thM$ continwdly approaches a ewrve wUhoui ever 
meeting it, U called an asymptote of the curve. The axis AF 
is here the asymptote of the curve DiyU', &c. As the ab- 
scissa increases, the ordinate diminishes, so that, when the 
abscissa is mathematically infinite, (Art. 447.) the ordinate 
becomes an infinitesimal, and may be expressed by 0. (Art. 
455.)* 
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NOTES. 



Note A. Page 1. 

As the term quantity is here used to signify whatever it 
the object of mathematical inquiry, it will be obvious that 
number is meant to be inchided ; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol, II. Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu- 
larly to the familiar distinction ^5etween continued quantity or 
magnitude, and discrete ciuantity or number. 

But does number " fall under the definitum of quantity T** 
Mr. Stewart after quoting the observation of DrJ Reid, that 
the object of the mathematics is commonly said to be quan- 
tity, which ought to be defined, that wMck may be measured^ 
adds, ^^The appropriate objects of this science are such 
things alone as admit not only of being increased and dimin- 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes all of them, is 
their mensurability.^ That number may be multiplied and 
divided, will not probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr. Locke observes, " number is that which the mind 
makes use of, in measuring all things that are measurable,'* 
can it measure tiself^ or be measured f It is evident that it can 
not be measured geometricallyy by applying to it a measure oi 
lengtli or capacity. But by measuring a quantity mathe- 
matically, what else is meant, than determining the ratio 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certain excess 1 And is not this as 
ap}dicable to number as to magnitude 1 The ratio which a 

28* 
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given number bears to wnUy cannot, indeed, be the subject 
of innwry ; because it is expressed by the number itself. 
But tne ratio which it bears to other numbers may be as pro- 
per an object of mathematical investigation, as'the ratio ci a 
mile to a furlong. 

For proof that number is not quantity, Mr. Stewart refers 
to Barrow's Matliematical Lectures. Dr. Barrow has start* 
ed an etymological objection to the application of the term 
quantity to number, which he intimates might, with more 
propriety, be called quotity. He observes, '* The general ob* 
jeet of the mathematics has no proper name, either in Greek 
or Latin." And adds, *^ It is plain the mathematics is con- 
versant about two things especially, c|uantity strictly taken, 
and quotity ; or magnitude and multitude." There is fre- 
quent occasion for a common name, to express number, diu-a- 
tion, &c. as well as inagnitude ; and the term quantity will 
probably be used for this purpose, till some other word is sub- 
stituted in its stead. 

But though Dr. Barrow thus distinguishes between mag- 
nitude and nmnber, he afterwards gives, it as his opinion, 
i[page 20, 49,) that there is really no quantity in nature dif- 
(Brent from what is called magnitude or continued quantity, 
and consequently, that this alone ousht to be accounted the 
object of the matliematies. He accordingly devotes a whole lec- 
ture to the purpose of proving the identity of arithmetic and 
geometry. (Lect. 3.) He is " convinced that number really 
differs nothing from what is called continued quantity ; but 
Is only formed to express and declare it ;" that as *^ the con- 
cent ions of magdtude and number could scarcely be separa- 
tea," by the ancients, " in the name^ they can hardly be so 
in the tntnd," and " that number includes in it every conside- 
ration pertaining to geometry." He admits of metaphysical 
number, which is not the object of geometry, or even of the 
mathematics. But, in his view, nuignitude is always inclu- 
ded in mathematical number, as the units of which it is com- 
posed are equal. On the other hand, magnitudes are not 
to be considered as mathematical quantities, except as they 
are measured by number. In short, quantity ie magnitude 
measured by nuniJ)er. 

It would seem, then, that according to Dr. Barrow, nmn- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep- 
arate £rom number. If arithmetic and geometry are the 
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$ame; qnantity is as much the ohject of one, as of the other. 
How far this scheme is applicable to duration^ motioo, &c. it 
is not necessary^ in this place to inqtiire. 

* 

Note B. p. 1. 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor, Sir Isaac Newton, explained its principles, rather than 
from the nature of the science itself. This has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different lan- 
guage, and difierent mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the funda- 
mental laws of calculation are the same in both. These 
nave ho necessary dependence on motion, or even oh geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is diflicuit to change the name, to adapt it to the present 
state of the science, without seeming to derogate from, that 
profound regard which is due to the original mventor. . 

Note C. p. 82. 

It is common to defme multiplication, by sayfaig that * it it 
finding a product which has the same ratio to the multipli* 
cand, that the multiplier has to a unit.* This is strictly and 
universally true. But the objection to it, i» a iefimiwny i% 
that the idea of ratio, as the term is understood in arithmetie 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In (.his work at least* th« 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a wnt as 
consisting of pctrts. But whatever may be true with respect 
to number in the abstract^ there is certainly no absurdity in 
considering an integer, of one denomination, as made up of 
parts of a diflerent denomination. One rod may contain 
several feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as tliere aie mcbes in a foot» 
or part of a foot 
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Note D. p. 66. 

It is perhaps more philosophically exact, to consider an 
equation as affirming the equivalence of two different expres- 
sions of the saiTie quantity, than to s|)eak of it as expressing 
an equality between one quantity and another. But it is 
doubted wliether the former dej&iiition is the best adapted to 
the apprehension of the learner; who iii this early part of his 
matiieraatical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powers of an integral quantity have positice 
indices, while the reciprocal powers have negathfe xodices ; it 
is common to call the former positive powers^ and the latter 
negatioe powers. But this language is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prt^xed. Thus -f-8«* is 
called a positive power ; while - 8a^ is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same time ; positive, be- 
cause it has a positive tiuier, and negative because it has a 
negative co-efficient. This ambiguity may be avcHded, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and b$r the latter, pow- 
ers with negative exponents. 

Note P. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
tlie principles upon which these rules must be founded. It 
appears to be taken for granted by Euler and others, that the 
product of the imaginary roots of two quantities, is equal to 
the roo; of tlie pro duct of the quantities; for instance, that 

V^xVptpV-ax -''v If this principle be admitted, 
certain limitations nuist be observed in the application. If 

we make V^xV^=rV-ax -a, and this in confor- 
mity with the common rule for possible quantities^ z^^tf^ 



NOTES. 326 

yet we are not at liberty to consider the latter expression as 
equivalent to a. For tFiough \^a\ when taken without re- 
ference to its origin, is ambiguous, and may be either -^-a or 
- a ; yet when we know that it has been produced by mul- 

tiplyingV -*• a into itself, we are not permitted to ^ve it any 
other value than - a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculaUon, by resolving tlie quantUy 
under the r<Mc(d sign into two factors^ one of vMch w - 1 ; 

thereby reducing the imaginary part of the expression to V-1. 
As - a=-{-^X - 1> ^he expression \/ - a=z\^ax - 1 =\/^X 

V^. So V-a-6=V^4l6xV^. The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to V- 1, they may be 
multiplied and divided by the rules already given for other 
radicsds. 

T hus i n Multipliaxtiony 

1. v^xV^=vax'vrrTx\/*xV^=\/«*x-i=s 

2. + V^"a X - V^= - V^b X - 1 = +^ab. 

5. V~9 X V^= - V36= - 6. 

4. (i+v^)x(i-v~r)=2. 

From these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expressions 
IS a real quantity. 

5. V^axV^=V<»xV^x\/*=V»*xV^. 

6. V~2xV18=6xV'^. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 

In Dknsiony 

Hence, the quotient of one imaginary expression divided 
by another is a real quantity. 
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4. 



V<* — V** — * 



Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quantity divided by an imaginary one, 
is itself imaginary. 

By multipljring V-1 continually into itself, we obtain the 
following powers. 

(V3r)^=+i (VrT)B=+i ^ 

&c. &c. 

The even powers being alternately - 1 and +1 and the 
odd powers, - V - 1 and + V - 1 . 

On the nature and use of imaginary expressions, see Eu- 
ler's Algebra, Rees' Cyclopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1802 
and 1806. 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
of the three following forms. 

1. 3^-\-ax=: b 
2.«»-oar=: b 
3. 3^^ax=s — b 

These, when they ore resolved, become 



l.xz=^la±Vi^±b 

2. ar= ia±Vl£±b 

3. ar= Ja+VK-i 

In the two first of these fonns, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third form, whenever b is greater than ^c^, 
the expression ia* - 6 is negative, and therefore its root is 
iiuporisible. 
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Note H. p. 176. 

For the sake of keeping clear of the multiplied controver- 
aies, a great portion of them verbal, respecting the nature ol 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio wliich can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi- 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

Note K. p. 178. 

It is not denied that very respectable wiiters use these 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
dilTerenoe between twice this ratio, and the square of it, thai 
is, between twice three, and the square of three. All are 
agreed to call the latter a duplicate ratio. What occasion is 
there, then, to apply to it the term double also % This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quantities of every description. The subject of proportion as 
it IS treated of in Euclid, is embarrassed by the means which 
are taken to provide for the case of incommensurabU q\4anti- 
ties. But this difficulty is avoided by the algebraic nota* 
tion which may represent the ratio even of incommensur- 
ables. 

Thus the ratio of 1 to \/% is JL. 

^ V2 
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It is impossible, indeed, to express in rational numbers, 
the square root of 2, or tlie ratio which it bears to 1. But 
this is not necessary, for tlie purpose of showing its equality 
with another ratio. 

The product 4x3=®. 

And, as equal quantities have equal roots, 

2X\/2=V®> therefore, 2 : \/S : : 1 : V2. 

Here the ratio of 2 to \/8, is proved to be the same, as 
that of 1 to \/2 ; although we are unable to find the exact 
value either of \/8 or \/2. 

It is impossible to determine, w4th perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other square has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other pro|)ortionals. Throughout the section on proportion, 
the demonstrations do not imply that we know the value of 
the terms, or tlieu* ratios ; but only that one of the ratios is 
equal to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro- 
priety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be diiferent from the consequent, and therefore, 
there can be no ratio between them. (Art. 355.) 

This distinction, however, is of little importance in pracr 
tice. For, when the several quantities are expressed in num^ 
bersy there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is imma- 
terial which is the multiplier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle tenns will make no difference in the 
result. 

Note N. p. 197, 

The terms compositum and dwisum are derived from ge- 
ometry, and are introduced here, because they are generally 
used by writers on proportion. But they are calculated rather 
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to perpjeXy than to atraist the learner. The objection to the 
word compysilkm is, that ita meaning is liable to be mistnken 
for the composition or compounding of ratios. (Art. 390.) 
The two cases are -entirely drfferent, and ought to be carefully 
distinguished. In one, the terms are acMec^, in the other, 
they are mtdtipUed together. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a-^b^ in which a is added to &, is called a compound 
quantity. The fraction ^ of f, or J xf> ^^ which J is mtiftt- 
pHed into f , is called a compound fraction. 

The term division^ as it is used here, is also exceptionable* 
The alteration to which it is applied, is effected by svhtractian^ 
and has nothing of the natore of what is called division in 
arithmetic and algebra. But there is another case, (Art. 
892.) totally distinct from this, in which the change in the 
terms of the proportiou is actually produced by division. 

Note O. p. 206. 

The principles stkted in this section, are not only expressed 
m different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
first proposition in the fifth book of the Elements, is confined 
to eqtdmuUiples. But the article referred to, as containing this 
proposition, is applicable to all cases of equal ratiosy whether 
the antecedents are multiples of the consequents or not. 

Note P. \\ 232. 

The solution of one of the cases is omitted in the text, he. 
cause it is performed by logarithms^ with which the learner 
i^ supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given, 
the number of terms may be found by the formula 

^ a 

Note Q. p. 227. 

When it is said that a mathematical quantity may be sup- 
posed to be increased beyotid any detenTiinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than thi^ can be^ assigned. The quantity and 

2« 
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die limits may be attemc^efy exteixled one beyond the other.* 
If a line be conceived to reach to the most distant point in 
the visible heavens, a limit may be mentioned beyond this. 
The line may then be supposed to be extended farther than 
this limit Another point may be specified still farther on^ 
and yet the line may be conceived to be carried beyond it. 

Note R. p. 230. 

The apparent contradictions respecting infinity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divi&ible, involves an 
absurdity. If it can l>e proved that a line an inch long can 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved^ that a line two inches 
long may be first divided in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite ivdce as great as another. 

If by infinity, here is meant that which is beyond any as- 
signable hmits, one of these infinites may be supposed gieater 
than the other, witbcmt any absurdity. But if it be meant 
that the number of. divisions is so great that it cannot be in- 
creased, we do not prove this, concerning either of the lines. 
We mstke out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; and 
then infer that it is infinite, hi a sense widely diOerent. 

Note S. p. 233. 

Strictly speaking, the inquiiy to be made is, how often the 
whole divisor is contained in as many terms of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in obtaining the several subtrahends. 

Note T. p. 244. 

The demonstration of this proposition, particularly in its 
application to firactional indices, could not be introduced, with 
advantage, in this part of the course. It does not appeKi 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc- 
tion, such as the ^aws of combination, fluxions, and figumie 
numbers. 
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Those who wish to* examine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Euler^s Algebra, 
Section 2, Chap. 11, Vince's Fluxions, Art. 99, Lacroix's 
Algebra, Art. 138, &c. Do. Ccmp, Art* 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxv, p. 
298, Woodhouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory of Analytical Functions. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin's Fluxions, Art. 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81, &c. Enter's Anal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lou- 
don Philosophical Transactions. 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics, this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those wha wish to examine particularly the dilSerent meth- 
ods of solution, will find them in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, Simp- 
son's Alg. ^c. 12, Fenn's Alg. Ch. 3 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to bb 
80 particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in which ^^AD,DC is put for the rectangle 
contained by AD and DC,^^ It is to he observed, however, 
that he introduces this, merely as an article of noUUunL 
(Book IX. Def. 1.) And though a point interposed between 
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the letters, is, in Algebra, a sign of multiplication; yet he 
does not here undertake to show how the sides of a parallelo- 
gram may be multiplied together. In the first book of the 
Supplemeniy he has indeed demonstrated, that ** equiangular 
paniiieiograms are lo one another, as the products of the 
numbers proportional to their sides*" But he has not given 
to the expressions the forms mast convenient for the suc- 
ceeding parts of tliis work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
important to have it clearly e^en that the geometrical princi- 

f>lcs are not altered ; but are only expressed in a diflerent 
anguage. 

Note X. p. 807. 

This section comprises very little of what is commonly 
understood by the application of algebra to geometry. The 
principal object lias been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geonietrical quantities, and rendering it familiar 
by a few examples. 

On the construction and solution of problems. See New- 
ton's Arithmetic, Simp^son's Alg. Sec. 18 and appendix, I.ia- 
croix's App. Alg. Geoni., Saimderson's AJg, Book xiii, Ana- 
lyt. Inst, of Maria Agnesi, Book i, Sec. 2, and Emerson's 
Alg Book 11, See. 6. 

Note Y. p. 320. 

On the equations of curves, the geometrical construction 
of equations, the finding of /oo, &c. see Maclaurin's Alg. 
Part III, and appendix, Newton's Arith., Emerson's Alg. 
Book II, Sec' 9, Do. Prob. of Curves, Euler's Anal, Infin., 
Waring's Prob. Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, arc entirely 
omitted in this introduction, one of the most interesting is the 
indeterminate analysis. No part of Algeljra, perhaps, is bet 
ter calculated to exercise the powers of invention. But other 
branches of the mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

' See, on this subject, Euler's Alg. Vol. ii, with Lagmnge'e 
additions, Saunderson's Al^. Book vi, Bonnycastle's Algebra, 
and the Edinburgh Phil. Transactions, Vol. ii. 
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